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In比ispaper,using･commutativegroupalgebras,Weshallgivesomereciprocitytheorems

andLenstra'sprimalitytest.

LetA-CFqbethesetofallmappingsfrom afinitefieldE.oforderqtothecomplex

num ber･丘eld.C. Thenwede丘netheconvolutionproductinAbythefollowiIlg

v*g)(C)‥- ∑ f(a)a(b)
4b∈F.■+b-E

forf,g∈Aandc∈F..ThisproducttogetherwiththeuSua-Isumandthescalarproductgives

thestructureofacommutativegroupalgebraoftheadditivegroupofF.overC. Ifthereis

nochanceofconfusion,weshalldenotetheproductI*gby･theusualnotation/gl･.:

Letu-払 bethecharacteristicfunctionofa∈F.,namely,弛isde血edbythefollowing

%(b):-
1if∂-α

oifb+ i.

Then_wehavethefollowlngequation･

･弘的-紘 .A.andfl=∑ f(a)払 forf∈A&∈fT.

Thus(払Ia-EF.)formsabasisofthegroup_.algebraA.-〈
wedenotebyF.thesetofallーcharactersofthemultiplicativegrPupF/-F.-(0),byx【k'〈

kthpowetofx ∈F.withresf杷CttOtheconvolutionproduttandbyEthetrivialcharacter.We

sete(0)-1andx(0)-Ofor-x≠ E.

Th.enextisourkeykrrma.

lid
Lemma_L.etP>1betheorderofx∈F.,letnbea♪n'menumberwith(n,q)-1and

leteandsbenaturlalnumbersWithne≡smodP. Thin

～J-s
x-6(n)≡ O'q)JT xls](1)modnwhe作)'-X(I1)x【卜1】(1).

Pr100f. Wehavethenextequation

xld'-(∑ x(a)紘)n'…∑ xh'(a)un
a∈F. a∈F.

-x~n'(n e)∑ x "'(ned)u"･O- x ~m'(n)x n'
a∈F.
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-x-6(n)x S modn.
●

Ontheotherhand,usingx * 的 - X andx*e-0,wehavethenextby[3,Lemma2(2)].

xln''- (xlL])lT ]*xls'-O･(qn - e))lFfi'*xts'- (jq)号 ㌔ 【S'

wherej-x(- 1)xlL-1】(1). Thusweobtain

x-d(n)≡ O･q)号 ㌔ 【S'(1)modn.

Thenextis･asf杷CializationofLerrm-a.

EidS
Corollary.LetA>1beikeorderofx'∈F.,let♪beabn'menumberwith(p,q)-1and

P≡ 1modA.Them

x-1(♪)≡ (jq)苧 mod♪whcnj-x(- 1)xl卜1】(1).

TheoremI(Qtladraticreciprocity). Letpandqbeゐiinctodd♪n'mesina. Then

弟(♪)-み(q)(- 1)千 早

EiZ! EiZ!
wheyle為 ∈F.andみ ∈ Fpareoftheoyder2.

PT100f. ItfollowfromCorollarythat

弟(♪)≡ (ち(- 1)q)苧 mod少.

Usingthenextequation,wehavetheas詑rtion.

P-I

xq(-1)-(-1)苧 andqT …み(q)mod少.

PropositioTLI. Let0betheprincipalidealringofallintegersinaquadraticfield,let7r

beprimeinOan°letAlbeacharacteroforderA>2ofa血 itefield0/ガOwithN(ガ)elements

suchthat

N(･r)ll
x.(α)≡ α J modガ

whereN meansthenorm. Thenwehave

(1)If7r-qisrationalandq= - 1modA,then為(a)-1forrationalintegersa.

(2)If,riscomplex,thenx.(2】(1)and,rareassociates.

Py100f (1):Itiseasyseethat為(a)isrealandsoん(a)-±1. Thuswehavetheassertion

fromthenext.

1'-1
為(a)≡ a･-(aq-I)学 … 1modq_
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(2):SinceN(,r)-qisprimeandN(x.[21(1))-q,wehavex.[2](1)isprime.

wecanseethenextfrom∑ off.ak-0fork<q- 1･

x･[2'(1)-∑Rl(a)ふ(1Ta)≡ ∑ a千 (1-品)千 .≡omod n･d∈F L d∈F

Thuswehavetheassertion.
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Theorem2(Cubicreciprocity).上gt7rand1bepn.〝岬yPn-meginZlGJ]withN7T,NA≠

3andN7r≠NA,wherleu''isthepn'mitive3rdr100tOf1,andN mLWnSLhenoym.Thenwehave

L (1)- xl(3T)

wherleAand.n arlethecubicrlitSiduechwactersmodulo3Tandmodu=loA,柁申ectively.

PyDOf. InvirtueofProposition1,-wemayassume3Tiscomplexandwehave

J･-x.(- 1)x.[2】(1)andガareaS馳Ciates.WesetN(,r)-q≡1mod-13.Wecanseefromthe

nextbyl3,Lemma2]thatJ'= 2mod3andJ'.isprimary･

'･(qn - e)-x･[3'F ∑ ‰ -8- 的 .mid3･
■∈F.'

