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Onthenilpotencyindexoftheradicalofagroupalgebra･XII1

KaoruMotose

Wegavenegativeanswersinl3]toTsushima'sprobleml8,Problems3,
4,5].Thisexamplewasana氏negroupoverafinitefield･Inthispaper,
weshallshowthatafinitefield,whichisabasisofthisa凪negroup,Can
beextendedtoafimiteDicksonnearfield.

Leti(a)bethenilp?tencyindexoftheradicalJ(KG)ofagroup
algebraKGofafinite㌢solvablegroupaoverafieldKofcharacteristic

p>0containingaprimitiveIGI-rootof1.Thenitiswellknown byD.

A.R.Wallacel9]that

pr≧t(a)≧ r(p-1)+1

wherepristheorderofaSylowVsubgroupofa.

LetHbeasharply2-foldtransitivegroupon△-(0,1,α,β,･･･,7)
(seel10,p.22]),letV-HobeastabilizerofOandletUbetheset
consistingoftheidentityEandfixedpoint-freepermutationsinH.Then

Uisanormalandelementaryabelian1>SubgroupofHwiththeorderpa

(see[6,Lemmal])･Letqbeapermutationoforderpon△satisfying
conditions

qHq-1⊆H,JP- 1,g(0)-0,andq(1)-1.

ThenitiseasytoseeqUq-1⊂UandqVqll⊂V･wesetw - < J>

andCv(q)-(V∈VIqv-W)･Assumethatthereexistsanormal
subgroup710fWVcontainedinVsudthatVisasemi-directproduct

ofTbyCv(q).WesetG-<W,T,U>-WTU･

Weprovedthefollowingresults(seel6]).

I.△isanearfieldofcharacteristicpwithrespecttothepropersum
andproduct.

II.qisanautomorphism of△.
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III.Letpa+1betheorderofaSylowp1-subgrDuPWUofG.Then

t(a)-(a+1)(p-1)+1.･

Wecan bereallyconstructagroupsatisfyingtheaboveconditions

(seel6,Exam plel])･Conversely,thefollowingTheorem1showsthatour
consideringgroupaisjustinl6,Examplel].

Theorem 1.△isaPniteDicksonnearβeldwiththebasicPniteβeld

F-Fqpnwhereq-prforaprimepandJ(x)- Xqnforx∈△･We
considersomepe77nutationson△.

uc:x-x+cforc∈△, vc:x-cxforc∈△書.

Thenweobtain

U 〒 tucrc∈△),V-(vclc∈△つ,andH-< U,V >･

andwemayset

T-(vc∈VIc∈< a誓 >)andG- <W,T,U >･

PrDOf Wecan seefromtheresultsI,IIandtheclassificationoffinite

nearfields(seel11])thatAisaDicksonnearfieldbecauseAhasan
automorphismoforderpwherepisthecharacteristicofA.

Thus△hasthebasicfinitefieldF-Fqswhereq-prforaprime
pandJisalsoan automorphismwithorderpofafinitefieldF.Hence

s - fmforan integern,J(x)-Xqnforx∈FandFqnisthefieldfiⅩedby
J･Wemayassumethat(q,n)and(qP,n)areDicksonpairsbecausepis

notdivisorofq1landchangesofvaluesofrandnwiththeconstantrn.

Thus△isaDicksonnearfielddefinedbytheautomorphism T :X-XqP

ofF.LetLJbeageneratorofthemultiplicativegroupF' andweset

a-LJn,b-LJ-inF* . Thenthemultiplicativegroup△*of△hasthe
structure

△*-< a,blam-1,bn-at,bah-1-aqP >

wherem-誓 ,i-置 ･HereweusetheusualSym bolastheproduct
inAforsimplicity.DonotconfusewiththeproductinF.Weconsider
somepermutationson△.

uc:x-x+cforc∈△,vc:x-→cxforc∈△*.
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Thenwehavesomerelations

ucud- ud.C,VcVd-Vcd,VcudVt1-ucd,JucJ-1-uJ(C),JVcJ~1- vq(C)

onuc,vc,JIWepan seefroml6,proofofTheorem3]that

U-(ucJc∈△),V-(vclc∈△つ,andH-UV･

Weset

T-(vc∈Vrc∈<a誓 >).

