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ONVALUESOFCYCLOTOMICPOLYNOMIALS.V1

KAORUMOTOSE

Inthispaper,uslngPropertiesofcyclotomicpolynomial,weshallgive
anewproofonsomefundam entalresultsinfinitefields,anewmethod

offactorizationofanum ber,andasuggestionaboutnewcycliccodes.

Cyclotomicpolynomials◎n(I)ofordernaredefinedby

◎n(I)- Il(x-Cnk)
(k,n)-1

whereCn-cos(管)+Jj sin(管)andthe'productisextendedovernat-
uralnumberskwhicharerelativelyprimetonwith1≦k<n.
Thecharacterprepresentsaprime.AllLatincharactersmean natural
numbers.

1.Basicresults.

Inthissection,Weshallgivesomebasicresultson◎n(I).First,we
glVeatheoremabouttheorderofan elementinacommutativerlngRof

positivecharacteristic.

Theorem 1.LetRbeacommutativering0fchartlCteristice>0,
namely,containingaPrimeringZ/eZ･Assume◎n(α)-0forα∈R･
77ienn-eelαlLWhe†℃IαlLmeanstheorderof比αnde≧0･
Prwf. Since◎n(I)dividesxn- 1,wehaveαn- 1.HencelαJLis
adivisorofnandsowecanwriten-eelαlL･iWhereAdoesnotdi-
videt･Wesets- eelαlLandassum ei>1･ThenαS- landnoting
◎n(I)9(x)-蛋_Ill-(xs)i-1+- +(xs)2+xs+1forsomeg(I)∈Zlx],
wehaveacontradictionthatedividestfromthenextequation

o-◎n(α)9(α)-(αS)ト1+(αS)ll2+･･･+(αS)2+αS+1-i.

Exanlple1.Inthistheorem,itisanimportantcasesuchthateis

primeandR-Fe.Since018(2)-3･19,wehave18-32･I213-12J19.
Forthenumbers18and2,wecanfindaprime19with18-J2A19･

1ThispaperwasfinanciallysupportedbytheGrantin-AidforScie'ntificResearch
fromJapanSocietyforthePromotionofScience(SubjectNo.1164003).
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Fromthisresult,wecan proveaspecialcaseofDirichlettheoremwith

respecttoaritlm eticprogressions,nam ely,thesetA-(ns+ 1Is-
1,2,･･･icontainsinfiniteprimes.Settingp0- 1,letpkbeaprime
divisorof◎pk_1n(pk-1n)fork-1,2,･･･andsetRk-Z/pkZ･Thenit
followsfromtheabovetheoremthatpk∈△fork-1,2,-･

･Wehavean easyestimationforvaluesofcyclotomicpolynomialS(see

alsol1,Lemmal])･

Lemma1.(a+1)P(n)≧ ◎n(a)>(all)P(n)lorn≧2,a≧2where

p(n)isthenumberofpositiveintegersk< nwith(k,n)-1.

Proof.ItistrivialthatOn(a)>0fora>1fromtheformula

◎n(a)-rI(adI 1)～(3)
dln

whereILisM6biusfunction.Thuswehavefora>1

0n(a)- II Ja-EnkJ･
1≦k<n,(A,n)-1

Ourresultfollowsfromdrawingtheunitcircleandtwoconcentriccircles

withthesam ecentre(a,0)anddistinctradiusesaI1,a+1･

Exam ple2.(a+1)2>◎6(a)-a2-a+1>(a-1)2fora≧2.

Lemma2followsfromtheabovelemmaanditisnecessaryforBang's
theorem.Forthenum bers18and2,wecan findaprime19with18-
l2L19.Butfornumber6and2,wecannotfindsuchaprimebecause
06(2)-3.Lemma20rCorollary1showsthatthisistheonlyexceptional
caseinTheorem2.

Lemma2･Assumethataprimepisadivisorofnandp- On(a)
forn≧2anda≧2.Thenwehaven- 6anda-2.

Pr100f.Ifa≧3,thenweobtainacontradictionp>2P-1fromthe

nextinequality

p-◎n(a)>(al1)P(n)≧2P(n)_>2P~1

Thuswehavea- 2andpISOddbecause2n-= 1modp.Ife_>2where

n-penandm-I2lp>1,thenp-◎n(2)-◎Tm(2Pel1)and2Pe-1≧4.
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Wehavethesam econtradictionastheabove･Thuswehaven-pl2lp
andp>2.Moreover,wehave3p+1>2Pfromthenextinequality

p-◎tml(2)-
0m(2P)

◎ m (2) ･(実景 )p'm',竺三

ThlBP-3andweobtainanexceptionalcasen-31213-6･

Thenextcorollaryfollowsfromtheabovelemma.

