
Post-Newtonian Equilibrium Solutions to
the Three-Body Problem in General Relativity

A dissertation submitted

by

Kei Yamada

for the degree of

Doctor of Science

Hirosaki University,

Hirosaki, Aomori, Japan

December 2014





Abstract

Recently, many projects of the second generation gravitational wave detectors including Ad-
vanced LIGO (USA), Advanced VIRGO (France and Italy), and KAGRA (Japan) and of the high-
precision astrometric observations such as Gaia (Europe) and JASMINE (Japan) are planned. By
these projects, it is expected to become possible to test general relativity through the strong grav-
itational field and N-body systems. For testing general relativity, it is important to investigate
the general relativistic effects on the dynamics of the bodies. As analytical equilibrium solu-
tions to the three-body problem in Newtonian gravity, Euler’s collinear solution and Lagrange’s
equilateral triangular one exist. We analytically study the post-Newtonian (PN) effects on these
solutions for general masses in circular motion in the framework of general relativity. First, we
show that a PN collinear configuration corresponding to Euler’s one remains an equilibrium so-
lution with the general relativistic corrections to the distances between the bodies in the first
post-Newtonian (1PN) approximation. Also, we prove the uniqueness of the PN collinear config-
uration for given system parameters. This means that the number of the collinear Lagrangian
points is not changed from the Newtonian case. Next, we show that an equilateral triangular so-
lution exists at the 1PN order in only two cases: (i) three finite masses are equal and (ii) one mass
is finite and the others are zero. We also consider a PN triangular solution for general masses
with the general relativistic corrections to the distances between the bodies. In addition, we in-
vestigate a linear stability of the PN triangular solution and derive the condition for stability at
the 1PN order. Furthermore, we estimate the magnitude of the PN corrections in the solutions
and show that the common angular velocity of the bodies is smaller than in the Newtonian case
for both the solutions. These results are useful not only to test general relativity through the
high-accurate astrometry observations but also to study gravitational waves emitted from the
general relativistic three-body systems.
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Notation

The speed of light c and the Newtonian gravitational constant G are always written explicitly.
The solar mass is denoted by M⊙.

Greek indices, such as α,β, · · · or µ,ν, · · · , take the values 0, · · · ,3, while spatial indices are
denoted by Latin letters, i, j, · · · = 1,2,3, unless otherwise stated. We give a number to particles
or bodies by Latin capital letters, such as A,B,C, · · · or I, J,K , · · · . The flat space metric is

ηµν = diag(−1,1,1,1).

We also define

xµ = (x0, x), x0 = ct,

d4x = dx0d3x = cdtd3x,

uµ = dxµ

dτ
,

where τ is a proper time. And we employ the Einstein summation convention, such as

ηµνxµ =
3∑

µ=0
ηµνxµ = η0νx0+η1νx1 +η2νx2+η3νx3. (1)

We denote order-of-magnitude estimations and approximate values by ∼ and ≈, respectively,
for instance,

M⊙ ∼ 1030 [kg], M⊙ ≈ 1.988×1030 [kg].

Also, we express approximate equations by ≃, such as

eϵ ≃ 1+ϵ, for |ϵ|≪ 1.
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Chapter 1

Introduction

1.1 Testing general relativity

One of the most promising tests of gravitational theory in the near future is a direct detection
of gravitational waves (GWs). There is an analogy between the generation of GWs and that of
electromagnetic waves. However, because of weakness of gravitation, GWs have not been directly
detected, while they were indirectly detected. Indeed, the observation of the orbital decay in the
binary pulsar PSR B1913+16 is in agreement with the theoretical prediction taking account
of the gravitational radiation reaction in general relativity [12, 81, 84, 56, 126]. Currently, to
detect GWs from general relativistic objects and the early universe, the second generation of
ground-based detectors are planned around the world: in the USA (Advanced LIGO [6]), in Italy
(Advanced VIRGO [13]), and in Japan (KAGRA [72]), for instance. In addition, there are plans
of the future space-borne detectors, such as DECIGO in Japan and eLISA in Europe [37, 45].
Within a few years, a new window to test gravitational theory will open with the first direct
detection of GWs by these detectors.

In order to extract astrophysical information from GWs, an accurate data analysis strategy
like matched filtering is required. For such a style of data analysis, we must make templates of
GW signals. Namely, it is very important to predict the gravitational waveforms, and hence, we
need to understand the dynamics of the GW sources. GWs are generated by dynamical astrophys-
ical events. When compact stars such as neutron stars (NSs) or black holes (BHs) are involved
in such events and they are sufficiently near to us, GWs are expected to be strong enough to
be detected. In particular, coalescing binaries of compact objects, such as a NS-NS binary, are
the most promising sources of GWs for the grand-based detectors. Indeed, statistical studies
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have predicted that the detection rate of GWs from these will be 40 events per year [1], and the
waveforms can be predicted with a high accuracy [17, 102, 126].

As another point of view of testing gravity, high-precision astrometry observations are useful.
Recently, space astrometry mission are planned around the world: the Gaia mission in Europe
[52] and the JASMINE mission in Japan [71], for instance. Gaia has been planned as a suc-
cessor to Hipparcos mission, and it will perform all-sky surveys in optical bands. On the other
hand, complementarily to Gaia, the JASMINE mission will survey the bulge of the Milky Way,
which cannot be reached by Gaia, in infrared bands. It is expected that there are supermassive
BHs in galactic centers and many-body systems are composed around there (e.g. Ref. [7]). Also,
JASMINE will observe specific objects, such as Cygnus X-1, a candidate of a BH. These mis-
sions are expected to derive reliable distances and tangential velocities of stars located within 10
kiloparsec (kpc) distant from us with the accuracy of 10 microarcseconds (µas).

If a star is part of a binary system or has a planetary system, it is important to derive in-
formation of their orbital motion. JASMINE will observe the same star every day, while Gaia
will observe it once a month. Hence, the time resolution of JASMINE is more better than that
of Gaia, and this is advantageous to derive information of dynamics of binaries. The key of orbit
determinations by analytical methods for binaries is finding the position of the common center of
mass. For the solar planets and comets, we can safely assume that the common center of mass is
the Sun, and then the orbit can be immediately determined. For visual binaries, formulations for
orbit determinations have been well developed since the nineteenth century [117, 15, 2, 36, 99].
In the twenty-first century, Asada and his collaborators found an analytical formula of orbit de-
terminations for astrometric binaries, where one object is unseen [10, 11, 8]. Yamada et al. [133]
improved a moment approach proposed by Iwama, Asada, and Yamada [63] for astrometric bi-
naries with a low signal-to-noise (SN) ratio. At present, numerical methods are also successfully
used [43, 93, 27].

In this way, from the two points of view as GW astronomy and high-precision astrometry,
highly precise observational data, which are helpful to test gravitational theories and to seek the
true theory of gravity, will be available. However, for three- (or more-) body systems, investigation
of the dynamics of the bodies has not been developed even in general relativity. Therefore, it is
very important to understand the dynamics of the bodies in various modified gravity as well as
in general relativity.
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1.2 Theoretical methods

The orbital evolution, the mergers, and the tidal disruption of close binaries are strongly affected
by the general relativistic effects. In such a regime, where it is difficult to understand the dynam-
ics by analytical methods, the numerical relativity is required. For binary BHs, the first stable
simulation was performed in 2005 [95]. The mergers of BH-NS binaries were also studied (e.g.
[108, 109, 107, 46, 42]). The first fully general relativistic simulation for BH-NS binary mergers
was performed by Shibata et al. [108], extending their earlier works for NS-NS binaries (e.g.
[106]). Other groups also performed simulations for BH-NS binary mergers, by extending earlier
works on NS-NS binaries and BH-BH binaries (e.g. [41, 22]). By the numerical simulations,
the effects of the equation of state of NS and spins of BH and NS on the orbital evolution and
gravitational waveforms were accurately predicted. However, the numerical relativity is still de-
veloping and the parameter space is quite large. For instance, binaries with large BH spin have
not been studied yet. And also, there is a few study taking account of the inclination of spin.
For this, analytical study is of importance to understand the dynamics of bodies and to predict
gravitational waveforms, complementarily to numerical methods.

As an analytical approach which is valid in strong gravitational fields, the BH perturbation
approach is used. In this approach, we consider a particle of mass µ orbiting a BH of mass M
assuming µ≪ M. Hence, this approach is valid in the case of binaries with the small mass ratio
µ/M. The BH perturbation approach takes full account of general relativistic effects of the back-
ground spacetime and arbitrary orbits of a body of small mass. Therefore, we could understand
how and when general relativistic effects become important by comparing with numerical simu-
lations. In addition, the BH perturbation approach is applicable to GW events of compact object
orbiting supermassive BHs in galactic centers. Actually, such a event is one of the main targets
of eLISA. Because of the applicability of the BH perturbation approach to general relativistic or-
bits, the location of the inner-most stable circular orbit (ISCO) is important. In the Schwarzschild
BH case, this is given by rISCO = 6GM/c2. Marginal stable circular orbits (MSCOs), such as the
ISCO, in any spherically symmetric and static spacetime is studied by Ono et al. [94].

In the BH perturbation approach, for the Schwarzschild BH, a single master equation for the
metric perturbations for the odd parity was derived by Regge and Wheeler in 1957 [97]. Thirteen
years later, Zerilli found the one for the even parity [134]. These equations (Regge-Wheeler-
Zerilli equations) reduce to the Klein-Gordon equations in the limit of the flat space-time. Master
equations for any spherical space-time in the Horndeski theory, which is the most general scalar-
tensor theory with second-order field equations, were derived by Kobayashi and his collaborators
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[74, 75]. However, such equations for the Kerr BH have not been found so far.
For the first time, a master equation for the curvature perturbations was derived by Bardeen

and Press [14] for the Schwarzschild BH, and by Teukolsky [116] for the Kerr BH. The master
equations (Teukolsky equations) do not reduce to the Klein-Gordon equations even in the flat-
spacetime limit. Chandrasekhar showed that the Teukolsky equations can be transformed to the
Regge-Wheeler-Zerilli equations in the Schwarzschild BH case [23]. Sasaki and Nakamura gen-
eralized this for the Kerr BH case [100, 101]. Solving the master equations, we can investigate a
particle motion in a strong gravitational field and GWs emitted during its orbital evolution (for a
particle in quasi circular motion around the Schwarzschild BH, see Ref. [114, 115], for instance).

Another analytical method is the post-Newtonian (PN) approach. For a system where orbital
separations between the bodies are sufficiently large compared with their expanses, we may
neglect the expanses and internal structure of the bodies, regarding them as point-like particles.
In such a case, the dynamics of the system can be analytically understood by the PN approach. At
the first post-Newtonian (1PN) order, the first general relativistic terms were derived by Lorentz
and Droste [80]. The 1PN corrections to the equations of motion, which can be applicable to
any compact objects (e.g. NS, BH, and naked singularity), were obtained for N-body systems
by Einstein, Infeld, and Hoffmann [44]. Ohta and his collaborators discussed a Hamiltonian for
N-body systems at the 2PN order [88, 90, 89]. At the 2.5PN order, Damour and Deruelle derived
equations of motion in the harmonic coordinates [32, 31, 28, 29]. The energy and the angular
momentum of systems to terms order of the 2PN are conservative. Non-conservative effects by
gravitational radiations appear at the 2.5PN order for the first time.

In the PN approximation, bodies are usually assumed to be point-like particles. The 2.5PN
equations of motion for binaries in the harmonic coordinates where the bodies have strong in-
ternal gravity were derived by Itoh, Futamase, and Asada [61, 62]. They showed by developing
earlier work by Futamase and Schutz [50, 51, 49] that the equations are in complete agreement
with the Damour-Deruelle equations [32, 31] for point-like particles. The equations of motion
to the order of 2.5PN [32, 31, 28, 29] have been used to investigate the radiation damping of
the binary pulsar [29, 30, 35]. For the 3PN equations of motion, several groups using different
methods, for instance, the Arnowitt-Deser-Misner (ADM) Hamiltonian canonical formalism of
general relativity [66, 67, 68], the PN iteration [18, 20, 19, 21], and the surface-integral method
[60, 59], reported equivalent results. The 3.5 PN terms in the equations of motion for binaries
were derived by Iyer and Will [64, 65]. The equations of motion for point-particle binaries in the
4PN approximation have been reported [48, 69, 70, 34].

The PN formalism can be extended to various metric theories as well as general relativity.
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The extension is known as the parameterized post-Newtonian (PPN) formalism and the parame-
ters are called the PPN parameters [126, 125, 84]. The PPN formalism was initiated by Nordvedt,
who studied the PN metric for point-like particles by extending the earlier work by Eddington,
Robertson and Schiff [87, 125]. Will generalized this for a perfect fluid [124]. The general unified
PPN formalism was derived by Will and Nordtvedt [127]. Alexander and Yunes showed that
a new PPN parameter appears in the Chern-Simons (CS) gravity [4, 3, 5]. The CS parameter
has been restricted by satellite experiments, such as Gravity Probe B and LAGEOS [4, 3, 112].
Okawara, Yamada, and Asada studied the constraint on the CS parameter from terrestrial ex-
periments using interference effects of matter waves [91, 92]. Also, Kikuchi et al. investigated
the relativistic Sagnac effects by the CS gravity [73].

1.3 Importance of the three-body problem

As mentioned above, binary systems have been enthusiastically studied by using both analytical
and numerical methods. In fact, general relativity has been tested with a very high accuracy in
the solar system and the binary pulsar PSR B1913+16, for instance. As a new test of general
relativity, it is interesting to take account of general relativistic three- (or many-) body interac-
tions. Actually, the PN terms associated with many-body interactions appear in the equations of
motion at the 1PN order. The terms cannot be considered in the relativistic two-body problem
nor the Newtonian many-body problem.

The three-body problem is not integrable by analytical methods even in Newtonian gravity. As
particular solutions, however, Euler and Lagrange found a collinear solution and an equilateral
triangular one, respectively [47, 77]. These are equilibrium solutions, where the centrifugal
force balances with the gravitational one for each body. The solutions to the restricted three-
body problem, where one of the three bodies is considered a (massless) test particle, are known
as the Lagrangian points L1, · · · ,L5 [36, 54]. The Solar and Heliospheric Observatory (SOHO)
launched by ESA/NASA and Planck launched by ESA are in operation at the Sun-Earth L1

and L2, respectively. Lagrange’s equilateral triangular solution has also a practical importance
since L4 and L5 for the Sun-Jupiter system are stable points and indeed the Trojan asteroids
are located there. For the Sun-Earth system, asteroids were also found around L4 by recent
observations [26]. Numerical solutions, such as a figure-eight and Hénon’s criss-cross orbits, are
also found for three equal masses [85, 24, 55, 113].

Recently, the Lagrangian points have attracted renewed interests in relativistic astrophysics
[76, 82, 105, 103, 9, 119], where they have discussed PN corrections to the Lagrangian points
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[76, 82] and the gravitational radiation reaction on the particle at L4 and L5 analytically [9] and
by numerical methods [105, 103, 119]. It is currently important to reexamine the Lagrangian
points in the framework of general relativity. As a pioneering work [86], Nordtvedt has pointed
out that the locations of the triangular points are very sensitive to the ratio of the gravitational
mass to the inertial one though his analysis does not fully take account of the 1PN terms. Along
this course, it might be important as a gravity experiment to discuss the three-body coupling
terms in the PN force because some of the PN terms are proportional to a product of three masses
such as m1×m2×m3. In addition, it has been pointed out that three-body interactions might play
important roles in compact binary mergers in hierarchical triple systems [16, 83, 123, 118, 104].
Very recently, a first relativistic hierarchical triple system has been discovered by Ransom et al.
[96]. In addition, for such a relativistic hierarchical triple system, PN effects on the perihelion
shift of the outer third body were investigated by Yamada and Asada [131].

For three finite masses, in the 1PN approximation, the existence and uniqueness of a PN
collinear solution corresponding to Euler’s one have been shown by Yamada and Asada [129, 130].
Also, Ichita, Yamada and Asada have shown that an equilateral triangular solution is possible at
the 1PN order if and only if all the three masses are equal [57]. Generalizing this earlier work,
Yamada and Asada have found a PN triangular equilibrium solution for general masses with
1PN corrections to each side length [132]. This PN triangular configuration for general masses is
not always equilateral and it recovers the previous results [76, 82] for the restricted three-body
problem. For a figure-eight solution, Imai, Chiba, and Asada studied the PN effects on the orbit
and the gravitational waveform [58, 25].

In Newtonian gravity, Gascheau proved that Lagrange’s equilateral triangular configuration
for circular motion is stable in some cases of mass ratio [53]. Routh extended the result to a
general law of gravitation ∝ 1/rk [98]. For the restricted three-body systems, the stability of L4

(L5) has been studied in the 1PN approximation [40, 110, 111]. These results imply that a triple
system with a triangular configuration may be a candidate of GW source.

1.4 The aims of this study

In this dissertation, following the Refs. [129, 130, 57, 132], we study PN equilibrium solutions
corresponding to Euler’s and Lagrange’s ones to the three-body problem in general relativity.
And also, the properties of the PN effects on these solutions are discussed by comparing with the
Newtonian cases.

This dissertation is organized as follows. In Chapter 2, we summarize the Newtonian two-
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body problem and Euler’s and Lagrange’s solutions to the Newtonian three-body problem. In
Chapter 3, we derive the 1PN equations of motion, called the Einstein-Infeld-Hoffmann equa-
tions of motion, for N-body systems. Chapter 4 is devoted to a derivation of the PN collinear
solution corresponding to Euler’s one. In Chapter 5, we consider the PN triangular solution,
which is the general relativistic version of Lagrange’s solution. We conclude in Chapter 6. In Ap-
pendix A, we show that the expression for the PN center of mass reduces to the Newtonian one in
the circular equilateral triangle even at the 1PN order. Appendix B is devoted to the PN correc-
tions to the common angular velocity of the collinear configuration. In Appendix C, we consider
the condition for stability of the PN triangular solution by eigenvalue analysis in a collaboration
with Tsuchiya and Asada. Appendix D is a preliminary note of gravitational radiation reactions
on Lagrange’s solution in a collaboration with Asada, Iseki, and Harada.
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Chapter 2

Celestial Mechanics in Newtonian
Gravity

In this chapter, we discuss a system consisting of two bodies in Newtonian gravity and summarize
Euler’s and Lagrange’s solutions to the Newtonian three-body problem. For the Newtonian two-
body problem, the complete analytical solution of the equations of motion have been obtained.
This solution can be divided into the three trajectory cases, elliptic, parabolic, and hyperbolic
orbits. We concentrate on the elliptic case. For the three-body problem, we focus on circular
motion. The treatment of the problem in this chapter follows Refs. [36, 54, 79, 121].

2.1 The two-body problem in Newton gravity

2.1.1 The complete solution

First, let us consider how the problem can be simplified by separating the motion of the system
into the motion of the center of mass and that of the bodies relative to the center of mass.

We assume that the potential energy of two bodies interacting each other depends only on
the distance between the bodies, that is, on the magnitude of the difference between the position
vectors. The Newtonian gravitational potential satisfies the assumption. Then, the Lagrangian
of the system with the potential U(|r1− r2|) is expressed as

L = m1ṙ2
1

2
+ m2ṙ2

2

2
−U(|r1− r2|), (2.1)
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where mI and rI are the mass and the position vector of the Ith body, respectively, and the dot
denotes the differentiation with respect to time t.

