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On the nilpotency index of the radical of a group algebra. XII !

Kaoru Motose

We gave negative answers in [3] to Tsushima’s problem [8, Problems 3,
4, 5]. This example was an affine group over a finite field. In this paper,
we shall show that a finite field, which is a basis of this affine group, can
be extended to a finite Dickson near field.

Let t(G) be the nilpotency index of the radical J(KG) of a group
algebra KG of a finite p—éolvable group G over a field K of characteristic
p > 0 containing a primitive |G|-root of 1. Then it is well known by D.
A. R. Wallace [9] that

Pr2tG)zr(p—1)+1

where p” is the order of a Sylow p-subgroup of G.

Let H be a sharply 2-fold transitive group on A = {0,1,a,85,...,7}
(see [10, p.22]), let V = Hy be a stabilizer of 0 and let U be the set
consisting of the identity € and fixed point-free permutations in H. Then
U is a normal and elementary abelian p-subgroup of H with the order p*
(see [6, Lemma 1]). Let o be a permutation of order p on A satisfying
conditions

oHo ' CH, 6*=1, 0(0)=0, and o(1) = 1.

Then it is easy tosee cUc ! CU and cVo 1 CV. Weset W = <o >
and Cy(o) = {v € V | ov = vo}. Assume that there exists a normal
subgroup 7" of WV contained in V such that V is a semi-direct product
of Tby Cy(o). Weset G=< W, T, U >=WTU.

We proved the following results (see [6]).

I. A is a near field of characteristic p with respect to the proper sum
and product.

II. o is an automorphism of A.
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III. Let p**1 be the order of a Sylow p-subgroup WU of G. Then
t(G)=(a+1)(p—1)+1. '

We can be really construct a group satisfying the above conditions
(see [6, Example 1]). Conversely, the following Theorem 1 shows that our
considering group G is just in [6, Example 1].

Theorem 1. A is a finite Dickson near field with the basic finite field
F = F;n where ¢ = p” for a prime p and o(z) = 2% for z € A. We
consider some permutations on A.

U : T > T+cforc€E AN, v.:x— cx force A”.
Then we obtain
U={u|ceA}, V={v.|c€eA'}, and H=< U,V >.
and we may set |
T={v.eV]|ce< P >}and G=<W, T, U >.

Proof. We can see from the results I, II and the classification of finite
near fields (see [11]) that A is a Dickson near field because A has an
automorphism of order p where p is the characteristic of A.

Thus A has the basic finite field F' = Fjs where ¢ = p” for a prime
p and o is also an automorphism with order p of a finite field F'. Hence
s = pn for an integer n, o(z) = z7 for z € F and F,» is the field fixed by
0. We may assume that (¢,n) and (¢P,n) are Dickson pairs because p is
not divisor of ¢ —1 and changes of values of r and n with the constant rn.
Thus A is a Dickson near field defined by the automorphism 7 : z — 2%
of F. Let w be a generator of the multiplicative group F* and we set
a = w" b= win F*. Then the multiplicative group A* of A has the
structure

A*=< a,b|a™=1, b"=ad', bab™' = a? >

where m = 9%, t= q,f’j ;- Here we use the usual symbol as the product

in A for simplicity. Do not confuse with the product in F'. We consider
some permutations on A.-

u.:x —x+cforce€ N, v.:z— cxforce A"
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Then we have some relations
UcUg = Udtey, VeUd = Ved, v;udvc" 1— Ucd, cho‘l = Ug(c)s ovca_l = Vg(c)
on u., V., 0. We can see from [6, proof of Theorem 3| that

U ={u| c-€ A}, V={v.|ce A*}, and H=UV.

We set
t-1
T={vceV|ce< a= >}

It is easy to see that H = UV is sharply 2-fold transitive on A, T is
normal in WV and the order of T is 9;:%11 because products of a and z
in A are the same in F'. On the other hand, the set Cy (o) is equal to
F. as aset and the order of Cy(0) is ¢" — 1. Since 9:,%11 and ¢™ — 1 are
relatively prime, we have V = Cy(0)T, Cv(oc)NT = {e}.

Let X =< = > be the cyclic group of order |T'| and let 7 be an auto-
morphism of X defined by 7(z*) = 2*?". Then 0 — 7 is a homomorphism
of W into Aut(X). We can regard this as a homomorphism of G. Let N
be a semi-direct product of X by GG with respect to this homomorphism.
In the remainder part of this paper, ¢ will represent a primitive |T|-th
root of 1 in K. '

Lemma 1. t(N) = (rpn+ 1)(p — 1) + 1, where p™™ = |U]|.

Proof. First of all, we shall observe that fr = 3¢28 ¢*2%(0 < k < |T))
are all orthogonal primitive idempotents of K.X. We can see that

) = e Nt =y = TV 0

Indeed, if In( fx) properly contains TUV/, then In(fx) must contain o and
so fg = fx- Since the coefficient of z in f7 — f is qun(p_l) — ¢*, it follows
that £k = ¢"k mod |T’|), which shows that ¥ = 0 because |T| = 9{;%11 by
Theorem 1 and (|T[,¢™ — 1) = 1. From Morita’s theorem [2, Theorem 2],
the formula (1) asserts that KN is isomorphic to a direct sum of a group
algebra KG and full matrix algebras over twisted group algebras K*UV
with factor sets a. By [7, Theorem 1.6] , J(K°UV) = J(KU)K*UV and

hence the nilpotency index of J(K*UV) is equal to t(U) = rpn(p—1)+1,
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where p™P* = |U|. This implies the desired conclusion by result III because
pPt! = |WU| is the order of a p-Sylow subgroup of N.

Let c be a generator of T' and let Y be a direct product of two cyclic
groups < z > and < y > which have the same order ¢. Let ¢ and 7 are
automorphisms of Y defined by

¢(z) =z, d(y) = zy; P(z) =z, Y(y) =y

Then we have ¢ = 1,94? = 1 and ¢y = ¢?. Hence ¢ — ¢,0 — 371
defines a homomorphism of TW into Aut(Y). We can regard this as a
homomorphism of G. Let M be a semi-direct product of Y by G with
respect to this homomorphism.

The next result gives negative answers to Tsushima’s problem [8, Prob-
lems 3, 4, 5]. This counter example is a group that yields from an affine
group over a finite Dickson near field.

Theorem 2. A p'-element x is contained in the center of M and
t(M) —t(M/ <z >) >rn(p® —1).

Proof. From the definition of M, we have the following relations:

z¢ = z,yc =Ty, z° = x,ya—l = yq.
Thus the first assertion is trivial. Let f be a primitive idempotent of K'Y
defined by

F=QQ+C+ 2+ Ny + P -+,

Then f° = f and f¢ = (f # f. Thus In(f) = PY where P = WU.
Hence, Morita’s theorem [2, Theorem 2] implies that t(M) > ¢t(P). Using
Jennings’ formula [1], since < P/, PP > = {upn _3|b € F'}, we obtain that
t(P) > (2rnp—rn)(p— 1) + 1. With these observations, the result follows
from Lemma 1.

Remark. If a group G has a 3-Sylow subgroup M(3) = < a,b,c |
=0 =c=1, aba™! =b, aca™! = be, bc = cb >, then we can see
from [4, Theorem] that t(G) = t(G/M) = 9 for any 3'-normal subgroup
M of G. Hence we can not construct a counter example for Tsushima’s
problem [8, Problems 3, 4, 5].
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