Corollary1.If◎n(a)isadivisorofnforn≧3anda≧2,thenwe
haven=6anda=2.

Prvof.Ifpandqareprimedivisorsof◎n(a),thenpandqarethe

maximalprimedivisorofnbyTheorem landlittleFermattheorem.

Hencewe'havep=qandOn(a)isapowerofaprimep･Ontheother
hand,wesetb- a盲.Thenb… 1modplnCaSeP>2andb≡ 1mod4in

casep-2becauseaisoddandn-2e≧4fromTheorem1.Inanycase,

◎p(b)-宅ヨ hasadivisorpbuthasnotadivisorp2･Th.B◎n(a)- P

becalBe◎n(a)isadivisorof霊ユ ニ ◎p(a芸)-◎p(b).Henceourresult
α亨-1

followsfromLemma2.

Thefollowingtheoremisabasicresultaboutvalueofcyclotomicpoly-
nomials

Theorem 2(Bang).Ifn≧3,a≧2and(n,a)≠(6,2),thenthere
existsaprimepuhthn-Ialp･

Prvof.Thereexistsaprimedivisorpof◎n(a)since◎n(a)>1.We
mayassum efromTheorem1thatpisadivisorofnandpisthemaximal

divisorofn.Hence,pistheonlyprimedivisorofOn(a),equivalently,
On(a)isapowerofp･HenceOn(a)-pbythesam emethodasinCoroll

lary1.WehaveourresultfromLemma2.

2.Somefundamentalresultsonfinitefields.

Thenextpropositionshowsthatthemultiplicativegroupofa丘nite

丘eldiscyclic.

Proposition1.LetabeaPnitesubgroupofthemultiplicativegrlDuP

ofaβeldK.Thenaiscyclic.
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Pr100f Wesetm - lGL.Thenaiscontainedinthesetofrootsof
gm - 1in〟whichhasatmost帆elements.Thus,Weobtaingm - 1-
Ilα∈G(I-α).Hence,◎m(I)hasarootβ∈Gsince◎m(I)dividesxm-1.
IfKisofcharacteristicp>0,thenpisnotadivisorofmbecausexmI1

hasnomultipleroots,andsom-lPJpbyTheoreml･IfKisofcharac-
teristiczero,thenourassertionistrivial.

Thenexttheoremiswellknown.However,itisveryfundam entalfor

cyclotomiQpOlynomialSandweshallshowthisforcompleteness.

Theorem 3.Letpbeaprimeandletqbeapow erofaprimep.
Ifpisnotdivisorofn,then◎n(I)∈Fqlx]istheproductofirreducible
polynomiaLsofthesamedegree.qJn.

PrDOf LetI(I)bean arbitraryirreduciblefactorof◎n(I)∈Fqlx]
andletCbearootoff(I)･ThenCisarootof◎n(I)･Thusn-IEIpby
Theoremlandsowemayzwsum eC∈FqlqlnfromPropositionl･Since
Fq(()-Fqdegf(3)isasubfieldofFqlqln,degf(I)isadivisorofrqJn･On
theotherhandJqlnisadivisorofdegf(I)becauseqdegf(I)≡ 1modnby
C∈Fq(0 ㌧ F訪esf(3)･Thuswehavedegf(I)-Iqln

Concerningfactorizationsofcyclotomicpolynomialsmoduloaprime,
weshouldbeuseBerlekam pandMcEliece'salgoritlm ,andshouldpay
attentiontores山tsofG.Stein【see3].

Exam ple3.Iffollowsfrom4-l2115that◎15(I)mod2-x8+x7+
∬5+∬4+∬3+∬+1-(∬4+∬3+1)(∬4+∬■1).

WeshallglVean alternativeproofofthenextwell-known theorem.

Thismeansthatthereexistfinitefieldsofarbitraryprimepowerorders.

Proposition2.Letpbeaprimeandletqbeapowerofp.Foran

arbitraryn,ThereexistsanirTduciblepolynomialofdegreeninFqlx]･

Proofl･ Itfollowsfromn- Iqlq--1that◎q--1(I)∈Fqlx]hasan
irreduciblefactorofdegreen.

PrDOfB.Incasen≧3and(n,q)≠(6,2),thenwecan finda(prime)
divisorrof◎n(q)withn-IqJ,･Hence◎,(I)∈Fqlx]hasanirreducible
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factorofdegreen･Incasen-2,◎q+1(I)∈Fqlx]hasan irreducible
factorofdegree2because2-lqlq+1･Incasen-6andq-2,weobtain

◎9(I)-◎3(x3)-x6+x3+1mod2isirreduciblefrom6-l219･

Inthisproposition,thesmallestprimedivisorrofOn(q)withrYn

isbest.Unfortunately,ifwecan notfindaproperdivisor,thenweset

r - On(q).