We express the relative position vector of the bodies as

r ≡ r1− r2 (2.2)

and choose the position of the center of mass as the origin of the coordinates:

m1r1+m2r2 = 0. (2.3)

Then, we obtain

r1 = m2

m1 +m2
r, (2.4)

r2 =− m1

m1+m2
r. (2.5)

Substituting these expressions into (2.1), we find

L = µṙ2

2
−U(r), (2.6)

where r = |r| and

µ= m1m2

m1+m2
(2.7)

is the reduced mass. The function (2.6) is formally identical with the Lagrangian of a single body
with mass µ moving in the spherically symmetric gravitational field.

Next, we consider the motion of the body with the Lagrangian (2.6). The angular momentum
of the system relative to the center of the field is conserved. The angular momentum for the body
is expressed as

J = r× p, (2.8)

where p denotes the momentum of the body. Since the vector J is perpendicular to r, the fact
that J is constant shows that during the motion of the body, its position vector always remains
in the plane perpendicular to J. Thus, the path of the body lies completely in the plane. Using
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polar coordinates (r,φ) in the plane, the Lagrangian is expressed as

L = µ

2
(ṙ2 + r2φ̇2)−U(r). (2.9)

This function does not involve the coordinate φ explicitly. Then, the Euler-Lagrange equation for
φ̇ becomes

d
dt

∂L

∂φ̇
= ∂L

∂φ
= 0. (2.10)

Thus, we can check the conservation law of angular momentum:

J =µr2φ̇= constant. (2.11)

The complete solution to the problem of the motion of the body can be obtained by using the
conservation laws of the energy E and the angular momentum J without a direct use of the
equations of motion. Substituting the expression of φ̇ of J from Eq. (2.11) into the expression of
the energy integral

E = ṙ
∂L

∂ṙ
+ φ̇

∂L

∂φ̇
−L , (2.12)

we obtain

E = µ

2
(ṙ2+ r2φ̇2)+U(r)

= µṙ2

2
+ J2

2µr2 +U(r). (2.13)

Therefore,

ṙ = dr
dt

=
√

2
µ

[E−U(r)]− J2

µ2r2 (2.14)

or

t =
∫

dr√
2
µ

[E−U(r)]− J2

µ2r2

+constant. (2.15)
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Furthermore, Eq. (2.11) can be rewritten as

dφ= J
µr2 dt. (2.16)

Substituting the expression into Eq. (2.14), it can be integrated and we obtain

φ=
∫

(J/r2)dr√
2µ[E−U(r)]− J2

r2

+constant. (2.17)

Equations (2.15) and (2.17) are the general solution to the problem.

2.1.2 The Kepler problem

Since the Newtonian gravity is an attractive force, the gravitational potential is expressed as

U =−α

r
, (2.18)

where α=Gm1m2. The orbit equation can be obtained from the general formula (2.17). Substi-
tuting Eq. (2.18) and integrating, we obtain

φ= cos−1

J
r
− µα

J√
2µE+ µ2α2

J2

+constant. (2.19)

We choose the origin of φ such that the constant is zero, and we put

p = J2

µα
, (2.20)

e =
√

1+ 2EJ2

µα2 . (2.21)

Then the orbit equation can be written as

p
r
= 1+ ecosφ. (2.22)
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This is an equation of a conic section with one focus at the origin of the coordinates. p and e are
called the latus rectum and the eccentricity of the orbit, respectively. Equation (2.22) shows that
r becomes the pericenter when φ= 0 in our choice of the origin of φ.

If the eccentricity e < 1 (i.e. E < 0), then the orbit is an ellipse and the motion is finite and
called the Kepler motion. And if the eccentricity e = 0 where the energy is the minimum value,
the ellipse becomes a circle. Figure 2.1 shows an elliptic orbit. In this figure, ae and be denote the
semi-major and semi-minor axes, respectively, and the blue disks are the focuses. The semi-major
and semi-minor axes are expressed as

ae = p
1− e2 = α

2|E| , be = pp
1− e2

= J√
2µ|E| , (2.23)

respectively. And also, the pericenter distance rp and the apocenter distance ra are

rp = p
1+ e

= ae(1− e), ra = p
1− e

= ae(1+ e), (2.24)

respectively. If E ≧ 0, the motion is infinite. If E = 0, then the eccentricity e = 1 and the body
moves along a parabola. And, if E > 0, then the eccentricity e > 1 and the orbit becomes a
hyperbola.

Figure 2.1: An elliptic orbit.
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2.1.3 The initial-value problem in elliptic motion

Let us study how the initial velocity are determined in the Kepler motion. The equations of
motion for two bodies in the Cartesian coordinates (x, y) are

m1
d2x1

dt2 =− Gm1m2(x1 − x2)
[(x1− x2)2 + (y1 − y2)2]3/2 , m1

d2 y1

dt2 =− Gm1m2(y1 − y2)
[(x1− x2)2 + (y1 − y2)2]3/2 , (2.25)

m2
d2x2

dt2 =− Gm2m1(x2 − x1)
[(x2− x1)2 + (y2 − y1)2]3/2 , m2

d2 y2

dt2 =− Gm2m1(y2 − y1)
[(x2− x1)2 + (y2 − y1)2]3/2 . (2.26)

Choosing the center of mass of the system as the origin of the coordinates, and putting the two
bodies on x axis at the initial time t = 0, we obtain, from Eq. (2.3),

m1x1+m2x2 = 0. (2.27)

At the initial time, we put the two bodies at the pericenter, then we have

t = 0,

x1 = ae1(1− e)≡ rp1,

y1 = 0,

x2 =−m1

m2
x1 =−m1

m2
rp1,

y2 = 0,

(2.28)

where ae1 denotes the semi-major axis of the first body. At a half period t = TK/2, where TK is the
orbital period, since the bodies are at the apocenter, the coordinate values of the two bodies are

t′ = TK

2
,

x′1 =− (1+ e)
(1− e)

rp1,

y′1 = 0,

x′2 =−m1

m2
x′1 =

m1

m2

(1+ e)
(1− e)

rp1,

y′2 = 0.

(2.29)

Since the velocity of each body is perpendicular to x axis at the pericenter and the apocenter,
denoting the components of the velocity as vxI and vyI , respectively, the x components vxI are
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zero. Thus, from the law of conservation of the energy, we obtain

1
2

m1v2
y1 +

1
2

m2v2
y2−G

m1m2

rp1 + m1
m2

rp1
= 1

2
m1v′2y1+

1
2

m2v′2y2 −G
m1m2

(1+e)
(1−e) rp1+ m1

m2

(1+e)
(1−e) rp1

. (2.30)

From the law of conservation of angular momentum, we obtain

vy1 · rp1 = v′y1 ·
[
− (1+ e)

(1− e)
rp1

]
, vy2 ·

[
−m1

m2
rp1

]
= v′y2 ·

[
m1

m2

(1+ e)
(1− e)

rp1

]
. (2.31)

Differentiating Eq. (2.3) with respect to time and substituting t = 0, we obtain m1vy1+m2vy2 = 0.
Therefore, we have

v′y1 =− (1− e)
(1+ e)

vy1, vy2 =−m1

m2
vy1, v′y2 =

m1

m2

(1− e)
(1+ e)

vy1. (2.32)

Substituting Eq. (2.32) into Eq. (2.30) and choosing the positive sign, vy1 can be expressed as

vy1 = m2

m1+m2

√
Gm2(1+ e)

rp1
. (2.33)

Figure 2.2 shows the elliptic orbits when the mass ratio is m1 : m2 = 2 : 3 and the eccentricity is
e = 0.3. The red and the green disks denote m1 and m2, respectively.

Figure 2.2: Elliptic two-body orbits.
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2.2 Equations of motion for N-body systems

Since the Newton’s gravitational theory is a linear theory of gravity, the principle of superposition
holds. Therefore, the Lagrangian of a N-body system is

L =∑
I

mI ṙ2
I

2
+∑

I

∑
J

′GmI mJ

2r IJ
, (2.34)

where r IJ ≡ |rI − rJ | and the prime on the summation sign means that we should omit the term
with J = I.

The equations of motion of the Kth body is obtained from the Euler-Lagrange equation:

d
dt

∂L

∂ṙK
= ∂L

∂rK
. (2.35)

As a result, we obtain

mK
d2rK

dt2 =− ∑
A,K

GmK mA

r3
K A

rK A, (2.36)

where rK A ≡ rK − rA. For the three-body system, this becomes

mK
d2rK

dt2 =−GmK mI

r3
K I

rK I − GmK mJ

r3
K J

rK J . (2.37)

2.3 Equilibrium solutions to the three-body problem

In general, the three-body problem cannot be solved even in Newtonian gravity, while particular
solutions are obtained [36]. As analytic solutions, Euler’s collinear and Lagrange’s equilateral tri-
angular solutions are known and they are the equilibrium solutions, where the centrifugal force
balances with the gravitational one for each body. For the restricted three-body problem, these
solutions are known as Lagrangian points (see Fig. 2.3). In this section, we briefly summarize
the derivations of these two solutions in circular motion.

2.3.1 Euler’s collinear solution

First, we consider a collinear configuration in which the bodies always line up and move around
the center of mass with the same constant angular velocity ωN.
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60◦

60◦
L1 L2L3

L4

L5

Figure 2.3: Lagrangian points around massive two bodies. The two gray disks are massive two
bodies. L1, L2, and L3 (blue disks) correspond to Euler’s collinear solution and L4 and L5 (red
disks) are Lagrange’s equilateral triangular solution.

It is convenient to use the corotating frame with the same angular velocity. We choose the
(x, y) plane as the orbital plane normal to the total angular momentum of the system in such a
corotating frame, where the three bodies are located along the x coordinate. Then, the location of
each body is written as rI = (xI ,0).

We treat the three bodies equivalently, then we can put x3 < x2 < x1 without loss of generality.
Choosing the origin of the coordinates as the center of mass, we have x1 > 0 and x3 < 0. The
equations of motion for the three bodies in Newtonian gravity are

r1ω
2 = Gm2

r2
12

+ Gm3

r2
13

, (2.38)

r2ω
2 =−Gm1

r2
12

+ Gm3

r2
23

, (2.39)

r3ω
2 =−Gm1

r2
13

− Gm2

r2
23

, (2.40)

where r I ≡ |rI |. Figure 2.4 shows a collinear configuration in the corotating frame. The filled
disks denote each body.

We define a distance ratio as z ≡ r23/r12, which is an important variable in the following
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Figure 2.4: A collinear configuration.

formulation, and then, we have r13 = (1+ z)r12.
First, we subtract Eq. (2.39) from Eq. (2.38) and Eq. (2.40) from Eq. (2.39). Such a subtraction

procedure will be useful also at the PN order because we can avoid using the expression of the
PN center of mass [84, 78, 124]. Next, we compute a ratio between them to delete ω2

N. As a result,
we obtain a quintic equation

(m1+m2)z5+ (3m1+2m2)z4+ (3m1+m2)z3− (m2+3m3)z2− (2m2+3m3)z− (m2+m3)= 0 (2.41)

for the distance ratio z > 0. Such a quintic equation cannot be solved in algebraic manners as
shown by Galois (e.g. [122]).

However, we can know the number of positive roots of Eq. (2.41). Descartes’ rule of signs (e.g.
[122]) states that the number of positive roots of a polynomial equation either equals that of sign
changes in coefficients of the polynomial or is less than it by a multiple of two. According to this
rule, the quintic equation (2.41) has the only one positive root for given masses. Substituting
the positive root z into a difference between any two equations of motion, for instance between
Eqs. (2.38) and (2.40), we obtain the corresponding angular velocity ωN. It is known that Euler’s
solution is unstable (e.g. [36, 121]).
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2.3.2 Lagrange’s equilateral triangular solution

Next, Let us summarize Lagrange’s solution in Newtonian gravity. We choose the origin of the
coordinates such that

m1r1 +m2r2+m3r3 = 0. (2.42)

We consider an equilateral triangular configuration. Then, we put

r12 = r23 = r31 = ℓ. (2.43)

The Newtonian equations of motion for each body are

r̈I =−GM
ℓ3 rI , (2.44)

where the dot means differentiation with respect to time t and M =∑
I mI is the total mass of the

system. Hence, each body can move around the center of mass with the same angular velocity
ωN given by

ω2
N = GM

ℓ3 . (2.45)

The velocity of each body vI(≡ ṙI) is perpendicular to the position vector rI and its magnitude is

vI ≡ |vI | =ωNr I . (2.46)

From Eq. (2.42), the position vector of each body can be rewritten by the relative vector as

rI =
∑
J
νJrIJ , (2.47)

where rIJ ≡ rI − rJ and we denote the mass ratio as νI = mI /M. Thus, the orbital radius of each
body is

r I = ℓ
√

ν2
J +νJνK +ν2

K , (2.48)

where we have used the relation as rIJ · rK I =−ℓ2/2 for I , J ,K .
Figure 2.5 shows an equilateral triangular configuration. Let ϑIJ denote the angle from rI to
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rJ . Using the cosine formula, it is shown that

cosϑ12 =
r2

1+ r2
2 −ℓ2

2r1r2
, sinϑ12 =

p
3ν3ℓ

2

2r1r2
, (2.49)

cosϑ23 =
r2

2+ r2
3 −ℓ2

2r2r3
, sinϑ23 =

p
3ν1ℓ

2

2r2r3
, (2.50)

cosϑ31 =
r2

3+ r2
1 −ℓ2

2r3r1
, sinϑ31 =

p
3ν2ℓ

2

2r3r1
. (2.51)

m3

m2m1
r1

r2

r3

v1

v2

v3

``

`

#23
#31

#12

Figure 2.5: An equilateral triangular configuration.

Gascheau proved that Lagrange’s equilateral triangular configuration for circular motion is
stable [53], if

0< m1m2+m2m3 +m3m1

(m1+m2 +m3)2 < 1
27

. (2.52)

Routh extended the result to a general law of gravitation ∝ 1/rk, and found the condition for
stability as [98]

0< m1m2 +m2m3 +m3m1

(m1 +m2+m3)2 < 1
3

(
3−k
1+k

)2
. (2.53)
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Chapter 3

Post-Newtonian Equations of Motion

In the framework of general relativity, the comparison of the theory with Newtonian gravity and
with experiments becomes particularly simple when one takes the slow-motion, weak-field limit.
Such a limit called the PN approximation is sufficiently accurate to consider the solar system.
However, the PN approximation is not appropriate to discuss the system of compact objects such
as binary pulsar, where the slow-motion and the weak-field assumptions are not valid.

In this chapter, we study the 1PN equations of motion for bodies that have no extent. For
this, we denote the curved space-time metric by gµν and its determinant by g (so g < 0). The
Christoffel symbol is

Γ
ρ
µν =

1
2

gρσ
(
gσµ,ν+ gσν,µ− gµν,σ

)
. (3.1)

The Riemann tensor, the Ricci tensor, and the Ricci scalar are

Rµνρσ = 1
2

(
gµσ,νρ+ gνρ,µσ− gµρ,νσ− gνσ,µρ

)+ gαβ

(
Γα
νρΓ

β
µσ−Γα

νσΓ
β
µρ

)
, (3.2)

Rµν = gαβRαµβν = Rα
µαν =

∂Γα
µν

∂xα
−
∂Γα

µα

∂xν
+Γα

µνΓ
β

αβ
−Γ

β
µαΓ

α
νβ, (3.3)

R = gµνRµν = Rµ
µ, (3.4)

respectively. The energy-momentum tensor Tµν is defined from the variation of the matter action
SM under a change of the metric gµν → gµν+δgµν, according to

δSM = 1
2c

∫
d4x

p−gTµνδgµν. (3.5)
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The energy-momentum tensor of a perfect fluid is expressed as

Tµν = (µ+ p)uµuν+ pgµν, (3.6)

where µ is the energy density of matter per the 4-volume element
p−gd4x, then µ/c2 is the mass

density of matter, and p and uµ are the pressure and the four-velocity of matter. The Einstein
equations read

Gµν = 8πG
c4 Tµν, (3.7)

where Gµν is the Einstein tensor defined by

Gµν ≡ Rµν− 1
2

gµνR. (3.8)

This chapter is based on Refs. [38, 39, 78, 84, 124].

3.1 The spherically symmetric gravitational field

First, we study a spherically symmetric gravitational field. Such a gravitational field can be
produced by matter of any spherically symmetric distribution. For spherically symmetry, not
only the matter distribution but also the matter motion must be spherically symmetric. Namely,
the velocity at each point must be parallel to the radial direction. The spherically symmetric
field means that the line element ds at a time must be the same for all points located at the same
distance from the center. In other words, the metric tensor depends only on the time and the
distance.

Using spherical coordinates (r,θ,φ), the most general expression of the spherically symmetric
spacetime is

ds2 = A(t, r)dt2 +B(t, r)dtdr+C(t, r)dr2 +D(t, r)(dθ2+sin2θdφ2), (3.9)

where A,B,C, and D are functions of time t and radius r. Here, because of the arbitrariness of the
choice of the reference frame in general relativity, we can perform a coordinate transformation
without breaking the spherically symmetry. Thus, we can choose new coordinates t and r, for
which the coefficient B(t, r) vanishes and the coefficient D(t, r) becomes simply r2. The latter
condition implies that the circumference of the circle of radius r is equal to 2πr. Note that these
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conditions do not determine uniquely the choice of the time coordinate. We can perform again
any transformation t = f (t̃), not containing r, where t̃ is a new time coordinate.

It is convenient to write the quantities A(t, r) and C(t, r) in the form of exponential functions
as −c2eν and eλ, respectively, where λ and ν are functions of t and r. Thus, ds2 can be expressed
as

ds2 =−eνc2dt2 + eλdr2+ r2(dθ2 +sin2θdφ2). (3.10)

Denoting by x0, x1, x2, and x3 the coordinates ct, r,θ, and φ, respectively, the non-zero compo-
nents of the metric tensor are

g00 =−eν, g11 = eλ, g22 = r2, g33 = r2 sin2θ. (3.11)

Thus,

g00 =−e−ν, g11 = e−λ, g22 = r−2, g33 = r−2 sin−2θ. (3.12)

From Eq. (3.1), we obtain the expressions as

Γ0
00 =

ν̇

2
, Γ0

10 =
ν′

2
, Γ0

11 =
λ̇

2
eλ−ν,

Γ1
00 =

ν′

2
eν−λ, Γ1

10 =
λ̇

2
, Γ1

11 =
λ′

2
, Γ1

22 =−re−λ, Γ1
33 =−rsin2θe−λ,

Γ2
12 =Γ3

13 =
1
r

, Γ2
33 =−sinθ cosθ, Γ3

23 = cotθ, (3.13)

where the dot and the prime denote differentiation with respect to ct and r, respectively. All
other components, except for those which differ from the ones we have written by transposition
of the indices µ and ν, are zero.