HencewehaveI-3T_

Incasel･-Pisrational,namely,1-9≡2mod3,settingn-9,A-3,e-2,ands-
♪暮-1

1inLemma,wehavexI 2(p)≡ (,rq)T modpandso

L (P)-ち(7rq)-み(ガ)み(q)-み(7r)_

Ⅰncase1iscomplex,namely,N(1)-P≡ 1mod3,usingCorollary,wehave

x.-I(♪)≡ (ガq)や modp_

Henceweobtain

xIl(p)-xA(ガ)xA(q),Similarly,xTl(q)-A(P)芯(1).

Thuswehave

Jn(ガ)-XIl(p)xTl(q)-xI l(p)A(P)A (1)- A(1).

Theorem3(Biquadraticreciprocity).Leiガand1berlehztivelypn'meandpn'ma7yPn'mes

inZli]wherlei-√二手.Then
N(f)-IN(A)-I

x.(1)-xA(7r)(- 1)lTl~T

wherex.andxAa71eikebiquadylaticrlm'duechwacielSmOdulo7randmoduloA,re申eciiuely.

proof. InvirtueofProposition1,wemayassume,riscomplexandwehavexd[2】(1)and

チ
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才areaSso申 tes. WesetN(方)-q… 1mod4,p-x三andj- ;L(- 1)x.'3】(1).
Weobtainthenextfrom [3,Lemma2].

j(qp - E)-x.[4】- (JL*ふ)【2]-(x.[2】(1)q)[2】

-x.[2](1)2q(- 1)(qtb - E)-X.[2】(1)2.(qbb - e).

Thusi-x.(21(1)2andガ2areassociateも. ontheotherhand,Weobtain

x･'2】- (義 ;h'a'払'2- q'2''∑ q'2a)払)- 示2'p-od2･oE-F.

Usingtheaboveequation,wehave

【2】
J･(q坤 - E)-Xl･4]= (q(2)〟)【2]-q -qL4- cmOd4･

ThusJ≡ 1mod4,namely,jisprimary. Sincejand好2areassociates,wehavei- ガ.
2

IncaseAiscomplex,namely,N(1)-少.≡1mod4,thenusingCorollary,wehav占xf l(A)

≡ (*2q)や ･modPandsd

ふ(♪)-Xlll(ガ2q)-xl-1(ガ3元)-Xl(ガ)xl(ガ)- ち(ガ).

Incas61isrational,namely,1-♪≡3mod4,thensettingn-9,A-4,e-1ands-

3inLemma,wehavefrom ガタ… 元mod♪that

x.(-2)-ふ(I1)xI3(b)芦 品(- 1)(ガ2q)T x.'3'(1)

P1-ll
… (ガ3元)苧 ガ2≡ (,r3万0)苧 ガ2-ガ- … み(ガ)modp.

Fromhereonweproceed'exactlyasin[1,pp.126-127]tothedesiredconclusion.

Intheremainderofthispaper,weshallstateLen.stra'sprimalitytest(see[2]).

Proposition2･ A甲 menis♪n'me･
(1).Thereexisbc･withc一宇 … -1modn.

〈
(2)Letみ ∈F.beofoTderbwherebJq-1and(Pq,n)-1_Thenwehave

■■-I-I

(jq)-T ≡ 為(n)modnwherei- ち(- 1)x.b-1】(1).

Pr100f.

(1日tiseasytoseethea由ertionforaprimitiverootcofn.

(2)Wesets-1,e-♪-1,p-少inLemma. ThengS≡ -1modRand

～> l11 Ĵ-s

(jq)丁 -(カ)丁 ≡ Z√es(n)A- ち(n)modn_

Theorem4(Lenstra). Letnbeanoddintegerandletrbea♪n'medivisorofA_ Let
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Tbeajiniiesetconsistingof2andoddPn'm69satishing(n,p)-1a野dnP-1≠ 1modp2.

Weseii-IIp∈TP.LetSbethesetofPn'mesqsatisjb'ng(n,q)-land(q-1)li. Weset
Jt-1

s-Il咋Sq. We assumether7eαistsanintegercsuchthatc? . ≡ - 1modn,and

■■~1-1 〈
(jq)~丁 .I… 為(n)modn,wherej-ち(-1)x.Lp~1](1),foreveTy♪∈T,q∈Sand為∈F.With
orderp. Thenwehave-r… d'modsfw somei<t.

proof.We配tn'11- 1- がpwith (色P)-1.IncaseP≠ 2,k-1bytheasumption.In

casep-2,wecq.nsee2&isadivisorofr- 1since(cL)2-1… -1modr. Ineachcase,〆 is

adivisorofrP-I- 1. Thereexistsanintegerxwith Rx ≡1modP.Wesetb- Rxanda-

〝ば,Wherem-
r卜1-1

Thenwehaver♪~1-1 np-1-1αwith∂= 1mod少.
ノへ

Thuswehavefor苑 ∈F.withorder9.

品(r)- ち(r)b… O･q)号 ⊥b-uq)-守 上.…為(n)a.modr･

ByvirtueQfChine監remaindertheorem,thereexistsiwith i≡ amod♪forevery♪and

a. Thusち(r)- ち(n)'- ち(n')foreverycharacterち OfE..Hencer≡n''modqforevery

qESandr=nfmods.
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