Example4.Proof1isⅥ汀ySimpleanditispracticalto丘ndaprim-

itivepolynomial.Forexam ple,◎24_1(I)-◎15(I)mod2- (x4+x3+
1)(∬4+∬+1)(SeeExample3).Thesepolynomialareprimitivepolyno一
mialsoforder24-1-15･TheclassofxisageneratorofF24･However,
ifwewouldliketofindan irreduciblepolynomialofdegreen,Proof2is
veryuseful.Forexam ple,◎5(I)mod2-x4+x3+x2+I+1isirreducible
because4-l215by◎4(2)- 5･

3.Amethodofafactori2;ationofanumber

Letnbeanumber,letmbetheproductofdistinctprimedivisorsof

n,letpbeafixedprimedivisorofmandletm'-=･Wecan seeeasily
thenextequation

◎n(I)-◎m(請 )and◎m(I)-Il◎p(xd)～(4)
dlm′

Theaboveequationandnextlemmashowusthatfactorizationsofcy-

clotomicnum bersOn(a),especiallyOp(a)ofaprimeorderpareessential
infactorizationsofnumbers.

Proposition3.Foranaturlalnumbern,letaandm benaturalnum-

berssuchthat(am,n)-1andam= 1modn･Thenn-ndlm(n,Od(a)),
wheγ℃(S,i)meansthegreatestCOmmOndivisoroftwonumberssandi.

Proof.Wesetsd- (n,Od(a)),Wheredisadivisorofm.Ifpisa

commonprimedivisorofsdandsd,,thend-lalp - d'fromTheorem 1
becausepISnotadivisorofbothdandd'.Thuswecan see(sd,Sd,)-1

fordistinctdivisorsd,d'ofm.Hencewehave

n- (n,am - 1)- (n,IlO d(a))- Il(n,O d(a))･
dlm dlm
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Exam ple5.Proposition3Can beusedinfactorizationofsmallnumT

bers.Butadirectapplicationisnotsogoodbecauseitisdi氏culttocom-

putemfornum bersnanda.Consideringthat(n,◎d(a))isadivisorof

(n,ad-1),myrough program inAppendixwasconstructed.Theessential

partofthisprogram istocompute(n,ad-1)qomd-llog(n+1)/loga]+1

toan integerd-2attheendoffactorizationsofanum bern.

Byusingthis,anaturalnumberisnotfactorizedcompletelyintoprime

factors_anditsfactorizationdiffersbyabasea･Forexam ple,
incasea-7,wehaven-12345678987654321-3*3*9*37*37*
333667*333667fore=37074

and

incasea-ll,wehaven- 12345678987654321-3*9*111*37*
333667*_333667for2-24716.

An anotherexam plen-73271718587-201281*364027fora-5and
e=121342.

Lemma3.Letnbeadithsorof◎m(a)and(m,n)-1.Ifm > V伝,
thennispmme.

PrDOf.Letpbeaminimumprimedivisorofn.Thenpisadivisorof

◎m(a)andsom-JaJpisadivisorofp-1･Thusn-pisprimebecause

p>LaJp-m>～広･

Exam ple6.◎6(6)-◎5(2)-31and6>J訂 impliesthat31is
primebytheabovelemmabutJ元 >5Showsthattheconverseofthe
abovelemm adoesnothold.

Pocklington'Stheoremiseasilyprovedusingthevaluesofcyclotomic

polynomialS.

Proposition4(Pocklington).Letn,Iandrbenaturulnumbers

suchthatn-1-frwith(I,r)-1,wherethefactorizationoffiswell
known,everydithsoreofrislargerthancandfc≧､信二Ifthereexists
anumbera>1suchthat

(1)an-1≡ 1modnand(2)(a守 -1,n)-1

foreveryprimedivisorqoff,thennisprime.
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Prvof･Itfollowsfromthecondition(2)thatn-ndJf(n,◎d(ar))-

(n,◎f(ar))andsonisadivisorof◎f(ar)･Ontheotherhandn -

Ilel,(n,Oe(af))･Letpbethesmallestdivisorofn･ThenI- Jarlp is
adivisorofp-1andA-Jaftpisadivisorofp-1forsomeA.Thusfe
isadivisorofp-1andp>fe≧fc>～伝.

Exam ple7.Wecanseen-◎17(976)isprimefromthistheoremand

program byYujiKidawritteninUBASIC.Hisprogramfoundnum bers

a-2,I-24*17*61*73*977*7177*12433*13049,andc-131071
andshowedn-◎17(976)isprime.