From Eqs. (3.3) and (3.4), the non-zero components of the Ricci tensor and the Ricci scalar
are

R00 =
[

1
2
ν′′+ 1

4
ν′2 − 1

4
ν′λ′+ ν′

r

]
eν−λ− 1

4
λ̇2 + 1

4
ν̇λ̇− 1

2
λ̈, (3.14)

R01 = λ̇

r
, (3.15)

R11 =
[

1
4
λ̇2 − 1

4
ν̇λ̇+ 1

2
λ̈

]
eλ−ν− 1

2
ν′′− 1

4
ν′2 + 1

4
ν′λ′+ λ′

r
, (3.16)
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R22 =
[

1
2
λ′r− 1

2
ν′r−1

]
e−λ+1, (3.17)

R33 = sin2θR22, (3.18)

R =
[

1
2
ν̇λ̇− 1

2
λ̇2− λ̈

]
e−ν+

[
ν′′+ 1

2
ν′2− 1

2
ν′λ′+ 2

r
ν′− 2

r
λ′+ 2

r2

]
e−λ− 2

r2 . (3.19)

The Einstein equations (3.7) become

−e−λ
(

1
r2 − λ′

r

)
+ 1

r2 = 8πG
c4 T0

0 , (3.20)

−e−λ
λ̇

r
= 8πG

c4 T1
0 , (3.21)

−e−λ
(
ν′

r
+ 1

r2

)
+ 1

r2 = 8πG
c4 T1

1 , (3.22)

−1
2

e−λ
(
ν′′+ ν′2

2
+ ν′−λ′

r
− ν′λ′

2

)
+ 1

2
e−ν

(
λ̈+ λ̇2

2
− λ̇ν̇

2

)
= 8πG

c4 T2
2 = 8πG

c4 T3
3 . (3.23)

The other components identically vanish. Using Eq. (3.6), the components of the energy-momentum
tensor are expressed by the energy density µ of the matter, its pressure p, and the radial velocity
u1 = dr/dτ.

Equations (3.20) - (3.23) can be integrated exactly when we consider vacuum, that is, outside
of the masses producing the field. Setting the energy-momentum tensor equal to zero, we obtain
the equations

e−λ
(
ν′

r
+ 1

r2

)
− 1

r2 = 0, (3.24)

e−λ
(
λ′

r
− 1

r2

)
+ 1

r2 = 0, (3.25)

λ̇= 0, (3.26)

where the fourth equation (3.23) can be derived from the other three equations.
Equation (3.26) means that λ does not depend on time. Furthermore, adding the equations

Eqs. (3.24) and (3.25), we obtain

λ+ν= f (t), (3.27)

where f (t) is a function only of time. This claims that λ+ν at a certain time is the same value
everywhere. However, it is still possible to transform the time coordinate. If we perform the
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transformation t = F(t′) such that dF(t′)/dt′ = e f (t)/2, Eq. (3.27) becomes ν+λ= 0 without loss of
generality. From this, note that the spherically symmetric gravitational field in vacuum is static,
automatically.

Equation (3.25) can be rewritten as

(1− rλ′)e−λ = 1 ⇔ (re−λ)′ = 1. (3.28)

It can be integrated and we obtain

e−λ = eν = 1+ rg

r
, (3.29)

where rg is a constant of integration. Requiring the Newton’s gravitational theory holds at large
distances where the field is weak, this constant is determined as

rg = 2Gm
c2 , (3.30)

where m is the total mass of the matter. This quantity rg has the dimensions of length and is
called the Schwarzschild radius. This metric at infinity becomes the Minkowski metric.

Thus, the line element is expressed as

ds2 =−
(
1− rg

r

)
c2dt2 +

(
1− rg

r

)−1
dr2+ r2(dθ2+sin2θdφ2). (3.31)

This solution of the Einstein equations is called the Schwarzschild solution. This expression
completely determines the gravitational field in vacuum produced by any spherically symmetric
distribution of matter. Note that the Schwarzschild solution is valid as long as the motion of
matter has the spherical symmetry.

Finally, the approximate expression of ds2 at large distances from the origin of the coordinate
is

ds2 ≃ ds2
0−

2Gm
c2r

(c2dt2 +dr2), (3.32)

where

ds2
0 = ηµνdxµdxν, (3.33)

and the second term is a small correction.
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3.2 The weak gravitational field by a single body

Let us consider the weak gravitational field produced by a spherically symmetric single body
with mass m at large distances r from the body, and determine the first terms of its expansion in
powers of rg/r.

At large distances, the gravitational field is weak. Then, we can choose the reference frame
at large distances where the metric is almost expressed by the Minkowski metric:

η00 =−1, η0i = 0, ηik = δik. (3.34)

Thus, we express gµν as

gµν = ηµν+hµν, (3.35)

where hµν is a small correction determined by the gravitational field.
Operations of raising and lowering indices of small tensor hµν are preformed using the Minkowski

metric, e.g. hν
µ = ηνρhµρ, etc. To terms of the first order,

gµρ gρν = (ηµρ+hµρ)gρν = δνµ+O(h2), (3.36)

where h = hµ
µ. Then, we obtain the contravariant components of the metric as

gµν = ηµν−hµν+O(h2). (3.37)

And, the determinant of the metric is expressed, to terms of the first order, as

g =− (1+h)+O(h2). (3.38)

Note that the coordinates are not uniquely determined by the conditions that hµν are small.
If these conditions are satisfied in a coordinate system, even after any gauge transformation
x′µ = xµ+ξµ with a small quantity ξµ, the conditions are also satisfied. Under the transformation,
the metric, according to the tensor transformation, becomes

g′
µν(x′)= ∂xα

∂x′µ
∂xβ

∂x′ν
gαβ(x)≃ gµν(x′)+δgµν(x′), (3.39)
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to terms of first order in ξµ, where

δgµν(x′)=−ξµ;ν−ξν;µ (3.40)

with ξµ = ηµνξ
ν. From Eqs. (3.39) and (3.40), we obtain

h′
µν ≃ hµν−ξµ,ν−ξν,µ. (3.41)

Note that the covariant derivatives in Eq. (3.40) become the partial ones, since ηµν are constants.
In the first approximation, to terms of order rg/r, the small corrections to the Minkowski

metric are given by the corresponding terms in the expansion of the spherically symmetric
Schwarzschild metric. Expressing the Schwarzschild metric by the form of Eq. (3.31), the first
terms are given by Eq. (3.32). Using the Minkowski coordinates (ct, x, y, z), we obtain, to terms
of the first order,

h00 =
rg

r
+O

(
r2

g

r2

)
, h0i =O

(
r2

g

r2

)
, hik =

rg

r
δik +O

(
r2

g

r2

)
. (3.42)

3.3 The Einstein-Infeld-Hoffmann equations of motion

The loss of energy of a system in the form of radiation of GWs appears in the fifth order of
approximation in v/c, where v is a typical internal velocity, for the first time [17]. 1 In this
chapter, we write formally ϵ ≡ v/c, henceforth. Namely, the energy of the system is constant in
the fourth order in the absence of an electromagnetic field. 2 In this section, let us derive the
Lagrangian of a system of gravitating bodies to terms of second order in ϵ, namely, the 1PN order.
And thus, we will find the equations of motion of the bodies in the next order of the Newtonian
one, Eq. (2.36). Here, we neglect the extents and internal structure of the bodies, regarding them
as point-like particle. 3

1See Appendix D.
2Since the loss of energy by dipole radiation appears in the third order in ϵ, a system is conservative in general

to terms of the second order in existence of an electromagnetic field.
3See Ref. [61] for extended bodies, for instance.
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We start with the expressions hµν of the form Eq. (3.42) as the weak field at large distances:

h00 =
rg

r
+O(ϵ4), h0i =O(ϵ3), (3.43)

hi j =
rg

r
δi j +O(ϵ4). (3.44)

In these expressions, we assumed that the field is produced by a single body. Consider the linear
order in h, then the field at large distances from the system of the bodies is given by a summation
of each field:

h00 =− 2
c2ϕ+O(ϵ4), h0i =O(ϵ3), (3.45)

hi j =− 2
c2ϕδ

j
i +O(ϵ4), (3.46)

where

ϕ(r)≡−∑
I

GmI

|r− rI |
(3.47)

is the Newtonian gravitational potential, rI is the position vector to the Ith body. The line
element by the metric tensor of Eqs. (3.45) and (3.46) is expressed as

ds2 =−
(
1+ 2

c2ϕ

)
c2dt2 +

(
1− 2

c2ϕ

)(
dx2+dy2 +dz2)+O(ϵ4). (3.48)

Note that the first order terms of ϕ appear not only in g00 but also g i j. In the equations of motion
of time-like particles, the contributions from g i j are higher order than those from g00.

In order to obtain the required equations of motion, it is sufficient to know the spatial compo-
nents of the metric to terms of the second order in ϵ as Eq. (3.46). On the other hand, the mixed
and the time components are needed to terms of the third order and the fourth order, respectively.

For the energy-momentum tensor of the bodies, we put, in Eq. (3.6), p = 0 and

µ=∑
I

mI c2√−g(xI)

dτI

dt
δ(r− rI), (3.49)

where dτI =
√

−gµν(xI)dxµI dxνI /c2, δ(r) is the delta function, and the summation extends over
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all the bodies of the system. Then, we obtain

Tµν =∑
I

mI√−g(xI)

dxµI
dτI

dxνI
dt

δ(r− rI). (3.50)

The covariant components become

Tµν =
∑
I

mI√−g(xI)
gµρ(xI)gνσ(xI)

dxρI
dτI

dxσI
dt

δ(r− rI). (3.51)

Thus,

T00 =
∑
I

mI c2√−g(xI)
(g00(xI))2 dt

dτI
δ(r− rI)

=∑
I

mI c2

(
1+ 5

c2ϕI +
v2

I

2c2 +O(ϵ4)

)
δ(r− rI), (3.52)

where vi
I = dxi

I /dt is the ordinary three-dimensional velocity and ϕI is the potential of the field
at the point rI of the Ith body. Note that for the last equality sign in Eq. (3.52) we have used the
fact obtained from Eq. (3.48)

dt
dτI

= 1− 1
c2ϕ+ 1

2c2 v2
I +O(ϵ4). (3.53)

For the components T0i and Ti j, it is sufficient to know the leading order terms, and they are
expressed as

T0i =
∑
I

mI cvI iδ(r− rI), (3.54)

Ti j =
∑
I

mIvI ivI jδ(r− rI). (3.55)

And also, we can obtain

T = gµνTµν =−∑
I

mI c2

(
1+ 3

c2ϕI −
v2

I

2c2 +O(ϵ4)

)
δ(r− rI) (3.56)

to terms of the second order in ϵ.
Next, let us calculate the Ricci tensor Rµν by using Eqs. (3.2) and (3.3). R00 is needed to
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compute to terms of order ϵ4, and it is

R00 = 1
c
∂

∂t

(
∂hi

0

∂xi −
1
2c

∂hi
i

∂t

)
− 1

2
∆h00 + 1

2
hi j ∂

2h00

∂xi∂x j −
1
4

(
∂h00

∂xi

)2
+ 1

4
∂h00

∂x j

(
2
∂hi

j

∂xi −
∂hi

i

∂x j

)
+O(ϵ5),

(3.57)

where ∆ is the Laplace operator in the flat spacetime. Note that the leading terms of h00 and hi j

are of the order of ϵ2 and h0i =O(ϵ3).
In this calculation, we have not fixed the gauge. In other words, we can impose a gauge

condition

∂hi
0

∂xi −
1
2c

∂hi
i

∂t
= 0, (3.58)

which fix one of the degrees of freedom of gauge. As a result, the components h0i drop out in R00.
Substituting

h j
i =

2
c2ϕδ

j
i +O(ϵ4), h00 =− 2

c2ϕ+O(ϵ4) (3.59)

into the remaining terms, we obtain

R00 =−1
2
∆h00 + 2

c4∆ϕ− 2
c4 (∇ϕ)2+O(ϵ5), (3.60)

where ∇= (∂/∂x,∂/∂y,∂/∂z) is the three-dimensional gradient.
For the mixed components R0i, it is sufficient to know the terms of the leading order, that is,

ϵ3. As a result, we obtain

R0i = 1
2c

∂2h j
i

∂t∂x j +
1
2

∂2h j
0

∂xi∂x j −
1
2c

∂2h j
j

∂t∂xi −
1
2
∆h0i +O(ϵ4). (3.61)

Imposing the condition Eq. (3.58) and the relation Eq. (3.59), these become

R0i =−1
2
∆h0i + 1

2c3
∂2ϕ

∂t∂xi +O(ϵ4). (3.62)
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Using the expressions of Eqs. (3.52) - (3.62), we can write the Einstein equations

Rµν = 8πG
c4

(
Tµν− 1

2
gµνT

)
. (3.63)

The time component of Eq. (3.63) becomes

−∆h00 + 4
c4ϕ∆ϕ− 4

c4 (∇ϕ)2 = 8πG
c4

∑
I

mI c2

(
1+ 5ϕI

c2 + 3v2
I

2c2

)
δ(r− rI)+O(ϵ5). (3.64)

Using the identity

4(∇ϕ)2 = 2∆(ϕ2)−4ϕ∆ϕ (3.65)

and the Poisson’s equation for the Newtonian potential

∆ϕ= 4πG
∑
I

mIδ(r− rI), (3.66)

this equation can be rewritten as

−∆
(
h00 + 2

c4ϕ
2
)
= 8πG

c2

∑
I

mI

(
1+ ϕ′

I

c2 + 3v2
I

2c2

)
δ(r− rI)+O(ϵ5), (3.67)

where we replace ϕI on the right-hand-side of Eq. (3.67) by

ϕ′
I =−G

∑
J

′ mJ

|rI − rJ |
, (3.68)

i.e. by the potential at the point rI produced by all the bodies except the Ith.
Taking into account the relation

∆

(
1
r

)
=−4πδ(r), (3.69)

the solution of Eq. (3.67) can be obtain as

h00 =−2ϕ
c2 − 2ϕ2

c4 + 2G
c4

∑
I

mIϕ
′
I

|r− rI |
+ 3G

c4

∑
I

mIv2
I

|r− rI |
+O(ϵ5). (3.70)
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The mixed components of Eq. (3.63) become

∆h0i = 16πG
c3

∑
I

mIvI iδ(r− rI)+ 1
c3

∂2ϕ

∂t∂xi +O(ϵ4). (3.71)

The solution of this linear equation is

h0i =−4G
c3

∑
I

mIvI i

|r− rI |
+ 1

c3
∂2 f
∂t∂xi +O(ϵ4), (3.72)

where f is the solution of the auxiliary equation

∆ f =ϕ=−∑
I

GmI

|r− rI |
. (3.73)

Using the relation ∆r = 2/r, we obtain

f =−G
2

∑
I

mI |r− rI |. (3.74)

As a result, the mixed components are obtained as

h0i =− G
2c3

∑
I

mI

|r− rI |
[7vI i + (vI nI)nI i]+O(ϵ4), (3.75)

where nI = (r− rI)/|r− rI |.
In order to calculate the required Lagrangian at the 1PN order, it is sufficient to use Eqs.

(3.46), (3.70), and (3.75). The Lagrangian for the Ith body in a gravitational field produced by
the other bodies is

LI =−mI c
dτ
dt

=−mI c2

(
1−h00 −2h0i

vi
I

c
− v2

I

c2 −hi j
vi

Iv j
I

c2

)1/2

+O(ϵ4). (3.76)

Expanding the square root and dropping the irrelevant constant −mI c2, we obtain, to terms of
the second order,

LI =
mIv2

I

2
+ mIv4

I

8c2 +mI c2

(
h00

2
+h0i

vi
I

c
+ 1

2c2 hi jvi
Iv j

I +
h2

00

8
+ h00

4c2 v2
I

)
+O(ϵ4). (3.77)

Note that all the hµν are evaluated at the point rI .
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The total Lagrangian L of the system is constructed so that it leads to the correct values of
the forces f I acting on each body for a given motion of the others. Therefore, the force f I given
by differentiating LI is also obtained by taking the partial derivatives ∂L /∂rI :

f I =
∂LI

∂rI
= ∂L

∂rI
. (3.78)

As a result, we obtain the total Lagrangian of the system as

L =∑
I

∑
J

′GmI mJ

2r IJ
+∑

I

mIv2
I

2
+∑

I

∑
J

′3GmI mJv2
I

2c2r IJ
+∑

I

mIv4
I

8c2

−∑
I

∑
J

′GmI mJ

4c2r IJ
[7(vI ·vJ)+ (vI ·nIJ)(vJ ·nIJ)]−∑

I

∑
J

′∑
K

′G
2mI mJ mK

2c2r IJ r IK
, (3.79)

where r IJ = |rI − rJ |, nIJ = (rI − rJ)/r IJ , the dot denotes the inner product of the vectors in the
flat spacetime, and the prime on the summation sign means that we should omit the term with
J = I or K = I. The first and second terms in Eq. (3.79) agree with the Lagrangian in Newtonian
gravity.

Finally, we calculate the equations of motion for the Kth body by substituting the total La-
grangian Eq. (3.79) into the Euler-Lagrange equations

d
dt

(
∂L

∂vK

)
=

(
∂L

∂rK

)
. (3.80)

These become

mK
dvK

dt
= ∑

A,K
rAK

GmK mA

r3
AK

[
1−4

∑
B,K

GmB

c2rBK
− ∑

C,A

GmC

c2rCA

(
1− rAK · rCA

2r2
CA

)

+
(vK

c

)2 +2
(vA

c

)2−4
(vA

c
· vK

c

)
− 3

2

(vA

c
·nAK

)2
]

− ∑
A,K

(vA −vK )
GmK mA

c2r2
AK

nAK · (3vA −4vK )+ 7
2

∑
A,K

∑
C,A

rCA
G2mK mAmC

c2rAK r3
CA

. (3.81)

Equation (3.81) is known as the Einstein-Infeld-Hoffmann (EIH) equation of motion [84, 124] for
N-body systems at the 1PN order. In the Newtonian limit, Eq. (3.81) reduces to Eq. (2.36). For
the two-body problem, the dynamics of each body was obtained by Damour and Deruelle [33] in
the 1PN approximation.
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For the relative position rJK = rJ − rK , we obtain the equations of motion

d2rJK

dt2 =
∑

A,K
rAK

GmA

r3
AK

[
1−4

∑
B,K

GmB

c2rBK
−

∑
C,A

GmC

c2rCA

(
1− rAK · rCA

2r2
CA

)

+
(vK

c

)2+2
(vA

c

)2 −4
(vA

c
· vK

c

)
− 3

2

(vA

c
·nAK

)2
]

− ∑
A,J

rAJ
GmA

r3
AJ

[
1−4

∑
B,J

GmB

c2rBJ
− ∑

C,A

GmC

c2rCA

(
1− rAJ · rCA

2r2
CA

)

+
(vJ

c

)2 +2
(vA

c

)2 −4
(vA

c
· vJ

c

)
− 3

2

(vA

c
·nAJ

)2
]

− ∑
A,K

(vA −vK )
GmA

c2r2
AK

nAK · (3vA −4vK )+ ∑
A,J

(vA −vJ)
GmA

c2r2
AJ

nAJ · (3vA −4vJ)

+ 7
2

∑
A,K

∑
C,A

rCA
G2mAmC

c2rAK r3
CA

− 7
2

∑
A,J

∑
C,A

rCA
G2mAmC

c2rAJ r3
CA

. (3.82)
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Chapter 4

A Post-Newtonian Collinear Solution

In this chapter, we discuss a PN collinear solution to the three-body problem in circular motion
by employing the EIH equations of motion.

As we saw in Chapter 2, the Newtonian collinear configuration is determined through a mas-
ter equation of fifth order in the distance ratio of the bodies. The quintic equation has only one
physical root corresponding to the equilibrium configuration for given system parameters (the
masses and the end-to-end length) [36, 54, 121].

