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Initial-Boundary Value Problem
for Some Viscous Incompressible Flow

Shigeharu ITOH

Abstract. We prove the local existence of weak solutions to the initial~boundary

value problem with a nonnegative initial density for a nonhomogeneous viscous incom­

pressible fluid.

§1. Introduction. The motion of a nonhomogeneous viscous incompressible fluid is

described by the system of equations for the density p (t, x), the velocity v (t, x) = (v 1 (t, x),

v 2 (t, x), v3 (t, x)), the pressure p(t, x) and the absolute temperature fJ(t, x) (d. [1J):

(1.1)

Pt+ (v-V')p=O,

P [Vt + (v -V') vJ+V'P= J1 b. v +pI,

V'-v=O,

CvP [fJt+ (v -V') fJJ = xb.fJ +2J1D:D,

where / (t, x) = (11 (t, x), /2 (t, x), /3 (t, x)) is the outer force and D is the velocity

1 [av i aVj] 3
deformation tensor with the elements Dij=-2 -a.+-a., i, j= 1, 2, 3 and D:D = . ~

XJ Xl I,J=l

DijDij- We assume that J1 (the coefficient of viscosity), cv(the specific heat at constant

volume) and x (the coefficient of heat conduction) are positive constants.

Let n be a bounded open set in R3 with a smooth boundary an. We consider the above

system under the following initial-boundary condition:

(1. 2) I(p(O, x), V(O, x),_fJ(O, x))=(PO(x), vO(x), fJO(x)), XEO,

v I a0 = 0, fJ Ian = fJ, t> 0,

where 0 is a fixed positive constant and we always assume that the compatibility condi­

tions are satisfied. We note that the problem (1.1), (1.2) is rewritten to the problem (1.

1),
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0.3) {
(p(O, x), ~(O, x), 8(0, x))=(PO(x), VO(x), 80(x)-e),

(v, 8) la.o-o, t>O,

by the change of variables (p, v, 8)~ (p, v, 8+e). Let us term the problem 0.1), 0.3)

IBP.

We are much interested in the case of PO~O, because in the usual result, it seems that

the assumption that PO (x) is strictly positive is essential.

In this paper we show the existence of a weak solution to IBP, in the sense of

Definition in §2, under suitable assumptions.

§2. Statement of Result. For sER, HS(.o) denotes the usual Sobolev space. Let us

introduce C~(.o) ={UEC~(.o)3; \7ou=O} and H;(.o) = closure of C~(.o) in HS(.o)3.

Next we give the definition of a weak solution to IBP.

Definition. The functions p (t, x), v (t, x) = (v 1(t, x), v2 (t, x), v3 (t, x)) and 8 (t, x)

called a weak solution to IBP, if p (t, x) E Lex: ([0, TJ x.o), v (t, x) E L2 (0, T; H~ (.0)) and 8

(t, x) EL2 (0, T; H6(.o)) and if the integral identities

(2.1)

(2.2)

and

f Tf (pcpt+ ~ pvjcpxJ·)dxdt+f PO(x)cp(O, x)dx=O,
o (1 j=l (1

ITf 3. 3
(pvoiPt+ ~ pvJvoiPx '-j1 ~ vX"°iPx·+pjoiP)dxdt

o (1 j=l J j=l J J

+ f (1PO (x) vo (x) °iP (0, x) dx =0

(2.3) f:f(1(cvP8CPt+Cv.~ pvjBCPXj-x.~ 8XlPXj-2j1D:Dcp)dxdt
}-l }-l

+ f (1CVPO(x) (BO(x) - 8) cP (0, x)dx=O

hold for any cpEC1(0, T; H1(.o)) and iPEC1(0, T; H~(.o)) such that cp(T, x)=O and

iP(T,x)=O.

Now we can state our result.

Theorem. SupposethatO~PO(x)~M, vO(x)EH~(.o), BO(x)-e E L2 (.o) andj(t,x)E

L2 (0, T; L2 (.0) 3). Then there exists a weak solution jor some T' E (0, TJ such that p (t, x)
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ELX([O, T']x.o), v(t, x)ELOO(O, T'; H~(.o)) nL2 (0, T'; H 2 (.o)) and ()(t, x)EL 2 (0, T';

H6(.o)).

