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ON THE VANISHING VISCOSITY IN THE CAUCHY PROBLEM
FOR EQUATIONS OF A NONHOMOGENEOUS
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ABSTRACT We investigate the Cauchy problem for Euler and Navier-Stokes equations

of a nonhomogeneous incompressible fluid in IR3. The unique solvability on a small time

interval independent of viscosity is proved, and moreover, it is shown that the solution of

Navier-Stokes equations converges in some Hilbert space to the one of Euler equations as

viscosity tends to zero.

Key words : Incompressible fluid, Navier-Stokes equations, Euler equations, Vanishing

viscosity

1. INTRODUCTION

We consider the system of equations

(1.1)

!

Pt+V. \7p=O,

p[vt+(v· \7)v]+\7P=~.6.v+pt

divv=O,

in QT=IR3
X [0, T],T>O, subject to the initial conditions

0.2) {
pl,oo:po(X),

vlt=o-vo(x).

Here f (x, t) is a given vector field of external forces, while the density P (x,t), the velocity

vector v (x,t) and the pressure P(x,t) are the unknowns. The viscosity coefficient ~ is
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assumed to be a nonnegative constant.

In these equations, p (x, t) is automatically determined (up to a function of t) by

p (x,t) and v (x,t), namely, by solving the equation

(1. 3)

Thus we mention (p,v) when we talk about the solution of problem (1.1), (1.2).

Compared with the previous paper [2J, in which the similar results were proved, we

discuss the problem under the weaker assumptions to given data.

The purpose of this paper is to prove

Theorem. Let 0~J.L ~ 1, and assume that

(1.4)

(1. 5)

(1. 6) / (x,t) EL2(0, T;H 3(JR3)).

Then there exists ToE (0, TJ independent 0/ J.L such that problem (1.1), (1.2) has a unique

solution (p, v) (x, t) which satisfies

(1. 7)

p(x,t)ECO(JR3 x [O,ToJ), Vp(x,t)ECo([O,T o]; H 2(JR3)) ,O<m~p(x,t) ~M<oo,

(1. 8)

Furthrm0re, let(po, va) be the solution 0/ problem (1.1), (1.2) with J.L =0 and (pJ-l, vJ-l) the

one with J.L >0, then we have

(1. 9)

where II-II k = II-II H0(JR3) •

2. PRELIMINARIES

In this section we establish several a priori estimates for solutions of problem (1.1),
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(1.2). Let (p,v) (x,t) be a sufficiently regular solution. Hereafter C stands for the generic

constant independent of J.L.

Lemma 2.1. Let

(2.1)

then the estimates

(2.2)

and

(2.3)

mSp(x,t) SM

II 'Vp (t) II ~ S II 'Vpoll ~ +C'1' (t)

hold.

Proof It is well-known that, according to the classical method of characteristics, the

solution of problem (1.1) l' (1.2) 1 is given by

(2.4)

where y (T,X, t) is the solution of the Cauchy problem

(2.5)
{

dy
d..- =~(y,..-),

ylr=t- x.

From this, the estimate (2.2) results.

Next let us establish (2.3). Apply the operator D: on each side of (1.1) l' Multiplying

the result by D:p, integrating over ]R3 and summing over Ia 1= 1,2,3, we have the equality
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The first term of the right hand side is zero, by integration by parts, since div v =0. The

second term can be estimated as follows:

Hence we get

(2.7) ~II\7P(t) 11~~CII\7v(t) 11 21I\7p(t) II~,

and thus (2.3) is obtained. D

Lemma 2.2. If we put

(2.8)

then we Juzve the inequality

A = 1+ II \7Poll ~+ II v0 II ~+fa T Ilf (t) II ~dt,

(2.9)

Proof By applying the operator D: on both sides of (1.1) 2' we obtain the equation

(2.10)

- D a ~ (a) Df3 Da-f3- J1. 6 x v - ~ f3 x P x V t
O<f3Sa

+ ~ (p) D~pD:-f3f
OSf3Sa

Step 1. Multiplying (2.10) by D: v and integrating over ]R3, then by making use of
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(1.1) 1,3' (2.2), we have the inequalities
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(2.11;0)

and for k=1,2,3,

(2.11;k)

~ C [ II v p 11 2 11 v t II k -111 v 11 3+ (1 + II v p 11 2) (II! II 3+ II v II~) II v II J

~ C [ II v p II ~ II v II ~ + (1 + II v p 11 2) (II! 11 3+ II v II~) II v 11 3J+ ; II v t II ~ -1 .

Step 2. If we multiply (2.10) by D: vt and integrate over ]R3, then we obtain

(2.12;0)

and for k=l, 2,

(2.12;k)

~ C [ II v p II ~ II vt II ~ -1 + (1 + II v p 11 2) 2 ( II! II ~ + II v II ~) J+ ~ II v k v t II ~,

which mean

(2.13;0)

and for k=l, 2,

m II vt II ~ + Jl~ II v v II ~ ~ C [ II v II ~ + II! II ~J

(2.13;k)
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::; C [ II v p II ~ II vt II ~ -1 + (1 + II v p 11 2) 2 ( II! II ~ + II V II~) ] .

Step 3. Adding (2.11;1) to (2.13;0), we get

::; C [ (1 + II v p II ~ + II v II ~) 2+ II! II ~J ,

and noting that 0::; JL ::; 1,

Step 4. If we add (2.11;2) to (2.13;1), then we obtain

::; C [ (1 + II v p II ~ + II v II ~) 2+ (1 + II v p II~) (II vt II ~+ II! II~) ] .

Hence, due to (2.3) and (2.15),

Step 5. Add (2.11;3) to (2.13;2). Similarly to the above, we have

::; C [ (1 + II v p II ~ + II v ,,~) 2+ (1 + II v p II~) (II v t II i+ II! II~) ] ,

and thus,

Consequently, from (2.11;0), (2.15) , (2.17) , (2.19) ,we find that (2.9) is deduced. D
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Lemma 2.3. There exists TOE (0, TJ independent 0/ J1 such that
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(2.20)

Proof If we set Y (t) ='l' (t) + A, then from Lemma 2.1, 2.2, we have a differential

inequality

(2.21)

Therefore we find that

(2.22)

and thus

(2.23)

Y (t)::; A provided t< (2CA 2
) -1,

.; 1-2CA 2 t

D

3. PROOF OF THEOREM

First, we note that from Lemma 2.1, 2.2, 2.3, the estimate

(3.1)

is valid.

The unique solvability of problem (1.1), (1.2) is proved with semi Galerkin method based

on (3.1). As this process is parallel with that of [1, Chapter 3J , we omit it here and

restrict ourselves to establish (1.9).

Subtracting (1.1) with J1 >0 from (1.1) with J1 =0, we get the following linear system of

equations for r5=po_pJl.,w=vo-vJl. and q=po_pJl. :
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a- t+ vJ.l - V a- = - w - V p
o
,

pJ.l[W t+ (vJ.l - V)wJ+Vq=-pJ.l(w - V)vo+ (Vpo/po) a--jJ 6. vJ.l,

(3.2) div w=O,

a-It=o=o,

wlt=o=o.

In the same way for getting a priori estimates, we have from (3.1),

(3.3)

and

(3.4)

Hence, by Gronwall's inequality, we find that

(3.5) II a- (t) II ~ + II w ( t) II ~ ~ JJCT oexp (CT0) .

This completes the proof of Theorem.
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