ItiseasytoseethatH - UVissharply2-foldtransitiveonA,Tis

normalinWVandtheorderofTis賢 becauseproductsofaandI
in△arethesameinF･Ontheotherhand,thesetCv(J)isequalto

F;-asasetandtheorderofCv(J)isqn-1･Since賢 andqn-1are
relativelyprime,wehaveV-Cv(J)T,Cv(J)nT-(E)I

LetX-<I>bethecyclicgroupoforderlTIandletTbeanautO-
morphismofXdefinedbyT(xk)-xkqn.ThenJ- Tisahomomorphism

ofW intoAut(X).Wecan regardthisasahomomorphismofa.LetN

beasemi-directproductofXbyGwithrespecttothishomomorphism.

Intheremainderpartofthispaper,(willrepresentaprimitivelTl-th
rootof1ing.

Lemma1.i(N)-(rp+1)(p-1)+1,whereprP-IUl.

Prvof.Firstofal1,weshallobservethatfk-∑f=-3(ikxi(o≦k<lTl)
areallorthogonalprimitiveidempotentsofKX.Wecan seethat

IN(fk)-(I∈NIxfkX-1- fk)-
〈
TUV if k≠0,
N if k=0.

Indeed,ifIN(fk)properlycontainsTUV,thenIN(fk)mustcontainJand

sofkJ-fk.SincethecoefBcientofIinfkq-fkisCkqn'p~1㌧ Ck,itfollows
thatk≡qnkmodlTJ),whichshowsthatk-0becauseJTI-誓 by
Theoremland(ITI,qnI1)-1･FromMorita'stheoreml2,Theorem2],
theformula(1)assertsthatKNisisomorphictoadirectsumofagroup

algebraKGandfullmatrixalgebrasovertwistedgroupalgebrasKcVV
withfactorsetsα･Byl7,Theoreml･6],J(KαUV)-J(KU)KαUVand
hencethenilpotencyindexofJ(KαUV)isequaltoi(U)- rpn(p-1)+1,
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whereprP -lUl･ThisimpliesthedesiredconclusionbyresultIIIbecause
prp+1-lWUlistheorderofa㌢SylowsubgroupofN.

LetcbeageneratorofTan°letYbeadir6ctproductoftwocyclic

groups<I>and<y>whichhavethesameordere･Let4)and4,are
automorphismsofydefinedby

4･(I)-I,4･(y)-xy;4,(I)-I,4,(y)-yq.

Thenwehave4･2-1,4,p - 1and4,4,-4,4,q.Hencec- 4･,J- 車~1
definesahomPmorphismofTW intoÅut(Y)･Wecanregardthisa5a
homomorphismofa.LetM beasemi-directproductofYbyGwith

respecttothishomomorphism.

ThenextresultgivesnegativeanswerstoTsushima'sprobleml8,Prob-
lems3,4,5].Thiscounterexam pleisagroupthatyieldsfromanafnne
groupoverafiniteDicksonnearfield.

Theorem 2.Ap'-elementIiscontainedinthecenterofM and

t(M)-i(M/<x>)_>rnb211).

Proof.FromthedefinitionofM,wehavethefollowingrelations:

xc-I)yc-xy)xq-I)yq~1-yq･

Thusthefirstassertionistrivial.LetIbeaprimitiveidempotentofKY
de丘nedby

f-(1+Cx+C2x2+- +CL~1x2-1)(1+y+y2+- +yell).

Thenfq-fandfc- CJ≠f･ThusIM(I)- PYwhereP - WU.
Hence,Morita'stheoreml2,Theorem2】impliesthati(M)≧i(P)･Using
Jenmings'formulal1],since<P′,PP>-(ubqn_blb∈F),weobtainthat
i(P)≧(2rnp-rn)(p-1)+1･Withtheseobservations,theresultfollows
fromLemma1.

Remark.Ifagroupahasa3-SylowsubgroupM(3)- < a,b,cI
a3- b3 - ♂- 1,aba-1-b,aca-1-bc,bc- cb>,thenwecansee
froml4,Theorem]thati(a)-i(G/M)-9forany3′-normalsubgroup
M ofa.HencewecannotconstructacounterexampleforTsushima's

problem[8,Problems3,4,5].
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