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On the Euler Equations of a Nonhomogeneous
Ideal Incompressible Fluid
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Shigeharu ITOH

Abstract.

It is shown here that the Cauchy problem for the Euler equations of a nonhomogeneous

ideal incompressible fluid has a unique solution for a small time interval. The existence

of a solution is established by applying the method of the semi Galerkin approximations.

§l. Introduction.

Consider the system of equations

{

Pt+ v·VP =0

P [vt + (v· v) v] +vp =pf

div v=o

in QT = IR3 x [O,T], subject to the initial conditions

{
pI t=o=Po(x)

vlt=o=vo(x).

(I. 1)

(1. 2)

Here f(x,t), Po(x) and vo(x) are given, while the density p(x,t), the velocity vector v (x,

t) = (v1(x,t), v2 (x,t), v 3 (x,t)) and the pressure p(x,t) are unknowns. The system (1.1)

describes the motion of a nonhomogeneous ideal incompressible fluid.

Our theorem is the following.

Theorem. Assume that

Po(x) -pEH3 (IR3
) for some positive constant p,

infpo(x) =m>O and sUPPo(x) =M<oo,
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(1. 3)

(1.4)
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(1.5)

and

(1.6)

Then there exists T* E (0, T] such that the problem (1.1) and (1.2) has a unique solution

(p, v, p) which satisfies

0.7)

§2. Preliminaries.

In this section we shall obtain an a priori estimate for solutions of (1.1) and (1. 2). Let

(p,v,p) be a sufficiently regular solution. We assume, for simplicity, f=O. The general

case can be treated in the same way.

Lemma 2.1. If we put p= p - p, then

(2.1)

where c1 is a positive constant depending only on imbedding theorems

and II e II K = II e II H K (lR3)"

Proof It follows (1.1) 1 and (1.2) 1 that p satisfies the equation

{
Pt+vevp=O

pi t=o=Po(x).
(2.2)

Applying the operator D a (=(a/ax1)a1(a/ax2)a2(a/ax3)a3) to (2.2)1' multiplying the

result by D aP, integrating over lR3 and adding in a with Ia I (= a 1+ a 2+ a 3) ~ 3, then we

have

(2.3)

Hence it is easy to see that (2.1) holds.

Q.E.D.
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Lemma 2.2. Put

3

<I>(t) = ~ ~ II JP(tfD a V (t) 110-
j~O lah

Then we have

where c3 is a positive constant depending only on m, M and imbedding theorems.

Proof We first note that

m~p (x,t) ~M,

since we have the representation

where y(r,x,t) is the solution of the Cauchy problem

Therefore we find that

Iffi II v II ~<I>(t) ~JM II vii .
3 3

(i) We multiply 0.1) 2 by v and integrate over ]R3. Taking account of 0.1) 1 and

(1.1) 3' we get
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(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

dill II JfJ v 110 =0.

Multiplying by vt and integrating over ]R3, then

(2.10)
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2 .
mllvtll ~Mllvll liD vii Ilvtll ,o 1 1 0

(2.11)

where we use the notation Dku= ~. D«u. Thus
l:tk

(2.12)

( ii ) Apply the operator D« with I ex I = 1 on each side of (1.1) 2' multiply the result by

D «v and integrate over ]R3. Noting (2.9) and (2.12), then, similarly to (i), we get

1 d 2 2 2
-2dt II/fJDvll ~ IIDpl1 Ilvtll IIDvl1 +IIDvll II/pDvll +IIDpll Ilvll IIDvl1o 20 0 2 0 22 0

2 2 2 2
~C5(IIDpll Ilvll II/pDvll + IIDvl1 IllfJDvl1 + IIDpl1 Ilvll II/pDvll ).

22 0 2 0 22 0

(2.13)

Hence we have

If we multiply by D «vt and integrate over ]R3, then we obtain

2 . 2
mil DVt II ~c7(IIDpll Ilvtll IIDvtl1 + Ilvll liD vii IIDvtl1o 20 0 2 0 0

2
+ IIDvl1 IIDvtl1 + IIDpl1 II vii IIDvl1 IIDvtl1 ).

1 0 2 2 0 0

Therefore

2
II DVt II ~ c8 (1 + II Dp II ) II v II .o 2 2

(2.14)

(2.15)

(2.16)

(iii) Making use of the operator D« with I ex I =2 in place of the operator D« with

Iex 1= 1 and repeating the argument in (ii), we have

and

d ~ 2 4dt II v p D v II 0 ~ c9 (1 + II Dp 11
2

+ II v II 3 ) (2.17)



On the Euler Equations of a Nonhomogeneous Ideal Incompressible Fluid 37

(2.18)

(iv) Apply the operator D« with Ia I=3 to (1.1)2' multiply by D«v and integrate over

IR3
. Then, we get

(2.19)

Consequently, it follows from (2.10), (2.14) , (2.17) and (2.19) that (2.5) holds.

Q.E.D.

Proposition 2.3. There exists T*E (O,T] such that

IlpU)I\ +llvU)I\ ~c
3 3

for t~T*, (2.20)

where c is a positve constant depending only on m, M, 111>0"3' II vol1 3 and imbedding

theorems.

Proof If we set

(2.21)

then, from Lemma 2.1 and Lemma 2.2, we have a differential inequality

(2.22)

where c= c1+ c3. Thus we conclude that

(2.23)

Q.E.D.

§3. Proof of Theorem.

We solve the problem (1.1) and (1.2) by applying the semi Galerkin method with the

basis {CPk (x)} in H4 (IR3) rJ, where J = {uE {C~ (IR3) }3: div u = O}. Let us look for Pn (x,t)

and
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n

Vn (x,t) = ~anj (t) qJj (x)
j=l

(3.1)

satisfying

Pnt + Vn• V Pn= 0

(3.2)

n

vn I t=o= ~aj qJj(x),
j=l

where ((. , .)) stands for the scalar product in H3 (R3
) .

If we multiply (3.2) 2 by ank (t) and add in k, then we obtain

Therefore, similar to §2, a priori estimates

and

(3.3)

(3.4)

for t~T* (3.5)

hold. These estimates guarantee the unique solvability of the problem (3.2), and, further­

more, permit to pass to the limit using the standard compactness arguments (d. [1], [2],

[3J) .

Hence we can verify the existence of a unique solution of the problem (1.1) and 0.2)

as well as the applicability of the inequalities (2.6) and (2.20).

This completes the proof.
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