In the framework of general relativity, this solution has been reexamined [129, 130]. In this
case, the master equation determining the PN collinear configuration becomes seventh order. In
the same way as the Newtonian case, the septic equation has always one physically acceptable
root and only one. We shall call this the uniqueness of the collinear solution. Especially, for
the restricted three-body problem, the uniqueness means that three equilibrium points of a test
particle exist even at the 1PN order. They are relativistic counterparts of the Lagrangian points
L1, L2, and L3.

The purposes of this chapter are to derive the PN collinear solution in the circular motion and
to prove the uniqueness of the configuration for given system parameters. This chapter is based
on [129, 130].

4.1 The septic equation

In this section, we derive the septic equation that gives the collinear configuration. In order
to take into account the dominant part of the general relativistic effects, we employ the EIH
equations of motion, namely, Eq. (3.81). In the case of a collinear configuration and the circular
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Figure 4.1: A collinear configuration.

motion, we should note that all the locations rI of the bodies are parallel or antiparallel to each
other and all the velocities vI of the bodies are always perpendicular to rI . Hence, we obtain

vI = r Iω, (4.1)

where vI = |vI |, r I = |rI |, and ω is the common angular velocity. Figure 4.1 shows a collinear
configuration in the corotating frame. The filled disks denote each body.

We define rIJ ≡ rI − rJ and r IJ ≡ |rIJ |. Subtracting the EIH equation of motion for m3 from
that for m1, for instance, and defining a distance ratio as z ≡ r23/r12, i.e. r13 = (1+z)r12, we obtain

r13ω
2 = FN +εFM +εFVω2, (4.2)

where we define a non-dimensional small parameter as

ε≡ GM
c2ℓ

(4.3)

with the total mass M =∑
I mI and the characteristic length of the system ℓ≡ r13, The Newtonian

term FN and the PN corrections FM (dependent on the masses only) and FV (velocity-dependent
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part divided by ω2) are defined by

FN = GM
ℓ2z2

[
(ν1 +ν3)z2+ν2(1+ z2)(1+ z)2] , (4.4)

FM =−GM
ℓ2z3 [ν2(4−4ν1+ν3)+ν2(12−7ν1+3ν3)z

+ν2(12−ν1 +ν3)z2+ (8−7ν1−7ν3+8ν1ν3 +3ν2
1 +3ν2

3)z3

+ν2(12+ν1−ν3)z4 +ν2(12+3ν1 −7ν3)z5+ν2(4+ν1 −4ν3)z6] , (4.5)

FV = ℓ

(1+ z)2z2

[−ν2
1ν2−2ν1ν2(1+ν1−ν3)z

+ (2−2ν1 +ν3 +6ν1ν3 −3ν2
3+ν3

1−3ν2
1ν3 −3ν1ν

2
3 +ν3

3)z2

+2(1+ν2)(1+ν1+ν3 −ν2
1 +ν1ν3−ν2

3)z3

+ (2+ν1 −2ν3 −3ν2
1 +6ν1ν3+ν3

1−3ν2
1ν3 −3ν1ν

2
3 +ν3

3)z4

−2ν2ν3(1−ν1+ν3)z5 −ν2ν
2
3z6] , (4.6)

respectively, where νI ≡ mI /M is the mass ratio. Note that we ignore the second (and higher)
order of PN contributions in this truncated calculation.

After straightforward but lengthy calculations, which are similar to the Newtonian case, we
obtain a septic equation

F(z)≡
7∑

k=0
Akzk = 0, (4.7)

where each coefficient Ak is defined by

A7 = ε
[−4−2(ν1 −4ν3)+2(ν2

1+2ν1ν3 −2ν2
3)−2ν1ν3(ν1+ν3)

]
, (4.8)

A6 = 1−ν3+ε
[−13− (10ν1 −17ν3)+2(2ν2

1+8ν1ν3−ν2
3)+2(ν3

1−2ν2
1ν3−3ν1ν

2
3 −ν3

3)
]
, (4.9)

A5 = 2+ν1−2ν3 +ε
[−15− (18ν1 −5ν3)+4(5ν1ν3 +4ν2

3)+6(ν3
1−ν1ν

2
3 −ν3

3)
]
, (4.10)

A4 = 1+2ν1−ν3 +ε
[−6−2(5ν1+2ν3)−4(2ν2

1 −ν1ν3 −4ν2
3)+2(3ν3

1 +ν2
1ν3 −2ν1ν

2
3 −3ν3

3)
]
, (4.11)

A3 =−(1−ν1 +2ν3)+ε
[
6+2(2ν1 +5ν3)−4(4ν2

1+ν1ν3 −2ν2
3)+2(3ν3

1+2ν2
1ν3−ν1ν

2
3−3ν3

3)
]
,
(4.12)

A2 =−(2−2ν1 +ν3)+ε
[
15− (5ν1 −18ν3)−4(4ν2

1+5ν1ν3)+6(ν3
1 +ν2

1ν3−ν3
3)

]
, (4.13)

A1 =−(1−ν1)+ε
[
13− (17ν1−10ν3)+2(ν2

1 −8ν1ν3 −2ν2
3)+2(ν3

1 +3ν2
1ν3 +2ν1ν

2
3 −ν3

3)
]
, (4.14)

A0 = ε
[
4−2(4ν1 −ν3)+2(2ν2

1 −2ν1ν3 −ν2
3)+2ν1ν3(ν1 +ν3)

]
, (4.15)
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respectively.
Equation (4.7) has an antisymmetry for exchanging indices between ν1 and ν3, so that, we

obtain the equivalent equation by making a change z → 1/z. Taking into account the antisymme-
try of the locations of the bodies for exchanges between ν1 and ν3, the antisymmetry of Eq. (4.7)
may validate the complicated form of each coefficient.

Since ε≪ 1, the PN corrections in each coefficient must be much smaller than the Newtonian
terms. Then, they cannot change the sign of each coefficient in Eqs. (4.9) - (4.14). Therefore, in
the same way as the Newtonian case, the signs of Eqs. (4.9) - (4.11) are positive (A6 > 0, A5 > 0,
and A4 > 0) and those of Eqs. (4.12) - (4.14) are negative (A3 < 0, A2 < 0, and A1 < 0).

Using a relation ν1 = 1−ν2−ν3, Eq. (4.15) can be rewritten as

A0 = 2ε(ν2+ν3)(2ν2+2ν3+ν2ν3), (4.16)

which immediately leads to A0 > 0. In a similar manner, we have A7 < 0. 1

Thus, the number of sign changes of the coefficients in Eq. (4.7) is necessarily three. Descartes’
rule of signs indicates that the septic equation (4.7) has either one or three roots. In the case of
three roots, we can easily understand that one of them corresponds to Euler’s collinear solution.
What are the other two roots? We shall investigate them in next section.

4.2 The uniqueness of the post-Newtonian collinear solu-
tion

Figure 4.2 shows that Eq. (4.7) has three positive roots, where we put ν1 = 1/7, ν2 = 5/7, ν3 =
1/7, and ε = 10−4. We denote the smallest, the moderate, and the largest roots as zS, zR , zL,
respectively.

Table 4.1 shows the numerical values of z and ℓω/c corresponding to Figure 4.2. The velocities
corresponding to zS and zL are v =O(ℓω)=O(c), which do not satisfy a slow-motion condition for
the PN approximation. This can be understood by the following arguments.

Because of the antisymmetry of the septic equation (4.7) for transformation as z ↔ 1/z asso-
ciated with exchanges between ν1 and ν3, the two roots zS and zL must be a pair.

1 An alternative but powerful way to see this is using the anti-symmetry of the septic equation (4.7) for exchanges
between indices 1 and 3 as ν1 ↔ ν3 with z ↔ 1/z. This exchange makes a change as A0 →−A7. Using A0 > 0, we
have always A7 < 0.
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Figure 4.2: The septic polynomial. Top: the septic polynomial in Eq. (4.7). Bottom left: The
polynomial around the smallest positive root. Bottom right: The polynomial around the moderate
positive root

First, we consider a region where z ≪ 1. In this region, Eq. (4.7) approximately becomes

A1z+ A0 ≃ 0, (4.17)

where A0 contains only the 1PN correction terms and A1 has both the Newtonian terms AN1

and the 1PN correction terms APN1. If the signs of A0 and AN1 are different, then we have an
approximate form of a positive root in this region as

zS ≃− A0

AN1
=O(ε). (4.18)
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Table 4.1: Values of z and ℓω/c for Figure 4.2. The velocities corresponding to zS and zL are
v = O(ℓω) = O(c), which do not satisfy a slow-motion condition for the PN approximation. This
can be understood by the following arguments.

zS zR zL
z 3.635×10−4 1.000 2751
ℓω/c 0.8723 0.02449 0.8723

Since ε → 0 in the Newtonian limit, the smallest positive root zS can appear only in the PN
approximation.

Let us make an order-of-magnitude estimation using Eq. (4.2) for a velocity ℓωS, where ωS is
the angular velocity corresponding to zS. From the expressions of Eqs. (4.4), (4.5), and (4.6), we
obtain

FN =O

(
GM
ℓ2z2

S

)
=O

(
GM
ℓ2ε2

)
, (4.19)

FM =O

(
GM
ℓ2z3

S

)
=O

(
GM
ℓ2ε3

)
, (4.20)

FV =O

(
ℓ

z2
S

)
=O

(
ℓ

ε2

)
. (4.21)

Since ε≪ 1, we have r13 = ℓ≪ εFV , so that FN ∼ FM ∼ FVω2
S ≫ r13ω

2
S in Eq. (4.2). Nevertheless

the Newtonian angular velocity ωN is O(
p

GM/ℓ3), all the three bodies have an angular velocity
ωS =O(c/ℓ), that is,

ℓωS =O(c). (4.22)

This means an extremely fast motion comparable to the speed of light. Such a fast motion is un-
acceptable in the PN approximation. Therefore, the smallest root zS is unphysical and discarded.

Next, we consider a region where z ≫ 1. In this region, Eq. (4.7) approximately becomes

A7z+ A6 ≃ 0, (4.23)

where A7 contains only the 1PN correction terms and A6 has both the Newtonian terms AN6

and the 1PN correction terms APN6. If the signs of A7 and AN6 are different, then we have an

48



approximate form of a positive root in this region as

zL ≃− A7

AN6
=O

(
1
ε

)
. (4.24)

In the Newtonian limit as ε→ 0, this root disappears.
Let us make an order-of-magnitude estimation for a velocity ℓωL, where ωL is the angular

velocity corresponding to zL. From Eqs. (4.4), (4.5), and (4.6), we obtain

FN =O

(
GMz2

L

ℓ2

)
=O

(
GM
ℓ2ε2

)
, (4.25)

FM =O

(
GMz3

L

ℓ2 ε

)
=O

(
GM
ℓ2ε3

)
, (4.26)

FV =O
(
ℓz2

Lε
)=O

(
ℓ

ε2

)
. (4.27)

Then, r13 = ℓ≪ εFV , so that FN ∼ FM ∼ FVω2
L ≫ r13ω

2
L in Eq. (4.2). This leads to ωL =O(c/ℓ) and

ℓωL =O(c). (4.28)

This implies that the PN approximation breaks down by such an extremely fast motion compa-
rable to the speed of light. Therefore, the largest root zL is unphysical and discarded.

We should remember the antisymmetry under the transformation as z ↔ 1/z, hence, zS and
zL correspond to each other as zS ↔ 1/zL. In this sense, it seems natural that the above argument
for discarding zL is similar to that of zS.

As a result, two of the three positive roots are discarded being considered as unphysical ones.
Hence, we complete the proof of the uniqueness.

Substituting the physical root of Eq. (4.7) into Eq. (4.2), we obtain the angular velocity

ω=ωN (1+ ω̃PN) , (4.29)

where ωN ≡ (FN/r13)1/2 is the Newtonian angular velocity and we denote the PN correction as

ω̃PN = ℓFM +FNFV

2ℓFN
ε (4.30)
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For the fixed masses mI and the end-to-end length ℓ, we have always an inequality

ω<ωN, (4.31)

which means that the PN orbital period measured in the coordinate time is longer than the
Newtonian one. 2 If the masses and angular rate are fixed, the end-to-end length ℓ is shorter
than in the Newtonian case.

Figure 4.3 shows a numerical example, where we put m1 : m2 : m3 = 1 : 2 : 3, r12 = 1 and
ε= 0.01. 3 In this figure, we do not use the corotating frame (x, y) but an inertial one (x̄, ȳ). The
disks denote the three bodies at t = 0, when m1, m2, and m3 are located from right to left on the
horizontal axis. The triangles and circles denote the locations of each body at t = TN/2 and t = T/2,
respectively, where T and TN are the orbital period and the Newtonian one. These are computed
by using our formulations, e.g. Eq. (4.29). On the other hand, for the trajectories of the bodies,
we directly solved numerically the EIH equations of motion until t = TN/2. Both methods provide
the same plot. This agreement may also validate our formulation. We assume x3 < x2 < x1

throughout this chapter. This figure suggests that as an alternative initial condition, we can
assume x1 < x2 < x3, which is realized at t = T/2 in this figure. This is a natural consequence
of the parity symmetry in our formulation. Numerical calculations for this figure show that the
PN corrections to the angular velocity in Eq. (4.29) is negative, that is ω < ωN as we already
mentioned above. It should be also noted that the location of each mass at t = T/2 is advanced
compared with that at t = TN/2.

Finally, we focus on the restricted three-body problem. The physical root zR can be expressed
as zR = zN(1+χ), where zN is the corresponding Newtonian root and χ is the small correction of
the order of ε. Substituting it into Eq. (4.7), we obtain the PN correction

χ≃−
∑

k APNkzk
N∑

k kANkzk
N

, (4.32)

where ANk and APNk are the Newtonian and 1PN terms in Ak, respectively.
For the Sun-Jupiter system, the 1PN corrections to L1, L2, and L3 become +30，−38，+1 [m],

respectively, where the positive sign is chosen along the direction from the Sun to Jupiter. Such
corrections suggest a potential role of the general relativistic three- (or more) body dynamics in
high-precision astrometry in our solar system and perhaps also in GW astronomy. They are small

2See Appendix B.
3The order of magnitude of the 1PN effects is 0.01.
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Figure 4.3: The three-body orbits for the PN collinear solution. We put m1 : m2 : m3 = 1 : 2 : 3,
r12 = 1 and ε= 0.01. We do not use the corotating frame (x, y) but an inertial one (x̄, ȳ). The disks,
triangles, and circles denote the locations of each body at t = 0, t = TN/2, and t = T/2, respectively.

but may be marginal within the limits of the current technology since the lunar laser ranging
experiment has successfully measured the increasing distance between the Earth and the Moon
≃ 3.8 cm/yr.
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Chapter 5

A Post-Newtonian Triangular Solution

In this chapter, we discuss, in circular motion, a PN triangular solution to the three-body problem
and its stability by employing the EIH equations of motion.

For the restricted three-body problem, a triangular equilibrium solution has been investi-
gated by Krefetz and Maindl, independently [76, 82]. Ichita, Yamada, and Asada have studied
the PN effects on Lagrange’s solution for general masses [57]. Soon after, Yamada and Asada
have found a PN triangular solution to the general three-body problem by adding the appropri-
ate general relativistic corrections to the configuration of the bodies [132]. This chapter is based
on [57, 132].

5.1 The post-Newtonian corrections

We take into account the dominant part of the general relativistic effect. Namely, we employ the
EIH equations of motion (3.81).

First, we consider an equilateral triangular configuration. However, in this case, it is shown
that a PN equilateral triangular solution does not exist except for two cases [57]: (i) three finite
masses are equal and (ii) one mass is finite and the other two are zero. This means that under
the assumption that the three bodies are located at the apexes of an equilateral triangle, three
bodies of general masses obeying the EIH equations of motion can not move along circular orbits.

What happens by adding 1PN corrections to the equilateral triangular configuration? By
appropriate 1PN corrections, if three bodies can circularly move without changing each relative
position during motion, the general relativistic version of Lagrange’s solution exists. Therefore,
we seek such appropriate corrections for the equilibrium solution corresponding to the Lagrange’s
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one at the 1PN order. For the equilateral triangular solution, since three bodies move always in
a plane, the number of the degrees of freedom in the PN corrections to the configuration is two.

5.1.1 An equilateral triangular configuration

We consider three bodies in circular motion with the same angular velocity ω, so that each or-
bital radius r I is a constant. Because of the circular motion, the velocity vI of each body is
perpendicular to the location rI .

In general, the expression for the location of the center of mass in the PN approximation
differs from that in Newtonian gravity. However, fortunately, the expression for the center of
mass remains unchanged for the equilateral triangular configuration even at the 1PN order [57].
1 Then, the PN location rI and orbital radius r I of each body are unchanged from the Newtonian
ones.

Let ωI denote the angular velocity of the Ith body with PN corrections. After straightforward
calculations, the EIH equations of motion for m1 can be written as [57]

−ω2
1r1 =−GM

ℓ3 r1 +δEIH1ε, (5.1)

where M =∑
I mI is the total mass and we define the small parameter

ε≡ GM
c2ℓ

. (5.2)

The PN term δEIH1 is defined by

δEIH1 =
1
16

GM
ℓ2

1√
ν2

2 +ν2ν3 +ν2
3

{
{16(ν2

2 +ν2ν3+ν2
3)[3− (ν1ν2 +ν2ν3+ν3ν1)]

+9ν2ν3[2(ν2 +ν3)+ν2
2 +4ν2ν3+ν2

3]}n1 +3
p

3ν2ν3(ν2−ν3)(5−3ν1)n⊥1

}
, (5.3)

where nI ≡ rI /r I and n⊥I ≡ vI /|vI |. The equations of motion for m2 and m3 can be obtained by
the cyclic manipulations of the indices as 1 → 2 → 3 → 1. From these equations of motion, we
can see that an equilateral triangular solution for general masses does not exist in general, since
the vector terms perpendicular to the position vector terms remain on the right-hand side of the
equations of motion.

1See Appendix A.
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The PN equilibrium configurations can be realized if and only if the following conditions (a)
and (b) hold: (a) the coefficients of n⊥I in the equations of motion for each body are zero and (b)
the angular velocity for each body is the same in order to keep the distance between the bodies
unchanged.

From Eq. (5.3) for m1, the coefficient of n⊥1 vanishes if either of ν2 or ν3 is zero or ν2 = ν3.
In the same way for m2 and m3, the condition (a) holds in only the three cases: (i) three finite
masses are equal, (ii) one mass is finite and the other two are zero, and (iii) two of the masses
are finite and equal, and the third one is zero.

In the case (i), the three bodies have the same PN corrections, so that the condition (b) holds.
In the case (ii), the body with finite mass rests and the other two test bodies has the equal
PN corrections, thus the condition (b) holds. However, in the case (iii), for instance, putting
ν1 = ν2 = 1/2 and ν3 = 0, we have

|δEIH1| = |δEIH2| =
11
8

GM
ℓ2 , (5.4)

|δEIH3| =
(

63+11
p

3
8

)
GM
ℓ2 . (5.5)

Using the expression (2.48), the angular velocities of the bodies are

ω1 =ω2 =ωN

(
1− 11

32
ε

)
, (5.6)

ω3 =ωN

(
1− 21

p
3+11

32
ε

)
, (5.7)

and thus the condition (b) does not hold.
As a result, the equilateral triangular solution realizes at the 1PN order in only two cases: (i)

three finite masses are equal and (ii) one mass is finite and the other two are zero.
Note that not only an equilateral triangle but also an isosceles triangle can be acceptable in

the case (ii). This is because that the three-body problem reduces to two problems of the test body
around massive one, which are the PN versions of the two-body problem discussed in Chapter 2 .