4.Asuggestionaboutcycliccodes

Inthissection,weconsidercycliccodeslikeaGolaycode.Agenerator

polynomialoftheGolaycodeisoneoftwofactorsin◎23(I)mod2.We
chooseoneoftwo払ctorsincyclotomicpolynomialsover丘nite丘eldsand

weusethisasgeneratorpolynomialsofcycliccodes.Forthispurpose,
weshouldfindapair(A,r)suchthatrisapowerofaprimeandAisa
divisorof◎出生(r).Ifwefindsuchapair,◎e(I)overF,isfactorizedinto

twoirreduciblepolynomials.

Exam ple8.Wefindapair(A,r)satisfyingtheaboveconditionswhere
A_<50,r<_10.

r-2;A-7,17,23,41,47

r-3;A-ll,23,37,47
r-4･,2-3,5,7,ll,13,19,23,29,37,47
r-5;A-4,ll,19,21,29,41
r-7;A-3,6,8,31,47
r -8;A-17,23,41,47

r-9;2-4,5,7,10,ll,17,19,23,29,31,34,43,47

AspecialcaseOfourconsiderationcanbewritteninthequadratic

residues.ThisisshowedinLemma4.WeshallrepresentLegendresym-

bolby(p!)･

Lemma4.Letpbeanoddprimeandletq,rbenaturalnumberssuch

thatp-2q+1>r>1･Thenclearlylrlp>1and

7
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(1)(;)-1ifandonlyifJrIpisadivisorofq･

(2)Ifq,rareoddprimes,then(ヂ)-1ifandonlyifJrlp-q･
Inparticular,ifq≡ llmodr,thenlrJp- q･

(3)Ifqisanoddprime,thenq≡ -1mod4ifandonlyifl2lp-q･

prvof･Theassertion(1)followsfromrq- r宇 ≡(芸)modp･
Theassertion(2)isclearfrom

(pr) - (- 1,2; 当 p;) - (l l,q? (P; ) - (プ ) ･

The(3)followsfromthat(1)andthenextequation

(pz)=(-1)告=(-1)握 =(-1)撃
Itfollowsfrom thislemmathatforaprimer,thecyclotomicpoly-

nomial◎p(I)modrfactorizestwoirreduciblepolynomialsI(I),9(I)of
sam edegreeq.Thisfactsuggeststhat(p,q+1,d)CodeoverF,with
generatorpolynomial9(I)ofdegreeqwhereq+1isthedimensionof
codesubspaceCofthevectorspaceF君,anddistheminimumdistance
ofC.

Example9.
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9(I)

∬3+∬+1,∬3+∬2+1
x5- x3+x2- I-1,x5+x4-x3+x211
∬11+∬9+∬7+∬6+∬5+∬+1
∬11+∬10+∬6+∬5+∬4+∬2+1
∬23+ ∬19+ ∬18+ ∬14+∬13+∬12+∬10+∬9
+∬7+∬6+∬5+∬3+ ∬2+∬+1

23 47 2 ll ∬23+∬22+ ∬21+∬20+ ∬18+∬17+ ∬16+∬14
+∬13+ ∬11+∬10+ ∬9+∬5+∬4+1

5.Appendix.

ThefollowingProgramisstatedinEample5.
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10 print=print+"FFH

20 input"inputanumber'','N

30 input●-inputabaseH;A
40 T=0:しこ0

50 printN

60 print一一=●-;

70 Na=gcd(Ⅳ,A)

80 ifNa>1thenprintⅣa;‖*●-;:in°T

90 :Ⅳ=Ⅳ＼Na:ifⅣ=1thengoto260elsegoto70
100 endif

llO Ⅳ2=Ⅳ:L=int(log(Ⅳ+1)/log(A))+1
120 T=0

130 1oop

140 Ⅳ1=gcd(Ⅳ,L)

150 ifN1>1thenprintⅣ1;●●*●-;:in°T

160 :Ⅳ=Ⅳ＼Ⅳ1:ifⅣ=1thengoto240
170 endif

180 Al=modpov(A,L,Ⅳ)-1

190 Gal=gcd(Ⅳ,Al)

200 ifGal>1thenprintGal;●-*●-;:in°T

210 :Ⅳ=Ⅳ＼Gal:ifⅣ=1thengoto240
220 incL

230 endloop

240 print:print…a=I-;A;●-,L=一一;L

250 :ifT=1thenN=Ⅳ2:goto30
260 end

Concerningcomputationsinthispaper,weusedsomeprogramswrit-

teninUBASICandapersonalcomputerIBM htellistationEPro.The

program languageUBASICwasdesignedbyProfessorYujiKida,Rikkyo
University,Tbkyo,Japan.
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