The proof is given in §§3-7.

§3. Proof of Theorem (first step). Let P be the projection of L2 (.0) 3 onto H~ (.0) and

let us consider the eigenvalue problem:

(3.1) {
J1.P6. 1frk +Ak1frk=O in .0,

1frkla.o=o.

With respect to the properties of the operator J1.P6., we refer to [2]. For example,

Lemma 3.1. J1.P6. is a self-adjoint operator in H~(.o) and its inverse is compact.

Therefore we find that

and

(3.3) is a orthonormal system in H~ (.0).

Let {POm (x) }:=1 be a sequence of functions such that POm (x) E C1(fl), ~ ~

POm (x) ~M+ ,~ and POm (x) --PO (x) in L2 (.0) and let vm (t, x) = ~ amk (t) 1frk (x), where
k=l

amk(t)ECO([O, T]), k=l, "', m.

Now we consider the following Cauchy problem:

(3.4)

Then we have

3

Pmt+j~lV/nPmXj=O

Pm (0, x) =POm (x) .

Lemma 3.2. There exists a number T 1 E (0, T] such that (3.4) has a unique solution
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( ) 1([ ] -) t'£,' l< (t )<M+lPm t, x EC 0, T 1 xn sa lSjJzng m=Pm ,x = m'

Proof For any (t, x) E [0, T] x .0, we consider a system of ordinary differential

equations:

{

ddT X(T; t, x) = iJm (T, X (T; t, x)),
(3.5)

x(t; t, x) =x, O~ T~ t.

Then there exists a number T 1 E (0, T] such that (3.5) has a unique solution curve x( T; t,

X)EC1([0, T 1]); C1 (.o)3)passing (t, x). If we put xO(t, x) =x(O; t, x), then

(3.6) Pm (t, x) =POm (xO(t, x))

is a desired solution. Q.E.D.

§4. Proof of Theorem (second step). Let {1m (t, x) }~=1 be a sequence of functions

such that 1m (t, x) EC1 ([0, TIl L2 (n)3) and 1m (t, x)~/(t, x) in L2 (0, T1; L2 (n)3) and let

us consider the Cauchy problem for a system of ordinary differential equations:

(4.1)

where

- m (t) '-1- r f ,J - , ... , tn,

(4.2) ajk (t) = f rpm (t, x) Vrj (x) - Vrk (x) dx,

(4.3) fJ}kl (t) =f rpm (t, x) { (Vrk (x) -V) Vrl (x)) } - Vrj (x) dx,

(4.4) r'? (t) =f rpm (t, x)lm (t, x) - Vrj (x) dx

and Pm (t, x) is a solution of (3.4).

The follwing lemma is easily obtained.
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Lemma 4.1. There exists a number T~ E (0, T 1] such that (4.1) has a unique solution

(aml(t), "', amm(t))EC1([0, T~])m.

m
If we set Vm (t, x) = ~ amk (t) fk (x), then we have

k=l

Lemma 4.2. There exist a number T' E (0, T~] and constant c >0 which are indepen­

dent of m such that

(4.5) 11~/PmvmtllL2(0,T'; L2 (0)3) + II Vm IlLx(Q, T'; H~(O))

+ II Vm II L~ (0, T'; H2 (0) 3) ~ c.

d
Proof If we multiply (4.1) by ([tamj (t) and sum over j =1, "', m, then we get that

(4.6) f rpm Ivmtl~dx+f rpm { (vm 0'1) vm} 0Vmtdx

+ ~ ;t fol'1vm 1

2
dx= f opmfm 0 Vmtdx.

Next multiplying (4.1) by J..pmj(t) and summing over j=l, "', m, then we obtain that

(4.7) folp~vm 1

2dx= f oPnzVrntoP~vmdx

+f oPm{ (vm 0'1) vm }oP~vmdx-fopmfm oP~vmdx.