5.1.2 A post-Newtonian inequilateral triangular configuration

Next, we consider a PN inequilateral triangular configuration with general relativistic correc-
tions to each side length of an equilateral triangle, so that the distances between the bodies are
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parameterized as

r IJ = ℓ(1+ρIJ), (5.8)

where ρIJ is dimensionless PN corrections, and ρJI = ρIJ . Figure 5.1 shows a PN triangular
configuration.

m3

m2
m1

'12

'23
'31

`(1 + ⇢31)

`(1 + ⇢12)

`(1 + ⇢23)

Figure 5.1: The PN corrections to the distances between the bodies.

Here, if all the three corrections are equal, that is

ρ12 = ρ23 = ρ31 = ρ, (5.9)

then a PN configuration is still an equilateral triangle, though each side length is changed by a
scale transformation as ℓ→ ℓ(1+ρ). Namely, one of the degrees of freedom in the PN corrections
corresponds to a scale transformation. However, such a scale transformation is equivalent to
changing the Newtonian angular velocity as ωN →ωN(1+ρ)−3/2, so that this causes quantitative
difference of the motion. 2 Therefore, this is unimportant to seek an equilibrium configuration.

2 By the scale transformation, the 1PN terms in the equations of motion also change, such as δEIH1ε→δEIH1ε(1+
ρ)−3 in Eq. (5.1). However, such changes give contributions of the second (or higher) order. Thus, it can be neglected
in our consideration.
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In order to eliminate this degree of freedom, we impose a constraint condition

r12 + r23 + r31

3
= ℓ, (5.10)

which means that the arithmetical mean of the three distances between the bodies is not changed
by the PN corrections. Namely,

ρ12 +ρ23 +ρ31 = 0. (5.11)

At the 1PN order, we can employ other two conditions, which are equivalent to the above con-
dition: 3 (i) the geometric mean of the three distances between the bodies are not changed by the
PN corrections and (ii) the area of a triangle is not changed by the PN corrections. Furthermore,
alternative choices of conditions are possible. For instance, (a) the angular velocity of the bodies
is not changed from the Newtonian one or (b) r12 is not changed from the Newtonian case. In
these choice, we can obtain inequilateral triangles being similar to each other.

The EIH equations of motion for m1 are changed by the PN corrections as

−ω2
1r1 = Gm2

r3
21

r21 + Gm3

r3
31

r31 +δEIH1ε

=−GM
ℓ3 r1 − 3

2
GM
ℓ3

r1

ν2
2 +ν2ν3 +ν2

3

× {[ν2(ν1 −ν2 −1)ρ12 +ν3(ν1 −ν3−1)ρ31]n1 +
p

3ν2ν3(ρ12 −ρ31)n⊥1}

+δEIH1ε, (5.12)

where δEIH1 is expressed as Eq. (5.3). We should note that rI may be different from the New-
tonian case, because of the PN corrections. However, we can replace rI with the Newtonian
location because of the following reason. The two terms including rI in Eq. (5.12), that is, the
left hand side and the first term of the right-hand side can be expanded as

−ω2
1r1 =−ω2

1rN1 −ω2
NrPN1, (5.13)

−GM
ℓ3 r1 =−GM

ℓ3 rN1 −
GM
ℓ3 rPN1, (5.14)

where rN1 and rPN1 are the Newtonian location and the PN correction, respectively, and ωN =

3See also Appendix in Ref. [132].
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p
GM/ℓ3 is the Newtonian angular velocity. 4 The relation between Eqs. (5.13) and (5.14) implies

that the PN corrections to rI cancel out in Eq. (5.12).
Also, n1 and n⊥1 have PN corrections. However, these corrections give contributions of the

second (or higher) order in Eq. (5.12), thus they are neglected in the 1PN approximation. Also
in δEIH1, the PN corrections to n1 and n⊥1 are the second order. We can obtain the equations of
motion for m2 and m3 by the cyclic manipulations as 1→ 2→ 3→ 1.

The PN triangular configuration becomes an equilibrium solution in the circular motion if
and only if the following conditions (a) and (b) simultaneously hold: (a) the centrifugal force
balances with the gravitational force for each body and (b) the PN triangular configuration does
not change with time. The condition (a) is equivalent to (a’) that the coefficients of n⊥I in the
EIH equation of motion for each body vanish:

ρ12 −ρ31 − 1
8

(ν2−ν3)(5−3ν1)ε= 0, (5.15)

ρ23 −ρ12 − 1
8

(ν3−ν1)(5−3ν2)ε= 0, (5.16)

ρ31 −ρ23 − 1
8

(ν1−ν2)(5−3ν3)ε= 0. (5.17)

The condition (b) can be restated as: (b’) the angular velocities of the three bodies are the same
in order not to change the distances between the three bodies:

ω2
1−ω2

2 = 0, (5.18)

ω2
1−ω2

3 = 0. (5.19)

Equations (5.18) and (5.19) are rewritten as

3
2

1
ν2

2 +ν2ν3 +ν2
3

[ν2(ν1−ν2 −1)ρ12 +ν3(ν1−ν3 −1)ρ31]

− 3
2

1
ν2

3+ν3ν1+ν2
1

[ν3(ν2 −ν3 −1)ρ23 +ν1(ν2 −ν1 −1)ρ12]

−
{ 9

16
1

ν2
2 +ν2ν3 +ν2

3
ν2ν3[2(ν2 +ν3)+ν2

2+4ν2ν3+ν2
3]

}
ε

+
{ 9

16
1

ν2
3 +ν3ν1 +ν2

1
ν3ν1[2(ν3 +ν1)+ν2

3+4ν3ν1+ν2
1]

}
ε= 0, (5.20)

4See Eq. (2.45)
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3
2

1
ν2

2 +ν2ν3 +ν2
3

[ν2(ν1−ν2 −1)ρ12 +ν3(ν1−ν3 −1)ρ31]

− 3
2

1
ν2

1+ν1ν2+ν2
2

[ν1(ν3 −ν1 −1)ρ31 +ν2(ν3 −ν2 −1)ρ23]

−
{ 9

16
1

ν2
2 +ν2ν3 +ν2

3
ν2ν3[2(ν2 +ν3)+ν2

2+4ν2ν3+ν2
3]

}
ε

+
{ 9

16
1

ν2
1 +ν1ν2 +ν2

2
ν1ν2[2(ν1 +ν2)+ν2

1+4ν1ν2+ν2
2]

}
ε= 0, (5.21)

respectively.
Since the number of degrees of freedom in the PN corrections (ρ12, ρ23, ρ31) is two, it seems

that the above five conditions of Eqs. (5.15) - (5.19) can not be simultaneously satisfied by any
set of the PN corrections. However, the number of independent conditions turns out to be only
two. This can be shown as follows.

First, we can obtain Eq. (5.17) from Eqs. (5.15) and (5.16) by eliminating ρ12. Next, the
left-hand sides of Eqs. (5.20) and (5.21) vanish if and only if Eqs. (5.15) and (5.16) are satisfied.

As a result, we obtain the PN corrections satisfying the above conditions as

ρ12 = 1
24

[(ν2 −ν3)(5−3ν1)− (ν3−ν1)(5−3ν2)]ε, (5.22)

ρ23 = 1
24

[(ν3 −ν1)(5−3ν2)− (ν1−ν2)(5−3ν3)]ε, (5.23)

ρ31 = 1
24

[(ν1 −ν2)(5−3ν3)− (ν2−ν3)(5−3ν1)]ε, (5.24)

which give a PN triangular equilibrium solution for general masses. As ν3 → 0, these corrections
reduce to the previous results for the restricted three-body problem [76, 82].

Substituting Eqs. (5.22) and (5.24) into Eq. (5.12), we obtain the common angular velocity of
the three bodies

ω=ωN(1+ ω̃PN), (5.25)

where we denote the PN correction as

ω̃PN =− 1
16

[29−14(ν1ν2+ν2ν3+ν3ν1)]ε. (5.26)

Taking into account that ν1+ν2+ν3 = 1, we can show ω̃PN < 0, that is, ω<ωN for the fixed system
parameters ℓ and νI . In other words, the area of the PN triangular configuration is always
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smaller than in the Newtonian case if the masses and angular velocity of the three bodies are
fixed.

Table 5.1 shows the PN corrections to the distances between the bodies and the Lagrangian
point L4 (L5) in the solar system. Here we choose the bodies of m1 and m2 as the Sun and
each planet, respectively, and then ν3 = 0. For the solar system, it is not natural to change
r12 but location of the test body because the distance between the Sun and each planet has
been estimated. 5 Therefore, we perform a scale transformation as ℓ→ ℓ(1+ρ12). By the scale
transformation, the PN corrections to r23 and r31 are changed as ρ23 → ρ23 − ρ12 and ρ31 →
ρ31−ρ12, and hence it is convenient to use Eqs. (5.15) and (5.16) rather than Eqs. (5.22) - (5.24).
From Eq. (5.16), we can obtain the PN correction to the distance between each planet and the
Lagrangian point L4 (L5) as

ℓ(ρ23 −ρ12)=− 5
16

2GM⊙
c2

(
1− 3

5
MP

M

)
, (5.27)

where MP is the mass of planet. Equation (5.27) shows that the correction to the distance be-
tween each planet and the Lagrangian point L4 (L5) becomes approximately 5/16 of the Schwarzschild
radius of the Sun and the planetary contribution is much smaller. Thus, we obtain almost the
same values for this correction for Earth and Jupiter. The similar corrections are mentioned also
in the previous paper [82].

Table 5.1: The PN corrections to the Lagrangian point L4 (L5) of the solar system.

Planet Sun-L4 (L5) [m] Planet-L4 (L5) [m]
Jupiter −0.353 −923
Earth −0.00111 −923

5The distance between the Sun and Jupiter, for instance, has been estimated from the orbital period of Jupiter.
Therefore, it may be more natural to fix the scale of the system by the orbital period of Jupiter. For this, see Ref.
[128].
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5.2 A linear stability of the post-Newtonian triangular so-
lution

Next, we study a stability of the PN triangular solution by taking account of linear perturbations
in the orbital plane. Because of three bodies, the number of degrees of freedom in the pertur-
bations is 2×3 = 6. However, two of the degrees of freedom correspond to perturbations in the
center of mass. It is convenient to use the corotating coordinates with the center of mass as the
origin even after adding perturbations. Hence, the number of the degrees of freedom in the per-
turbations decreases from six to four: one of them corresponds to a perturbation in the common
angular velocity, and the three other perturbations denote changes in the shape and size of the
PN triangle.

5.2.1 Equations of motion for perturbations

We consider four perturbations in the orbital plane. See Fig. 5.2 for a schematic figure of the four
perturbations.

Reference direction

m1

m2

m3

r12 = ` (1 + ⇢12 + ��12)

r31 = ` (1 + ⇢31 + ��31)

✓12 = ⇥12 + ��

'23 =
⇡

3
+
p
3⇢23 + � 23

'12

'31

✓31

✓23

Figure 5.2: Four perturbations in the PN triangular configuration.
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First, we put the distances between the bodies as

r IJ = ℓ(1+ρIJ +δχIJ), (5.28)

where χIJ(= χJI) is a perturbation in the distance r IJ and δ is a bookkeeping parameter that
denotes order of smallness of the perturbations. By these perturbations, each angle φIJ between
rK I and rJK (I , J ,K) of the PN triangle is changed as

φIJ ≃ π

3
+

p
3ρIJ +δψIJ . (5.29)

The perturbations χIJ and ψIJ relate to each other through the cosine formula. As a result, we
obtain the relation as

ψ12 = 1p
3

[
2χ12 −χ23 −χ31 +2ρ12χ12 + (ρ23 +4ρ31)χ23 + (4ρ23 +ρ31)χ31

]
, (5.30)

ψ23 = 1p
3

[
2χ23 −χ31 −χ12 +2ρ23χ23 + (ρ31 +4ρ12)χ31 + (4ρ31 +ρ12)χ12

]
, (5.31)

ψ31 = 1p
3

[
2χ31 −χ12 −χ23 +2ρ31χ31 + (ρ12 +4ρ23)χ12 + (4ρ12 +ρ23)χ23

]
. (5.32)

Hence, the number of independent perturbations (χ12,χ23,χ31,ψ12,ψ23,ψ31) is three.
The remaining one of the degrees of freedom corresponds to a change in the common angular

velocity of the bodies:

θIJ =ΘIJ +δσIJ , (5.33)

where θIJ and σIJ denote the angle from a reference direction to rIJ and a perturbation in it,
respectively. ΘIJ is the unperturbed direction which satisfies the following equation

dΘIJ

dt
=ωN(1+ ω̃PN), (5.34)

where ω̃PN is defined by Eq. (5.26), namely,

ω̃PN =− 1
16

[29−14(ν1ν2+ν2ν3+ν3ν1)]ε. (5.35)
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Differentiating the relations

θ23 = θ12 +π−φ31, (5.36)

θ31 = θ12 −π+φ23, (5.37)

we obtain

Dσ23 = D(σ−ψ31), (5.38)

Dσ31 = D(σ+ψ23), (5.39)

where D denotes a differential operator with respect to normalized time t̃ ≡ ωNt and we have
denoted σ12 simply as σ. Equations (5.38) and (5.39) show that the perturbations σ12, σ23, and
σ31 relate to each other. Thus, the number of degrees of freedom in (σ12,σ23,σ31) is one and it
corresponds to a change in the angular velocity. Note that the perturbation σ changes not only
the common angular velocity but also the directions of the bodies. However, the constant part of
σ can be always canceled out by the coordinates rotation. Therefore, its differential with respect
to time Dσ has the physical meaning and this is the perturbation in the common angular velocity.

Note that the perturbations have not only the Newtonian terms but also the 1PN ones. For
instance, the perturbation σ can be expanded as

σ=σN +σPN, (5.40)

where σN and σPN(=O(ε)) are the Newtonian term and the 1PN one, respectively. In the follow-
ing, we neglect the terms of second (and higher) order in δ. Namely, we calculate to the terms of
order ε×δ (i.e. the 1PN corrections to the linear perturbations).

Using a complex plane as the orbital one, we denote the relative position of the bodies as
rIJ → zIJ = r IJ eiθIJ . From Eq. (3.82), the EIH equation of motion for z12 becomes

d2z12

dt2 = F12eiθ12 . (5.41)

The left-hand side of this equation is

d2z12

dt2 = ℓω2
N

[−{1+2ω̃PN +ρ12 +δ(2Dσ12 +χ12 −D2χ12 +2ω̃PNDσ12 +2ρ12Dσ12

+2ω̃PNχ12)}+ iδ(2Dχ12 +D2σ12 +2ω̃PNDχ12 +ρ12D2σ12)
]

eiθ12 . (5.42)
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F12 in the right-hand side of the equation of motion can be expanded as

F12 = FN12 +εFPN12 +δFNper12 +εδFPNper12, (5.43)

where FN12 and FPN12 are the unperturbed Newtonian and PN terms, respectively, and FNper12

and FPNper12 are the perturbed Newtonian and PN terms, respectively. These are

FN12 =−M
ℓ2 , (5.44)

FPN12 =
1
24

M
ℓ2 (45ν2

2+54ν1ν2 −60ν2 +45ν2
1 −60ν1 +97), (5.45)

FNper12 =
1
2

M
ℓ2

[
3ν3(χ23 +χ31)+2(2−3ν3)χ12

]+ i
3
p

3
2

M
ℓ2ν3(χ31 −χ23), (5.46)

FPNper12 =
1
16

M
ℓ2

[
−2(54ν3

2+108ν1ν
2
2 −86ν2

2 +108ν2
1ν2 −82ν1ν2 +167ν2+54ν3

1

−86ν2
1 +167ν1 −29)χ12 −ν3(45ν2

2 +108ν1ν2 +8ν2 +90ν2
1 −108ν1 +150)

×χ23 −ν3(90ν2
2 +108ν1ν2−108ν2+45ν2

1+8ν1+150)χ31 +8(ν3
2 −ν1ν

2
2

+2ν2
2−ν2

1ν2−4ν1ν2 −7ν2 +ν3
1 +2ν2

1−7ν1)Dσ12 −2ν3(ν2
2+22ν1ν2+4ν2

+4ν2
1+2ν1+8)Dσ23 −2ν3(4ν2

2+22ν1ν2+2ν2+ν2
1 +4ν1 +8)Dσ31

+8
p

3ν3(ν1 −ν2)(3−ν3)Dχ12 −2
p

3ν3(9ν2
2−4ν1ν2−4ν2+4ν2

1 +6ν1

−16)Dχ23 +2
p

3ν3(4ν2
2 −4ν1ν2 +6ν2 +9ν2

1 −4ν1−16)Dχ31

]
+ i

1
16

M
ℓ2

[
−12

p
3ν3(ν1−ν2)(3−ν3)χ12 +

p
3ν3(57ν2

2+36ν1ν2−24ν2

+42ν2
1 −12ν1 +130)χ23 −

p
3ν3(42ν2

2 +36ν1ν2 −12ν2 +57ν2
1 −24ν1

+130)χ31 −8
p

3ν3(ν1 −ν2)(ν1 +ν2)Dσ12 +2
p

3ν3(ν2
2 −12ν1ν2 +14ν2

−4ν2
1+10ν1+8)Dσ23 +2

p
3ν3(4ν2

2 +12ν1ν2 −10ν2 −ν2
1 −14ν1 −8)Dσ31

−8(3ν3
2 +9ν1ν

2
2 −6ν2

2 +9ν2
1ν2−8ν1ν2−5ν2+3ν3

1−6ν2
1 −5ν1)Dχ12

−2ν3(9ν2
2 +30ν1ν2 +10ν2 +12ν2

1 −18ν1 −16)Dχ23 −2ν3(12ν2
2+30ν1ν2

−18ν2 +9ν2
1+10ν1−16)Dχ31

]
. (5.47)

We can obtain the EIH equations of motion for z23 and z31 by the cyclic manipulations as 1 →
2 → 3 → 1. Since the unperturbed terms in the equations give the PN triangular equilibrium
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solution, we focus on the perturbed terms. It is convenient to transform the variables as [98]

χ23 = 1
2

[
(1−3ρ12)χ31 + (1−3ρ31)χ12 +

p
3(1−ρ23)ψ23

]
, (5.48)

X ≡ χ31 −χ12. (5.49)

As a result, we obtain the equation of motion for r12. Its radial part is[
(D2 −3)χ12 −2Dσ− 9

4
ν3X − 3

p
3

4
ν3ψ23

]
+ε

[
− 1

32

{
4
p

3(ν1 −ν2)(7−9ν3)ν3D

+ (36ν3
2 +234ν1ν

2
2 −146ν2

2 +261ν2
1ν2−488ν1ν2 +155ν2 +63ν3

1 −155ν2
1 +137ν1

−585)
}
χ12 − 1

24
(27ν3

2+135ν1ν
2
2−21ν2

2+135ν2
1ν2 −210ν1ν2 +24ν2 +27ν3

1 −21ν2
1

+24ν1−155)Dσ− 1
32

ν3

{
4
p

3(9ν1ν2 +10ν2 +9ν2
1 −6ν1 −4)D− (216ν2

2+288ν1ν2

−154ν2 +171ν2
1 −38ν1 +420)

}
X + 1

32
ν3

{
4(18ν2

2 +27ν1ν2−2ν2 +9ν2
1 +14ν1

−12)D+
p

3(51ν2
2+114ν1ν2 +2ν2+87ν2

1−120ν1 +155)
}
ψ23

]
= 0, (5.50)

and the tangential part is[
2Dχ12 +D2σ− 3

p
3

4
ν3X + 9

4
ν3ψ23

]
+ε

[
− 1

32

{
4(9ν3

2+45ν1ν
2
2+9ν2

2+45ν2
1ν2

−30ν1ν2 −18ν2 +9ν3
1 +9ν2

1−18ν1+61)D+3
p

3ν3(12ν2
2 −6ν1ν2 +14ν2 −15ν2

1

+4ν1−5)
}
χ12 − 1

24

{
(3ν2

2+12ν1ν2−18ν2+3ν2
1 −18ν1+10)D2 −3

p
3(ν1−ν2)

×ν3(9ν2 +9ν1 +4)D
}
σ+ 1

32
ν3

{
4(18ν2

2 +27ν1ν2 +8ν2 +9ν2
1 +16ν1 −12)D

+
p

3(36ν2
2+72ν1ν2−54ν2+81ν2

1−90ν1+160)
}

X + 1
32

ν3

{
4
p

3(9ν1ν2 +8ν2

+9ν2
1−4)D−9(21ν2

2+14ν1ν2−10ν2+13ν2
1−8ν1+45)

}
ψ23

]
= 0. (5.51)

In the same way, we obtain the equation of motion for r31 and its radial and tangential parts
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are [
(D2 −3)χ12 −2Dσ+

(
D2−3+ 9

4
ν2

)
X −

(
2D+ 3

p
3

4
ν2

)
ψ23

]
+ε

[
− 1

32

{
4
p

3

× (ν3−ν1)(7−9ν2)ν2D+ (36ν3
3+234ν1ν

2
3−146ν2

3 +261ν2
1ν3 −488ν1ν3 +155ν3

+63ν3
1−155ν2

1+137ν1 −585)
}
χ12 − 1

24
(27ν3

3+135ν1ν
2
3 −21ν2

3 +135ν2
1ν3 −210ν1ν3

+24ν3+27ν3
1−21ν2

1+24ν1−155)Dσ− 1
32

{
4
p

3ν2(9ν2
3 +9ν1ν3 +8ν3−4ν1−4)D

− (180ν3
3 +270ν1ν

2
3 −224ν2

3 +198ν2
1ν3+8ν1ν3+419ν3+108ν3

1 −54ν2
1 +321ν1

+165)
}

X + 1
96

{
4(27ν3

3−39ν2
3−27ν2

1ν3+165ν1ν3 −54ν3 +36ν2
1 −102ν1 +191)D

+3
p

3ν2(51ν2
3 +114ν1ν3+2ν3 +87ν2

1 −120ν1+155)
}
ψ23

]
= 0 (5.52)

and [
2Dχ12 +D2σ+

(
2D− 3

p
3

4
ν2

)
X +

(
D2− 9

4
ν2

)
ψ23

]
+ε

[
− 1

32

{
4(9ν3

3 +45ν1ν
2
3

+9ν2
3 +45ν2

1ν3−30ν1ν3−18ν3+9ν3
1+9ν2

1 −18ν1 +61)D−3
p

3ν2(12ν2
3−6ν1ν3

+14ν3−15ν2
1+4ν1−5)

}
χ12 − 1

24

{
(3ν2

3 +12ν1ν3 −18ν3 +3ν2
1 −18ν1 +10)D2

−3
p

3(ν3 −ν1)(13−9ν2)ν2D
}
σ+ 1

32

{
4(9ν3

3−19ν2
3−9ν2

1ν3+27ν1ν3−2ν3−2ν2
1

−10ν1−49)D+
p

3(72ν2
3+54ν1ν3−12ν3+36ν2

1−78ν1+145)ν2

}
X − 1

96

{
4(3ν2

3

+12ν1ν3−18ν3+3ν2
1−18ν1+10)D2−12

p
3(9ν2

3 +9ν1ν3 +12ν3 −4ν1 −4)ν2D

−27(21ν2
3 +14ν1ν3 −10ν3 +13ν2

1 −8ν1 +45)ν2

}
ψ23

]
= 0. (5.53)

5.2.2 The condition for stability in the Newtonian limit

First, we study the condition for stability in Newtonian gravity. In the Newtonian limit ε→ 0,
by defining new variables Ẋ ≡ DX , χ̇12 ≡ Dχ12, σ̇≡ Dσ, and ψ̇23 ≡ Dψ23, the equations of motion
(5.50) - (5.53) for the perturbations are rearranged as

DX =MNX , (5.54)
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where X ≡ (Ẋ , χ̇12, σ̇,ψ̇23, X ,χ12,σ,ψ23) and

MN ≡



0 0 0 2 3
(
1− 3

4
(ν2 +ν3)

)
0 0

3
p

3
4

(ν2−ν3)

0 0 2 0
9
4
ν3 3 0

3
p

3
4

ν3

0 −2 0 0
3
p

3
4

ν3 0 0 −9
4
ν3

−2 0 0 0
3
p

3
4

(ν2 −ν3) 0 0
9
4

(ν2 +ν3)

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0



. (5.55)

The eigenvalue equation for the coefficient matrix MN is

λ2(λ2+1)

(
λ2 + 1+ p

1−27V
2

)(
λ2 + 1− p

1−27V
2

)
= 0, (5.56)

or

τ(τ+1)

(
τ+ 1+ p

1−27V
2

)(
τ+ 1− p

1−27V
2

)
= 0, (5.57)

where τ≡λ2, λ is the eigenvalue, and V = ν1ν2 +ν2ν3 +ν3ν1. 6 The roots of Eq. (5.57) are

τ0 = 0, τ1 =−1, τ2 =−1+ p
1−27V
2

, τ3 =−1− p
1−27V
2

. (5.58)

For a positive real number a, we consider four cases:

(i) if 1/27 < V ≤ 1/3, then τ2 = −(1+ i
p

a)/2 and τ3 = −(1− i
p

a)/2, so that the eigenvalues
are λ0± = 0, λ1± = ±i, λ2± = ±(p− iq), and λ3± = ±(p+ iq), where p =

√p
1+a−1/2 and

q =
√p

1+a+1/2.

6Using the relation ν3 = 1−ν1 −ν2, V can be rewritten as

V = 1
3
− 1

4
(ν1 −ν2)2 − 3

4

(
ν1 +ν2 − 2

3

)2
.

Therefore, the maximum value of V is 1/3 with ν1 = ν2 = ν3 = 1/3.
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(ii) If V = 1/27, then τ2 = τ3 = −1/2, so that the eigenvalues are λ0± = 0, λ1± = ±i, and λ2± =
λ3± =±i

p
1/2.

(iii) If 0 < V < 1/27, then τ2 =−(1+ p
a)/2 < 0 and τ3 =−(1− p

a)/2 < 0, so that the eigenvalues

are λ0± = 0, λ1± =±i, λ2± =±i
√

(1+ p
a)/2, and λ3± =±i

√
(1− p

a)/2.

(iv) If V = 0, then τ2 =−1 and τ3 = 0, so that the eigenvalues are λ0± = λ3± = 0 and λ1± = λ2± =
±i.

We consider the Jordan normal form of MN as J ≡Q−1MNQ, where Q is the transition matrix.
Defining the new vector as Y ≡Q−1X , Eq. (5.54) can be rewritten as

DY = JY . (5.59)

In the case (i), we obtain

J ≡



i 0
−i 0 0

0 1
0 0

p+ qi 0
p− qi 0

0 −p+ qi 0
−p− qi


, (5.60)

and

Q ≡



0 0 0 0 ∗ ∗ ∗ ∗
1
2

1
2

0 0 ∗ ∗ ∗ ∗
i −i 0 1 ∗ ∗ ∗ ∗
0 0 0 0 ∗ ∗ ∗ ∗
0 0 0 0 ∗ ∗ ∗ ∗
− i

2
i
2

0 −2
3

∗ ∗ ∗ ∗
1 1 1 0 ∗ ∗ ∗ ∗
0 0 0 0 1 1 1 1



, (5.61)
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where we denote

p =
√p

27V −1
2

, q =
√p

27V +1
2

, (5.62)

and ∗ means a non-zero value. Thus, we have

Y = (C1eit̃,C2e−it̃,C3+C4 t̃,C4,C5e(p+qi)t̃,C6e(p−qi)t̃,C7e(−p+qi)t̃,C8e(−p−qi)t̃), (5.63)

where Ci (i = 1,2, · · · ,8) is a integral constant. From X =QY , we obtain

X = C5Q55e(p+qi)t̃ +C6Q56e(p−qi)t̃ +C7Q57e(−p+qi)t̃ +C8Q58e(−p−qi)t̃, (5.64)

χ12 =− i
2

C1eit̃ + i
2

C2eit̃ − 2
3

C4+C5Q65e(p+qi)t̃ +C6Q66e(p−qi)t̃ +C7Q67e(−p+qi)t̃

+C8Q68e(−p−qi)t̃, (5.65)

σ= C1eit̃ +C2e−it̃ + (C3 +C4 t̃)+C5Q75e(p+qi)t̃ +C6Q76e(p−qi)t̃ +C7Q77e(−p+qi)t̃

+C8Q78e(−p−qi)t̃, (5.66)

ψ23 = C5e(p+qi)t̃ +C6e(p−qi)t̃ +C7e(−p+qi)t̃ +C8e(−p−qi)t̃, (5.67)

where Q i j (1 ≤ i, j ≤ 8) is the (i, j) comportment of Q. Since all the perturbations increase with
time, the Lagrange’s solution is unstable when 1/27<V ≤ 1/3.

In the case (ii), we obtain

J ≡



i 0
−i 0 0

0 1
0 0

ip
2

1

ip
2

0

0 − ip
2

1

− ip
2



, (5.68)
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Q ≡



0 0 0 0 ∗ 0 ∗ 0
1
2

1
2

0 0 ∗ ∗ ∗ ∗
i −i 0 1 ∗ ∗ ∗ ∗
0 0 0 0

ip
2

∗ − ip
2

∗
0 0 0 0 ∗ ∗ ∗ ∗
− i

2
i
2

0 −2
3

∗ ∗ ∗ ∗
1 1 1 0 ∗ ∗ ∗ ∗
0 0 0 0 1 1 1 1



, (5.69)

where ∗ means a non-zero value. Thus, we have

Y = (C1eit̃,C2e−it̃,C3+C4 t̃,C4, y5, y6, y7, y8z), (5.70)

where

y5 ≡ (C5+C6 t̃)eit̃/
p

2, y6 ≡ C6eit̃/
p

2, y7 ≡ (C7+C8 t̃)e−it̃/
p

2, y8 ≡ C8e−it̃/
p

2 (5.71)

and Ci (i = 1,2, · · · ,8) is a integral constant. From X =QY , we obtain

X = (C5+C6 t̃)Q55eit̃/
p

2+C6Q56eit̃/
p

2 + (C7 +C8 t̃)Q57e−it̃/
p

2 +C8Q58e−it̃/
p

2, (5.72)

χ12 =− i
2

C1eit̃ + i
2

C2eit̃ − 2
3

C4+ (C5 +C6 t̃)Q65eit̃/
p

2 +C6Q66eit̃/
p

2

+ (C7+C8 t̃)Q67e−it̃/
p

2 +C8Q68e−it̃/
p

2, (5.73)

σ= C1eit̃ +C2e−it̃ + (C3 +C4t)+ (C5+C6 t̃)Q75eit̃/
p

2+C6Q76eit̃/
p

2

+ (C7+C8 t̃)Q77e−it̃/
p

2 +C8Q78e−it̃/
p

2, (5.74)

ψ23 = (C5+C6 t̃)eit̃/
p

2 +C6eit̃/
p

2 + (C7+C8 t̃)e−it̃/
p

2+C8e−it̃/
p

2, (5.75)

where Q i j (1 ≤ i, j ≤ 8) is the (i, j) comportment of Q. Since all the perturbations increase with
time, the Lagrange’s solution is unstable if V = 1/27.
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In the case (iii), we have

J ≡



i 0
−i 0 0

0 1
0 0

α 0
−α 0

0 β 0
−β


, (5.76)

and

Q ≡



0 0 0 0 ∗ ∗ ∗ ∗
1
2

1
2

0 0 ∗ ∗ ∗ ∗
i −i 0 1 ∗ ∗ ∗ ∗
0 0 0 0 ∗ ∗ ∗ ∗
0 0 0 0 ∗ ∗ ∗ ∗
− i

2
i
2

0 −2
3

∗ ∗ ∗ ∗
1 1 1 0 ∗ ∗ ∗ ∗
0 0 0 0 1 1 1 1



, (5.77)

where we denote

α= i

√
1+ p

1−27V
2

, β= i

√
1− p

1−27V
2

, (5.78)

and ∗ means a non-zero value. Thus, we obtain

Y = (C1eit̃,C2e−it̃,C3 +C4 t̃,C4,C5eαt̃,C6e−αt̃,C7eβt̃,C8e−βt̃), (5.79)

where Ci (i = 1,2, · · · ,8) is a integral constant. From X =QY , we have

X = C5Q55eαt̃ +C6Q56e−αt̃ +C7Q57eβt̃ +C8Q58e−βt̃, (5.80)

χ12 =− i
2

C1eit̃ + i
2

C2eit̃ − 2
3

C4+C5Q65eαt̃ +C6Q66e−αt̃ +C7Q67eβt̃ +C8Q68e−βt̃, (5.81)
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σ= C1eit̃ +C2e−it̃ +C3+C4 t̃+C5Q75eαt̃ +C6Q76e−αt̃ +C7Q77eβt̃ +C8Q78e−βt̃, (5.82)

ψ23 = C5eαt̃ +C6e−αt̃ +C7eβt̃ +C8e−βt̃, (5.83)

where Q i j (1 ≤ i, j ≤ 8) is the (i, j) comportment of Q. In this case, only σ increases with time
by the term of C4 t̃. However, this part can be canceled out by the coordinates rotation as zI →
zI eiC4 t̃ and the perturbation in the common angular velocity σ̇ does not increase with time.
Therefore, the Lagrange’s solution is stable in the case of 0<V < 1/27.

Finally, for the case (iv), we assume ν1 = 1 and ν2 = ν3 = 0. Then, we obtain

J ≡



i 0
i 0 0

−i 0
−i 0

0 1
0 0

0 0 1
0


, (5.84)

Q ≡



1
2

0
1
2

0 0 0 0 0

0
1
2

0
1
2

0 0 0 0

0 i 0 i 0 0 0 1
i 0 i 0 0 1 0 0

−1
2

0
1
2

0 0 −2
3

0 0

0 −1
2

0
1
2

0 0 0 −2
3

0 1 0 1 0 1 1 1
1 0 1 0 1 1 0 1



. (5.85)

Thus, we have

Y = (C1eit̃,C2eit̃,C3e−it̃,C4e−it̃,C5 +C6 t̃,C6,C7 +C8 t̃,C8), (5.86)

where Ci (i = 1,2, · · · ,8) is a integral constant. From X =QY , we obtain

X = 1
2

C1ei(t̃−π/2)+ 1
2

C3e−i(t̃−π/2)− 2
3

C7, (5.87)
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χ12 = 1
2

C2ei(t̃−π/2)+ 1
2

C4e−i(t̃−π/2)− 2
3

C8, (5.88)

σ= C2eit̃+C4e−it̃+C6 +C7 +C8+C8 t̃, (5.89)

ψ23 = C1eit̃+C3e−it̃+C5 +C7 +C8+C7 t̃. (5.90)

Equation (5.90) means that the perturbation χ23 in the distance r23 increases with time, and the
Lagrange’s solution is unstable. If we assume ν2 = 1 or ν3 = 1, we have similar results as χ31 or
χ12 increases with time and the Lagrange’s solution is also unstable.

Therefore, the necessary and sufficient condition for the stability of Lagrange’s solution is

0<V < 1
27

. (5.91)

This is nothing but the Newtonian condition Eq. (2.52) for stability of Lagrange’s solution.

5.2.3 The condition for stability at the 1PN order

Next, let us consider the condition for stability at the 1PN order. 7 The EIH equations of motion
(5.50) - (5.53) for the perturbations are

M11 M12 M13 M14

M21 M22 M23 M24

M31 M32 M33 M34

M41 M42 M43 M44



χ12

σ

X
ψ23

= 0, (5.92)

where

M11 = (D2−3)− 1
32

ε
{
4
p

3(ν1−ν2)(7−9ν3)ν3D+ (36ν3
2+234ν1ν

2
2−146ν2

2

+261ν2
1ν2−488ν1ν2 +155ν2 +63ν3

1 −155ν2
1 +137ν1−585)

}
, (5.93)

M12 =−2D− 1
24

ε(27ν3
2 +135ν1ν

2
2 −21ν2

2 +135ν2
1ν2−210ν1ν2+24ν2+27ν3

1

−21ν2
1+24ν1−155)D, (5.94)

M13 =−9
4
ν3− 1

32
εν3

{
4
p

3(9ν1ν2+10ν2+9ν2
1−6ν1 −4)D− (216ν2

2 +288ν1ν2

−154ν2+171ν2
1−38ν1+420)

}
, (5.95)

7See also Appendix C.
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M14 =−3
p

3
4

ν3+ 1
32

εν3

{
4(18ν2

2 +27ν1ν2−2ν2 +9ν2
1 +14ν1 −12)D+

p
3(51ν2

2

+114ν1ν2 +2ν2 +87ν2
1 −120ν1+155)

}
, (5.96)

M21 = 2D− 1
32

ε
{
4(9ν3

2+45ν1ν
2
2+9ν2

2+45ν2
1ν2−30ν1ν2−18ν2+9ν3

1+9ν2
1

−18ν1 +61)D+3
p

3ν3(12ν2
2 −6ν1ν2 +14ν2 −15ν2

1 +4ν1 −5)
}
, (5.97)

M22 = D2 − 1
24

ε
{
(3ν2

2+12ν1ν2−18ν2+3ν2
1−18ν1+10)D2−3

p
3(ν1 −ν2)ν3

× (9ν2 +9ν1 +4)D
}
, (5.98)

M23 =−3
p

3
4

ν3+ 1
32

εν3

{
4(18ν2

2 +27ν1ν2+8ν2 +9ν2
1 +16ν1 −12)D+

p
3(36ν2

2

+72ν1ν2 −54ν2 +81ν2
1 −90ν1 +160)

}
, (5.99)

M24 = 9
4
ν3+ 1

32
εν3

{
4
p

3(9ν1ν2+8ν2+9ν2
1−4)D−9(21ν2

2 +14ν1ν2 −10ν2

+13ν2
1 −8ν1 +45)

}
, (5.100)

M31 = (D2 −3)− 1
32

ε
{
4
p

3(ν3 −ν1)(7−9ν2)ν2D+ (36ν3
3 +234ν1ν

2
3−146ν2

3

+261ν2
1ν3 −488ν1ν3+155ν3+63ν3

1−155ν2
1 +137ν1 −585)

}
, (5.101)

M32 =−2D− 1
24

ε(27ν3
3+135ν1ν

2
3 −21ν2

3 +135ν2
1ν3 −210ν1ν3+24ν3+27ν3

1

−21ν2
1 +24ν1 −155)D, (5.102)

M33 = D2 −3+ 9
4
ν2 − 1

32
ε
{
4
p

3ν2(9ν2
3 +9ν1ν3 +8ν3−4ν1−4)D− (180ν3

3 +270ν1ν
2
3

−224ν2
3 +198ν2

1ν3+8ν1ν3+419ν3+108ν3
1−54ν2

1 +321ν1 +165)
}
, (5.103)

M34 =−
(
2D+ 3

p
3

4
ν2

)
+ 1

96
ε
{
4(27ν3

3−39ν2
3−27ν2

1ν3 +165ν1ν3 −54ν3 +36ν2
1

−102ν1 +191)D+3
p

3ν2(51ν2
3+114ν1ν3 +2ν3+87ν2

1−120ν1 +155)
}
, (5.104)

M41 = 2D− 1
32

ε
{
4(9ν3

3+45ν1ν
2
3+9ν2

3+45ν2
1ν3−30ν1ν3−18ν3+9ν3

1+9ν2
1

−18ν1 +61)D−3
p

3ν2(12ν2
3 −6ν1ν3 +14ν3 −15ν2

1 +4ν1 −5)
}
, (5.105)
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M42 = D2 − 1
24

ε
{
(3ν2

3+12ν1ν3 −18ν3 +3ν2
1−18ν1+10)D2−3

p
3(ν3 −ν1)

× (13−9ν2)ν2D
}
, (5.106)

M43 = 2D− 3
p

3
4

ν2 + 1
32

ε
{
4(9ν3

3 −19ν2
3 −9ν2

1ν3 +27ν1ν3 −2ν3−2ν2
1−10ν1−49)D

+
p

3(72ν2
3+54ν1ν3−12ν3 +36ν2

1 −78ν1 +145)ν2

}
, (5.107)

M44 = D2 − 9
4
ν2 − 1

96
ε
{
4(3ν2

3 +12ν1ν3 −18ν3 +3ν2
1 −18ν1 +10)D2−12

p
3(9ν2

3+9ν1ν3

+12ν3 −4ν1 −4)ν2D−27(21ν2
3 +14ν1ν3 −10ν3 +13ν2

1 −8ν1 +45)ν2

}
. (5.108)

In the same way as the Newtonian case, we obtain the secular equation at the 1PN order as

λ2
[
λ6 +2

{
1− 1

8
ε(77−10V )

}
λ4+

{
1+ 27

4
V − 1

16
ε(308+1265V +162W −378V 2)

}
λ2

+27
4

{
V − 1

24
ε(521V −72W −126V 2)

}]
= 0, (5.109)

where W ≡ ν1ν2ν3. 8 If V = 0 (so that W also vanishes), we can separate the three-body problem
into the problems of two test particles moving around the massive body, and it is not important.
Moreover, as we have already shown above, the Lagrange’s solution is unstable in the case of
V = 0 in the Newtonian limit. Hence, we consider V > 0 in the following.