By the way, let uEH6(0) nH2 (0), then for any 0 with O~o~1 there exists a constant

Cl >0 dependent only on 0 and 0 such that

(4.8)

holds. Hence we find that

(4.9) f olvmI21'1vmI2dx~c211 Vm 11~1+23(O) II'1vm 1I~2(0)

8'3 ~!3

~ c3 11 V Vrn II L2(0) II ~vm II L2(O)

where c~, C3 and c~ are independent of m and Cl will be determined later on. Then we have
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(4.10)

and

(4.11)

1d 2 ,---22dt II \l Vm II L"W) + II VPmVmt II L"(O)

2 3 2 ;--- 2
IIP~vm IIL"(O);£ (4+ CI ) IIP~vm IIL"W)+c~II-vPmvmtllL"(D)

+c~lll\lvm 1I~"(O)+cdim II~"(O),

where c~ is independent of m.

Let c=1/4cs and cI=c/8(c+l), then (4.10)+c(4.11) implies that

(4.12) 1d 2 1.---2 c 2
2Cft II \lvm II L"(o) +4" ~PmvmtllL"(0)+81IP~vmIIL"(O)

;£c6(II\lvm 1I~"w)+ Ilim II~"(O)),

where c6 is independent of m.

Therefore we find that there exist a number T'E (0, T2J and c'>O which are indepen­

dent of m such that

(4.13)

Q.E.D.

§5. Proof of Theorem (third step). In this section we examine the consequences

obtained in §§3 and 4.

Let BR be a closed ball in CO ([0, T'J)m with radius R;£ (c'IAI)12 and let (amI (t)J "'J

amm (t)) EBR-

On the other hand, by (3.3), (4.13) and Poincare's lemma, we find that

(5.1)

and consequently
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Therefore we can conclude the map ({imI (t), ... , amm (t)) ~ (amI (t), ... , amm (t)) is

compact from BR into itself and it has a fixed point. Namely this fixed point and Pm (t,

x) defined by (3.6) solve (3.4) and (4.1) and satisfy the estimates obtained in §§3 and 4.

Moreover it follows from these estimates that we can extract subsequences, still denoted

by Pm and Vm, such that

(5.3) Pm~P weak* in L'x'([O, T'] XO)

and

(5.4) vm~v weak* in LX (0, T'; H~(n)) and weakly in C(O, T'; H"(O))

and that

where C7> 0 is independent of m.

§6. Proof of Theorem (fourth step). Let 'l'm (t, x) and fJOm (x) be the regularization

3
of J.l

2
~ (V~k+V;.)2 and fJO(x)-B respectively, where v is in (5.4), and consider the

j, k=I )

following initial-boundary value problem:

3

cvPm (fJmf +j~1 V~n fJmx) = }{ A fJm + 'l'm

(6.1) fJm (0, x) = fJOm (x)

fJmlao=o.

Then this has a unique classical solution fJm (t, x) clearly. Moreover we have

Lemma 6.1. There exists a constant c> 0 independent of m such that

Proof We can easily obtain the equality:
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It follows from Holder's inequality, Sobolev's imbedding theorem and the properties of

mollifier that

(6.4) Iright hand side of (6.3) I
2 ~

~ csll v II L "-C(O, T'; H ~ (0)) II v II L2(O, T'; H2(O))

)( ~ cv (M + 1) - ~
+211VBm II L2(O,T'; L2(O)) + 2 II BO-BII L2(O),

where cs> 0 is independent of m.

Therefore the desired estimate is accomplished. Q.E.D.

§7. Proof of Theorem (final step). In this section we shall consider the convergence

of nonlinear terms as m~OO. For that purpose we rely on Lions[3].

The consequence that Pm is bounded in L2 ([0, T'] x 0), vm is bounded in L~ (0, T'; H~

(0)) and Pmt is bounded in L~ (0, T'; H-1 (0)) and the compensated compactness imply that

PmVm~PV and PmBm~pB in the sense of distributions.

Next it follows from estimates obtained in §§3, 4 and 5 that Pmv;/1 is bounded in L~ (0,

T'; L6 (0)) and (Pmv~;J t is bounded in L2 (0, T'; H-1 (0)), j= 1, 2, 3. Thus we can extract a

subsequence, still denoted by Pmv~/I' such that Pmv~n~~ weakly in L~ (0, T'; L6 (0)).

Therefore the compensated compactness implies that Pmv~nvm~~v and Pmv~/IBm~~B, j=

1, 2, 3, in the sense of distributions. But we have already shown that ~=pvi So we find

that the limit functions P (t, x), v (t, x) and B(t, x) satisfy the conditions in Definition.

This completes the proof of Theorem.
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