Neglecting the trivial root λ= 0, we obtain a cubic equation of τ≡λ2 as

τ3+ατ2 +βτ+γ= 0, (5.110)

where

α≡ 2
{

1− 1
8
ε (77−10V )

}
, (5.111)

β≡ 1+ 27
4

V − 1
16

ε
(
308+1265V +162W −378V 2) , (5.112)

8 From the inequality of arithmetic and geometric means, we have

W = ν1ν2ν3 ≤
(ν1 +ν2 +ν3

3

)3
= 1

27
,

with equality if and only if ν1 = ν2 = ν3 = 1/3.
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γ≡ 27
4

{
V − 1

24
ε(521V −72W −126V 2)

}
. (5.113)

In the 1PN approximation, the PN corrections to the Newtonian roots must be small. Thus, we
can factorize Eq. (5.110) as

(τ+1−aε)(τ2 +bτ+ c)= 0, (5.114)

where a, b, and c are constants and the 2PN terms are neglected. From Eqs. (5.110) and (5.114),
one can obtain

a = 1
8V

(77V −14V 2−36W), (5.115)

b = 1− 1
8V

(77V −6V 2 +36W)ε, (5.116)

c = 27
4

V − 1
16

(1305V −378V 2 +162W)ε. (5.117)

Since ε≪ 1, we have −1+aε< 0, b > 0, and c > 0. The roots of Eq. (5.114) are expressed as

τ1 =−1+αε, τ2 = −b+
p

b2 −4c
2

, τ3 = −b−
p

b2−4c
2

. (5.118)

In a similar manner to the Newtonian case, the PN triangular solution is stable, if and only if
τ2 and τ3 are negative real numbers and τ2 , τ3. Namely, it is necessary and sufficient for the
stability that

b2 −4c > 0. (5.119)

The critical value is given by

b2 −4c = 0. (5.120)

Here, V in the PN terms of Eq. (5.120) with Eqs. (5.116) and (5.117) can be replaced by the
Newtonian critical value as V = 1/27, because its 1PN corrections make 2PN (or higher-order)
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contributions and they can be neglected. Thus, Eq. (5.120) becomes

1− 391
54

ε−27
(
V + 15

2
Wε

)
= 0. (5.121)

Therefore, the condition for stability of the PN triangular solution becomes

1− 391
54

ε−27
(
V + 15

2
Wε

)
> 0. (5.122)

This is explicitly rewritten as

m1m2+m2m3 +m3m1

(m1 +m2 +m3)2 + 15
2

m1m2m3

(m1+m2 +m3)3 ε<
1
27

(
1− 391

54
ε

)
. (5.123)

Equation (5.123) recovers the Newtonian condition (2.52) in the limit ε→ 0. The PN correction in
the right-hand side of Eq. (5.123) is negative and the PN term of the triple product of masses in
the left-hand side of Eq. (5.123) is positive. Hence, the PN condition for stability is tighter than
the Newtonian one for any positive values of the parameter ε.

Figure 5.3 shows the Newtonian stability regions given by Eq. (2.52) and the 1PN ones Eq.
(5.123) when ε = 0.01 (i.e. the order of magnitude of the PN effects is 0.01), for instance. For
values of the mass ratios within the colored areas, the triangular configuration for three finite
masses is stable. The stability regions at the 1PN order still exist, and they are more narrow
than in the Newtonian case.

Finally, we focus on the restricted three-body limit as ν3 → 0 (i.e. W → 0). In this case, the
stability condition Eq. (5.119) becomes

1−27V − 77−1311V +378V 2

4
ε> 0. (5.124)

This is a quadratic inequality for V . Solving Eq. (5.124) for V , we obtain

m1m2

(m1+m2)2 < 1
27

(
1− 391

54
ε

)
, (5.125)

where we used a relation 0 ≤ V ≤ 1/3 in the restricted three-body problem. Using a relation
ν1+ν2 = 1 and assuming ν1 > ν2 without loss of generality, we can rewrite Eq. (5.125) as

m2

m1+m2
<µ0 − 17

p
69

486
ε, (5.126)

76



Figure 5.3: The stability regions of the PN triangular solution. Left: All the stability regions.
Right: The regions around small ν1 and ν2, where the third mass is dominant.

where the Newtonian value µ0 = (9− p
69)/18. This condition is in agreement with the previous

results [40, 110, 111].
Figure 5.4 shows a region of stability in the PN restricted three-body problem. For values

of ν2 and ε within the colored area, the PN triangular configuration in the restricted three-body
case is stable. This figure corresponds to Fig. 1 in Ref. [40].

The stability regions still exist even at the 1PN order. The PN correction in the right-hand
side of Eq. (5.123), which is in agreement with that in the PN restricted three-body problem
[40, 110, 111], makes the condition more strict than the Newtonian case for any positive value of
the parameter ε.

The PN term of the triple product of masses in the left-hand side of Eq. (5.123) does not
appear in the restricted case but in the general one. The instability is also enhanced by this
term, while this effect is smaller than the other PN one in the case of mass ratios for stable
configurations. If a system is mildly relativistic as ε = 0.01, for instance, the maximum value
of W is O(10−4) when ν2 = ν3 ≈ 0.019 in a stability region. Namely, the contribution from W is
only comparable to the 2PN (or more higher) order. This implies that triple systems with the
PN triangular configuration for three finite masses are possible as well as restricted three-body
systems.
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Figure 5.4: The stability region for the restricted PN triangular solution.

The PN triangular configuration ought to emit gravitational waves [9, 119]. Such a system
might shrink by gravitational radiation reaction if its configuration is initially stable, and the
PN effects on the long-term stability should be incorporated. This is left as a future work. 9

9See also Appendix D.
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Chapter 6

Conclusion

We examined the PN effects on equilibrium solutions to the three-body problem for general
masses in the framework of general relativity.

First, in the 1PN approximation, we show that a PN collinear configuration corresponding
to Euler’s one remains an equilibrium solution with the general relativistic corrections to the
distances between the bodies. Also, we proved the uniqueness of the collinear configuration for
given system parameters (the masses and the end-to-end length). It was shown that a master
equation determining the distance ratio among the three bodies, which has been obtained as a
septic polynomial, has at most three positive roots, which apparently provide three cases of the
distance ratio. It was found, however, that there exists one physically acceptable root and only
one. The remaining two positive roots are discarded in the sense that they do not satisfy the slow-
motion ansatz in the PN approximation. Since the slow-motion ansatz is a key in the above proof,
our way of discussion seems to work at the second (and higher) PN orders, where the slow motion
of bodies is assumed. If the configuration has the Newtonian limit, therefore, the uniqueness of
collinear configurations for a three-body system may be true even at higher orders. It is an open
question whether fully general relativistic systems admit a particular solution that can appear
only in a fast motion case and thus has no Newtonian limit. Also, investigating the stability of
the PN collinear solution might be of theoretical interest, though the collinear configuration is
unstable even in Newtonian gravity.

Next, we showed that an equilateral triangular solution exists at the 1PN order in only two
cases: (i) three finite masses are equal and (ii) one mass is finite and the others are zero. Gen-
eralizing this, we found a PN triangular equilibrium configuration for general masses with the
general relativistic corrections to the distances between the bodies. In addition, we studied the
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linear stability of the PN triangular configuration and derived the condition for stability at the
1PN order. The stability regions still exist even at the 1PN order. While the PN stability condi-
tion recovers the Newtonian one, the PN corrections to the condition always make the condition
more strict than in the Newtonian case. The PN term of the triple product of masses does not
appear in the restricted case but in the general one. The instability is also enhanced by this
term, while this effect is smaller than the other PN one in the case of mass ratios realizing sta-
ble configurations. If a system is mildly relativistic as ε ∼ 10−2, the maximum value of W is
O(10−4) corresponding to ν2 = ν3 ≈ 0.019 in a stability region. Namely, the contribution from W
is only comparable to the 2PN (or more higher) order. This implies that triple systems with the
PN triangular configuration for three finite masses are possible as well as restricted three-body
systems.

For both these PN solutions, we estimated the magnitude of the PN corrections and we
showed that the angular velocity of the bodies are always smaller than in the Newtonian case.
These results are useful not only to test general relativity through the high-precision astrometric
observations but also to study GWs from the general relativistic three-body systems.

These PN equilibrium configurations ought to emit gravitational waves [9, 119]. It is inter-
esting also to include higher PN corrections, especially 2.5 PN effects in order to elucidate the
secular evolution of the orbits due to the gravitational radiation reaction at the 2.5 PN order. One
might see probably a shrinking collinear and triangular orbits as a consequence of a decrease in
the total energy and angular momentum, if such a radiation reaction effect is included. If such
configurations were shrunk by gravitational radiation reaction, the PN effects on the long-term
stability should be incorporated. This is left as a future work. Studying the higher order of PN ef-
fects and investigating GWs emitted from these solutions are important to test general relativity
by GW astronomy in the near future. In order to fully take account of general relativistic effects
in the strong field, it might be also interesting to discuss the three- (or more) body problem by
the BH perturbation approach as an analytical method.
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Appendix A

The PN Center of Mass

In the 1PN approximation, the position defined by [78, 125]

rG ≡
∑
A

mArA

[
1+ 1

2

{(vA

c

)2 − ∑
B,A

GmB

c2rAB

}]
∑
A

mA

[
1+ 1

2

{(vA

c

)2 − ∑
B,A

GmB

c2rAB

}] (A.1)

moves with a uniform velocity. We call this, then, the PN center of mass of the system.
We consider an equilateral triangular configuration and put

r12 = r23 = r31 = ℓ. (A.2)

In Eq. (A.1), we can replace vI and r IJ by the Newtonian values as vNI and rNIJ , respectively, be-
cause their 1PN corrections make 2PN contributions and they can be neglected. Using the New-
tonian relations in circular motion, vNI = rNIωN, rN1 = ℓ

√
ν2

2+ν2ν3+ν2
3, rN2 = ℓ

√
ν2

1 +ν1ν3+ν2
3,

and rN3 = ℓ
√

ν2
1 +ν1ν2 +ν2

2, we obtain the expression for the center of mass for the equilateral
triangle as

rG = ν1r1+ν2r2 +ν3r3. (A.3)

Therefore, the expression for the PN center of mass reduces to the Newtonian one in the circular
equilateral triangle even at the 1PN order.
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Appendix B

The PN Corrections to the Angular
Velocity of the Collinear Configuration

As we mentioned in Chapter 4, the PN corrections to the common angular velocity of the bodies
in the collinear configuration is always negative. This can be proved as follows.

From Eq. (4.29), the dimensionless PN correction is

ω̃PN ≡ ℓFM +FNFV

2ℓFN
ε= GMε

ℓ2FNz2(1+ z)2

10∑
k=0

akzk, (B.1)

where

a10 =−(1−ν1 −ν3)2ν2
3,

a9 =−(1−ν1 −ν3)(4+ν1 −2ν3 −4ν1ν3 +2ν2
3 +2ν2

1ν3−2ν1ν
2
3−4ν3

3),

a8 =−(1−ν1 −ν3)(18+4ν1−9ν3+3ν2
1 −14ν1ν3 +2ν2

3 −ν3
1 +7ν2

1ν3+2ν1ν
2
3−6ν3

3),

a7 =−(1−ν1 −ν3)(32+4ν1−13ν3+12ν2
1−18ν1ν3+10ν2

3−4ν3
1+8ν2

1ν3+4ν1ν
2
3−8ν3

3),

a6 =−(30−30ν1−37ν3+19ν2
1−12ν1ν3+27ν2

3 −22ν3
1 +18ν2

1ν3

+12ν1ν
2
3−28ν3

3+6ν4
1−4ν3

1ν3−15ν2
1ν

2
3+6ν1ν

3
3+11ν4

3),

a5 =−2(12−13ν1 −13ν3 +11ν2
1 −10ν1ν3 +11ν2

3 −11ν3
1 +17ν2

1ν3

+17ν1ν
2
3 −11ν3

3 +4ν4
1−3ν3

1ν3−14ν2
1ν

2
3−3ν1ν

3
3+4ν4

3),

a4 =−(30−37ν1−30ν3+27ν2
1−12ν1ν3+19ν2

3 −28ν3
1 +12ν2

1ν3

+18ν1ν
2
3−22ν3

3+11ν4
1+6ν3

1ν3−15ν2
1ν

2
3−4ν1ν

3
3+6ν4

3),
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a3 =−(1−ν1 −ν3)(32−13ν1 +4ν3+10ν2
1−18ν1ν3 +12ν2

3 −8ν3
1+4ν2

1ν3+8ν1ν
2
3−4ν3

3),

a2 =−(1−ν1 −ν3)(18−9ν1+4ν3+2ν2
1−14ν1ν3+3ν2

3−6ν3
1 +2ν2

1ν3 +7ν1ν
2
3 −ν3

3),

a1 =−(1−ν1 −ν3)(4−2ν1+ν3 +2ν2
1 −4ν1ν3 −4ν3

1 −2ν2
1ν3+2ν1ν

2
3),

a0 =−(1−ν1 −ν3)2ν2
1.

Using a relation ν1+ν2+ν3 = 1, we can prove ak < 0 for all the values of k = 0,1,2, · · · ,10, namely,
ω̃PN < 0. Therefore, for the fixed masses mI and full length a, we have

ω<ωN. (B.2)
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Appendix C

The Stability of the PN Triangular
Solution by Eigenvalue Analysis

Let us derive the condition for stability of the PN triangular solution by eigenvalue analysis.
This chapter is based on Ref. [120].

The equations of motion for the perturbations, Eqs. (5.50) - (5.53), can be rewritten as

(D2 −3)χ12 −2Dσ− 9
4
ν3X − 3

p
3

4
ν3ψ23

+ε(E11DX +E12X +E13Dχ12 +E14χ12 +E15Dσ+E16σ+E17Dψ23 +E18ψ23)= 0, (C.1)

2Dχ12 +D2σ− 3
p

3
4

ν3X + 9
4
ν3ψ23

+ε(E21DX +E22X +E23Dχ12 +E24χ12 +F1D2σ+E25Dσ+E26σ+E27Dψ23

+E28ψ23)= 0, (C.2)

(D2 −3)χ12 −2Dσ+
(
D2 −3+ 9

4
ν2

)
X −

(
2D+ 3

p
3

4
ν2

)
ψ23

+ε(E31DX +E32X +E33Dχ12 +E34χ12 +E35Dσ+E36σ+E37Dψ23 +E38ψ23)= 0, (C.3)

2Dχ12 +D2σ+
(
2D− 3

p
3

4
ν2

)
X +

(
D2− 9

4
ν2

)
ψ23

+ε(E41DX +E42X +E43Dχ12 +E44χ12 +F2D2σ+E45Dσ+E46σ+F2D2ψ23

+E47Dψ23 +E48ψ23)= 0, (C.4)
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where

F1 ≡− 1
24

(3ν2
2 +12ν1ν2 −18ν2 +3ν2

1 −18ν1 +10), (C.5)

F2 ≡− 1
24

(3ν2
3 +12ν1ν3 −18ν3 +3ν2

1 −18ν1 +10), (C.6)

E11 ≡−
p

3
8

ν3(9ν1ν2 +10ν2+9ν2
1 −6ν1 −4), (C.7)

E12 ≡ 1
32

ν3(216ν2
2 +288ν1ν2−154ν2+171ν2

1 −38ν1 +420), (C.8)

E13 ≡−
p

3
8

(ν1 −ν2)(7−9ν3)ν3, (C.9)

E14 ≡− 1
32

(36ν3
2+234ν1ν

2
2−146ν2

2 +261ν2
1ν2 −488ν1ν2+155ν2+63ν3

1−155ν2
1

+137ν1−585), (C.10)

E15 ≡− 1
24

(27ν3
2+135ν1ν

2
2−21ν2

2+135ν2
1ν2 −210ν1ν2 +24ν2 +27ν3

1 −21ν2
1 +24ν1

−155), (C.11)

E16 ≡ 0, (C.12)

E17 ≡ 1
8
ν3(18ν2

2 +27ν1ν2 −2ν2 +9ν2
1+14ν1−12), (C.13)

E18 ≡
p

3
32

ν3(51ν2
2 +114ν1ν2 +2ν2 +87ν2

1 −120ν1+155), (C.14)

E21 ≡ 1
8
ν3(18ν2

2 +27ν1ν2 +8ν2 +9ν2
1+16ν1−12), (C.15)

E22 ≡
p

3
32

ν3(36ν2
2 +72ν1ν2 −54ν2 +81ν2

1 −90ν1 +160), (C.16)

E23 ≡−1
8

(9ν3
2 +45ν1ν

2
2 +9ν2

2 +45ν2
1ν2 −30ν1ν2 −18ν2 +9ν3

1 +9ν2
1 −18ν1 +61), (C.17)

E24 ≡−3
p

3
32

ν3(12ν2
2−6ν1ν2+14ν2−15ν2

1+4ν1−5), (C.18)

E25 ≡
p

3
8

(ν1−ν2)ν3(9ν1 +9ν2 +4), (C.19)

E26 ≡ 0, (C.20)

E27 ≡
p

3
8

ν3(9ν1ν2 +8ν2+9ν2
1−4), (C.21)

E28 ≡− 9
32

ν3(21ν2
2+14ν1ν2−10ν2+13ν2

1−8ν1+45), (C.22)
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E31 ≡−
p

3
8

ν2(9ν1ν3+8ν3+9ν2
3−4ν1−4), (C.23)

E32 ≡ 1
32

(180ν3
3+270ν1ν

2
3 −224ν2

3 +198ν2
1ν3+8ν1ν3 +419ν3+108ν3

1−54ν2
1+321ν1

+165), (C.24)

E33 ≡−
p

3
8

(ν3−ν1)(7−9ν2)ν2, (C.25)

E34 ≡− 1
32

(36ν3
3 +234ν1ν

2
3 −146ν2

3+261ν2
1ν3−488ν1ν3 +155ν3 +63ν3

1 −155ν2
1

+137ν1 −585), (C.26)

E35 ≡− 1
24

(27ν3
3 +135ν1ν

2
3 −21ν2

3 +135ν2
1ν3−210ν1ν3+24ν3+27ν3

1−21ν2
1+24ν1

−155), (C.27)

E36 ≡ 0, (C.28)

E37 ≡ 1
24

(27ν3
3−39ν2

3−27ν2
1ν3+165ν1ν3 −54ν3 +36ν2

1 −102ν1 +191), (C.29)

E38 ≡
p

3
32

ν2(51ν2
3+114ν1ν3+2ν3+87ν2

1−120ν1 +155), (C.30)

E41 ≡ 1
8

(9ν3
3 −19ν2

3 −9ν2
1ν3 +27ν1ν3 −2ν3 −2ν2

1 −10ν1 −49), (C.31)

E42 ≡
p

3
32

ν2(72ν2
3+54ν1ν3−12ν3+36ν2

1−78ν1+145), (C.32)

E43 ≡−1
8

(9ν3
3+45ν1ν

2
3+9ν2

3+45ν2
1ν3−30ν1ν3−18ν3+9ν3

1+9ν2
1−18ν1+61), (C.33)

E44 ≡ 3
p

3
32

ν2(12ν2
3−6ν1ν3+14ν3−15ν2

1+4ν1−5), (C.34)

E45 ≡
p

3
8

(ν3 −ν1)ν2(13−9ν2), (C.35)

E46 ≡ 0, (C.36)

E47 ≡
p

3
8

ν2(9ν2
3 +9ν1ν3 +12ν3 −4ν1 −4), (C.37)

E48 ≡ 9
32

ν2(21ν2
3+14ν1ν3−10ν3+13ν2

1−8ν1+45). (C.38)

Defining new variables Ẋ ≡ DX , χ̇12 ≡ Dχ12, σ̇≡ Dσ, and ψ̇23 ≡ Dψ23, we obtain from Eqs. (C.1)
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- (C.4)

Dχ̇12 =−εE11 Ẋ −εE13χ̇12 + (2−εE15)σ̇−εE17ψ̇23

+
(
9
4
ν3−εE12

)
X + (3−εE14)χ12 +

(
3
p

3
4

ν3 −εE18

)
ψ23, (C.39)

Dσ̇= [−εE21 Ẋ − (2+εE23)χ̇12 −εE25σ̇−εE27ψ̇23

+
(

3
p

3
4

ν3−εE22

)
X −εE24χ12 −

(
9
4
ν3+εE28

)
ψ23

]
κ1, (C.40)

DẊ =−εE51 Ẋ −εE53χ̇12 −εE55σ̇+ (2−εE57)ψ̇23

+
(
3− 9

4
(ν2+ν3)−εE52

)
X −εE54χ12 +

(
3
p

3
4

(ν2 −ν3)−εE58

)
ψ23, (C.41)

Dψ̇23 =−(2κ2 +εE61)Ẋ − (2κ2 −2κ1+εE63)χ̇12 −εE65σ̇−εE67ψ̇23

+
{

3
p

3
4

(κ2ν2 −κ1ν3)−εE62

}
X −εE64χ12 +

{
9
4

(κ2ν2 +κ1ν3)−εE68

}
ψ23, (C.42)

where E5i ≡ E3i −E1i (i = 1, · · · ,8), E6i ≡ κ2E4i −κ1E2i (i = 1, · · · ,8), and κi ≡ 1
1+εFi

= 1− εFi +
O(ε2) (i = 1,2).
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Therefore, we have

DX =M X , (C.43)

M ≡MN −ε



E51 E53 E55 E57 E52 E54 0 E58

E11 E13 E15 E17 E12 E14 0 E18

0 0 0 0 0 0 0 0
E61 E63 E65 E67 E62 E64 0 E68

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0



+κ1



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

−εE21 −2−εE23 −εE25 −εE27
3
p

3
4

ν3−εE22 −εE24 0 −9
4
ν3−εE28

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0



−



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

0 −2 0 0
3
p

3
4

ν3 0 0 −9
4
ν3

−2+2κ2 2(κ2−κ1) 0 0
3
p

3
4

(ν2−ν3 −κ2ν2 +κ1ν3) 0 0
9
4

(ν2+ν3 −κ2ν2−κ1ν3)

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0



,

(C.44)
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where X ≡ (Ẋ , ˙χ12, σ̇, ˙ψ23, X ,χ12,σ,ψ23) and we define the Newtonian matrix

MN ≡



0 0 0 2 3
(
1− 3

4
(ν2 +ν3)

)
0 0

3
p

3
4

(ν2−ν3)

0 0 2 0
9
4
ν3 3 0

3
p

3
4

ν3

0 −2 0 0
3
p

3
4

ν3 0 0 −9
4
ν3

−2 0 0 0
3
p

3
4

(ν2 −ν3) 0 0
9
4

(ν2 +ν3)

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0



. (C.45)

The eigenvalue equation for the coefficient matrix M is

λ2
{
λ6+ 1

4
λ4(8−ε(77−10V ))+ 1

16
λ2{4(4+27V )+ε(378V 2−1265V −162W −308)}

+ 9
32

{24V +ε(126V 2−521V +72W)}
}
= 0, (C.46)

or

τ(τ3+ Aτ2 +Bτ+C)= 0, (C.47)

where λ is the eigenvalue, V = ν1ν2 +ν2ν3 +ν3ν1, W = ν1ν2ν3, and τ≡λ2. The coefficients in Eq.
(C.47) are defined by

A ≡ 1
4

(8−ε(77−10V )), (C.48)

B ≡ 1
16

(4(4+27V )+ε(378V 2 −1265V −162W −308)), (C.49)

C ≡ 9
32

(24V +ε(126V 2−521V +72W)). (C.50)

Since ε≪ 1, we have A > 0, B > 0, and C > 0. Therefore, from Eq. (C.47), we obtain two eigenval-
ues as the multiple roots λ0 = 0 and the six other eigenvalues λi (i = 1, · · · ,6). We define a cubic
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function as

f (τ)≡ τ3 + Aτ2 +Bτ+C. (C.51)

For Eq. (C.43), we consider the Jordan normal form of M as J ≡ Q−1MQ, where Q is the
transition matrix. Defining the new vector as Y ≡Q−1X , Eq. (C.43) can be rewritten as

DY = JY , (C.52)

J ≡



0 1
0 0 0

λ1 s1

λ2 s2

λ3 s3

λ4 s4

0 λ5 s5

λ6


, (C.53)

where if λi =λi+1, then si = 1, else si = 0.
For real numbers a and b, we consider the following three cases:

• if τi = a > 0, then λi =±p
a, so that Y contains the terms proportional to e±

p
at.

• If τi = a < 0, then λi =±i
p

a, so that Y contains the terms proportional to e±i
p

at.

• If τi = a+ ib, then λi =±(p+ iq), where p = b
2

√
2

−a+
p

a2 +b2
and q =

√
−a+

p
a2+b2

2
, so

that Y contains the terms proportional to e±(p+iq)t.

The PN triangular solution is stable, if and only if τi < 0 for all the values of i = 1,2, · · · ,6, so
that the perturbations X consists of the linear combination of e±i

p
at. This is because that the

perturbations diverge with time in the other cases.
In the Newtonian limit, f (τ)= 0 has no multiple root. Since the PN corrections to the Newto-

nian roots are sufficiently small, we consider three roots with the PN corrections, where the roots
are different from each other. 1 f (τ)= 0 has three real negative roots, if and only if the following

1If some of the three roots are equal to each other, that is, multiple roots, the perturbations X contain unstable
modes.
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three conditions (I), (II), and (III) hold. (I) C > 0. (II) d f (τ)/dτ = 0 has two negative roots. (III)
All the three roots to f (τ)= 0 are different from each other.

The condition (I) becomes

24V +ε(126V 2−521V +72W)> 0. (C.54)

The condition (II) holds, if and only if A2−3B > 0 and −A+
p

A2−3B < 0 and −A−
p

A2−3B < 0,
because the roots of d f (τ)/dτ= 0 are

τ= −A±
p

A2−3B
3

. (C.55)

The condition (III) is equivalent to the condition as

D ≡ 1
27

(−A2B2+4B3 +4A3C−18ABC+27C2)< 0. (C.56)

D is the discriminant.
Here, if A2−3B ≤ 0, then

D =
{

C+ 1
27

(2A2−9B)A
}2

+
(

2
27

√
(A2−3B)3

)2
≥ 0. (C.57)

Therefore, if D < 0, then A2 −3B > 0. In addition, in this case, since A > 0, B > 0, and C > 0,
the conditions (I) and (II) automatically hold. Hence, the condition (C.56) is the necessary and
sufficient condition for stability of the PN triangle.

It seems that the condition Eq. (C.56) is not equivalent to the condition Eq. (5.119). However,
this is not the case. In fact, for ε≪ 1, we can show

D = h(b2 −4c), (C.58)

where

h ≡ 729V 2

16
+ 27

32
(−1289V 2 +378V 3 +144W −162VW)ε> 0. (C.59)

Therefore, the condition Eq. (C.56) and the condition Eq. (5.119) are equivalent to each other in
the 1PN approximation.
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Appendix D

A Preliminary Note of Gravitational
Radiation Reactions on Lagrange’s
Solution

D.1 The reaction force by gravitational radiation

The reduced quadrupole moment of the mass distribution is [84, 81]

-I jk =
∑
J

GmJ

(
xJ

j xJ
k − 1

3
δ jkr2

J

)
, (D.1)

where mJ , xJ
j , and rJ are the mass, position, and distance from the center of mass of the Jth

body.
In the Newtonian limit, we assume that all of the bodies move on circular orbits in the same

plane. Using a complex plane as the orbital one, we denote the positions of the bodies as

zI = r I eiθI , θI =ωt+φI , (D.2)

where φI is the initial direction of the Ith body, and we assume that each body moves with the
common angular velocity ω. We adopt the x and y axes to the real and imaginary ones, and
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hence, we have

-Ixx =
∑
J

GmJ r2
J cos2θJ +constant, (D.3)

-Ixy = -I yx =
∑
J

GmJ r2
J cosθJ sinθJ , (D.4)

-I yy =
∑
J

GmJ r2
J sin2θJ +constant, (D.5)

-I zz = constant, (D.6)

and the other components vanish. Therefore, their fifth derivatives with respect to time are

d5 -Ixx

d(ct)5 =−16
Gω5

c5

∑
J

mJ r2
J sin(2θJ), (D.7)

d5 -Ixy

d(ct)5 = 16
Gω5

c5

∑
J

mJ r2
J cos(2θJ)= d5 -I yx

d(ct)5 , (D.8)

d5 -I yy

d(ct)5 = 16
Gω5

c5

∑
J

mJ r2
J sin(2θJ)=− d5 -Ixx

d(ct)5 . (D.9)

The gravitational acceleration to a particle at point r by gravitational radiation is expressed
by [84, 81]

FGW =−∂ΦGW

∂r
, (D.10)

where we denote

ΦGW = 1
5

d5 -I jk

d(ct)5 x jxk. (D.11)

Therefore,

[
FGW

]
j
=−2

5
d5 -I jk

d(ct)5 xk, (D.12)
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and then we obtain

[
FGW

]
z
∝ d5 -I zk

d(ct)5 xk = d5 -I zz

d(ct)5 xz = 0. (D.13)

This means that the bodies move in the (x, y) plane even if we take account of the radiation
reaction. We discuss the motion of the bodies in the orbital plane in the following.

Since the bodies moves on the circular orbit, we can denote the position as r = r(cosθ,sinθ).
Hence, the radiation reaction force at r becomes

FGW = 32
5

Grω5

c5

∑
J

mJ r2
J

[
sin(2θJ) −cos(2θJ)
−cos(2θJ) −sin(2θJ)

][
cosθ
sinθ

]

=−32
5

GM
ℓ2 εr̄

∑
J
νJ r̄2

J

[
sin(2θ−2θJ) −cos(2θ−2θJ)
cos(2θ−2θJ) sin(2θ−2θJ)

][
cosθ
sinθ

]
, (D.14)

where we denoted a dimensionless radius as r̄ I ≡ r I
ℓ

for a constant ℓ of the dimension of length
and we defined the small parameter of the order of 2.5PN as

ε≡
(
ℓω

c

)5
. (D.15)

. This can be also expressed as

FGW =−32
5

GM
ℓ2 εr̄

∑
J
νJ r̄2

J[sin(2θ−2θJ)+ i cos(2θ−2θJ)]eiθ. (D.16)

D.2 Applications to Lagrange’s solution

We apply the above formulations to Lagrange’s solution (see Subsection 2.3.2). The position of
each body is

zI = r I eiθI , (D.17)

where r I and θI are the radius and the angle from a reference direction, respectively. We denote
the relative position of the bodies is

zIJ = zI − zJ = r IJ eiθIJ , (D.18)
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where r IJ and θIJ are the distance between the bodies and the angle from the reference direction,
respectively.

We choose the center of mass as the origin of the coordinates:

ν1z1 +ν2z2 +ν3z3 = 0. (D.19)

In this case, the radiation reaction (D.16) to the Ith body becomes

FGW
I =−32

5
GM
ℓ2 εr I

∑
J
νJ r2

J[sin(2φIJ)+ i cos(2φIJ)]eiθI

=−32
5

GM
ℓ2 εr I[AI + iBI]eiθI , (D.20)

where we have denoted φIJ ≡ θI −θJ =φI −φJ and omit bars over the letter r for simplicity. AI

and BI are defined as

AI ≡
∑
J
νJ r2

J sin(2φIJ), BI ≡
∑
J
νJ r2

J cos(2φIJ), (D.21)

respectively. In Newtonian gravity, Lagrange’s configuration is an equilibrium one, so that rJ

and φIJ are the constants. Then, AI and BI are also constants at the first order of ε.
In order to consider only the effects of the dominant part of the radiation reaction, we add

the reaction force to the Newtonian gravity and neglect other PN terms. Then, the equation of
motion for the Ith body is

[
(r̈ I − r I θ̇

2
I )+ i(2ṙ I θ̇I + r I θ̈I)

]
eiθI =−GM

ℓ3
r I

R3 eiθI +FGW
I

=− GM
(ℓR)3 r I

[
1+ 32

5
R3 (AI + iBI)ε

]
eiθI , (D.22)

where R is each side length normalized by ℓ.
In the Newtonian limit (i.e. ε→ 0), this equation admits an equilateral triangular solution:

r I = rN
I =

√
ν2

J +νJνK +ν2
K , R = RN, θ̇I =ωN =

√
GM

(ℓRN)3 . (D.23)

We assume the solution to Eq. (D.22) as

r I = rN
I + rPN

I ε, R = RN+RPNε, θ̇I =ωN +ωPN
I ε, (D.24)
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where rPN
I , RPN, and ωPN are the 2.5PN corrections and they are functions of time. We assume

the bodies move with the same angular velocity

θ̇1 = θ̇2 = θ̇3 =ω, (D.25)

namely,

ωPN
1 =ωPN

2 =ωPN
3 =ωPN. (D.26)

Also, we assume that the equilateral triangle is similarly deformed by the radiation reaction. For
this, it is necessary that

rPN
1

rN
1

= rPN
2

rN
2

= rPN
3

rN
3

= RPN

RN ≡ χ. (D.27)

Therefore, the real and imaginary parts of the equation of motion (D.22) become

χ̈−3(ωN)2χ−2ωNωPN =−32
5

(ωN)2(RN)3AI , (D.28)

2χ̇ωN+ ω̇PN =−32
5

(ωN)2(RN)3BI , (D.29)

respectively, where we neglected the higher order, and then the left-hand sides in Eqs. (D.28)
and (D.29) are constants.

We consider that the solutions to Eqs. (D.28) and (D.29) are in agreement with the Newtonian
ones at initial time, namely, χ(t = 0)=ωPN(t = 0)= 0. As a result, we obtain the solutions as

ωPN = 32
5

(RN)3ωN
[
2AI +3BIω

Nt− (AI −2iBI)eiωNt − (AI +2iBI)e−iωNt
]

, (D.30)

χ=−16
5

(RN)3
[
2AI +4BIω

Nt− (AI −2iBI)eiωNt − (AI +2iBI)e−iωNt
]

. (D.31)

The solutions (D.30) and (D.31) diverge in the limit as t →∞. This means that the PN approx-
imation will not be valid after a long time. Therefore, it is necessary that ωPN and χ expressed
as Eqs. (D.30) and (D.31) are of the order of unity, that is, ωNt ∼ 1. Also, the assumptions Eqs.
(D.26) and (D.27) are valid, in the case that

A1 = A2 = A3 (D.32)
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and

B1 = B2 = B3 (D.33)

hold simultaneously. The conditions Eqs. (D.32) and (D.33) hold if and only if

m1 = m2 = m3. (D.34)

In this case,

A1 = A2 = A3 = B1 = B2 = B3 = 0, (D.35)

so that no gravitational wave is emitted.
In the restricted three-body case (i.e. m3 → 0), the orbits of the binary with the massive two

bodies are inspirals, while the equilateral triangle breaks down. Hence, by comparing with the
case of the circular binary system, we might check whether the above calculations are correct. In
this case, from Eq. (D.21), we obtain

A1 = A2 = 0, (D.36)

B1 = B2 = η, (D.37)

where η≡ ν1ν2. Then, Eqs. (D.30) and (D.31) become

ωPN = 32
5
ωNη

[
3ωNt−4sin(ωNt)

]
, (D.38)

χ=−64
5
η

[
ωNt−sin(ωNt)

]
. (D.39)

Time variation of the angular velocity is

ω̇= ω̇PNε+O(ε2)= 96
5

(ωN)2η

[
1− 4

3
cos(ωNt)

]
ε+O(ε2). (D.40)

Averaging this over one Newtonian orbital period TN = 2π/ωN, we have

1
TN

∫ TN

0
dtω̇PNε= 96

5
(ωN)2ηε. (D.41)
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Therefore, the (averaged) change rate of the orbital period is given by

Ṫ
T

=−96
5

G3M3

ℓ4c5 η+O(ε2). (D.42)

This is in agreement with the case of the circular binary system [84, 81].
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