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OnGausssumsandⅥmdermondematrices

KaoruMotose

wesetI-e苧 andLJ-e晋foran oddprimep.Letxbealinear

characterofthemultiplicativegroupF ofaprimefieldFofcharac-

teristicp.WeconsiderGausssumsa(x)-∑ 托 F･Etx(i),thefollowing

VandermondematricesAandcharactervectorsxdefinedby
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ThepurposeofthispaperistoshowthatdiscriminantJA.2ofacy-

clotomicpolynomialxP-1+xp12+- +I+1areessentialin theproof

ofquadraticreciprocity,anddeterminantIAJandtraceofAareclosely

relatedtothequadraticGausssums.Weshallbeginfromthefollowing

easyandimportantresult.

Lemma1.

1.Ax-9(x)文･

2.A2- pJ-HandAA-pI-KwhereIistheidentitymatrix,A
isthecomplexconjugateOfA,

0 1

1 0

andK=

1 .‥ 1

1 -･ 1

1 ‥. 1

3.A2x-px(-1)xandAAx-px.Hence,weobtaintheusual

formulasg(x)9(文)-x(-1)pandlg(x)l2-p.
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Proof.

1.Wehavetheassertionfromx(k)(∑f=-llEたIx(i))-9(x).

2.Since∑f=-ll(kiニ ーlorp-1accordingask≠0modpor

kI 0modp,wecan seeourequations.

3.TheequationsKx-0an dJx-x(-1)Ifollowfrom

∑綻F･X(i)-0andx(-1)x(p-k)-x(k),respectively.Thuswehave
ourassertions.

Remark.

1.Lemm a1can begeneralizedforan oddintegerpandaDirichlet

characterxwiththeconductorp.

2.ThevaluelAI2isthediscriminantofacyclotomicpolynomial

xp-1+- +I+landltplaysan importantroleinTheorem l･

3.WeshouldremarkthattraceofAisg(77)I1.Thisfactiswellknown

butitwillbeprovedhtheproofofTheorem2.

Theproof1inTheorem 1i5OnlydependonlAl2.

Theorem 1(Quadraticreciprocity). Letpandqbedistinctodd

primesandlet(芸)beaLegendresymbol･Then

(pq)-(ll)鞘(冒)･
Proofl.

JAl2-lA2J-lpJ-KI-

-1 - 1 ･･･p-1
-1 - 1 -･ -1

p-1 -1 日 ･ -1

-(-1)宇 ppl2

Hencewehavethenextequationsincep-2isodd.

tAIql1-JA21宇 -(-1)牢 宇 匝宇 )p12≡(-1)宇 iil
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LetA(A)- (ぐik)bethematrixofk-thpowersofallentriesinA,letrbea

primitiverootofp,andletq,beacyclicoddpermutation(1,cl,･･･,ち12)

whereck=rkmodp･Thenwehave

lA(r)J-sgn(U,)lAlニーlAI.

Thus,settingrs= qmodp,wecan see

IAIq=lA(q)I-lA(rs)l-(-1)SIAI-
(p?)

lAlmodqZlE]･

WeproductJAJonbothsidesoftheaboveequationanddividebythe

integerIAJ2iomodq.Thenwehave

(p!)=,A.q-1-(-1,2持(:)-odq･

prvofB･Weset～(a)-(芸)･Wecan see fromA277 - り(-1)m that

Aql177-(A2)宇77-(り(ll)p)牢.7≡ (-1)宇 宇
(:)

77modq77.

Wehavefromthenextequationthat77(q)= 9(77)q-1 modqsinceg(77)2-
9(77)9(巧)-rl(-1)p≠0modq･

77(q)9(rl)q-rl(q)(∑く旬(i))q≡ rl(q)∑Cqtrl(i)-9(rl)modqZlC]･
t∈F t∈F

HenceitfollowsfromA77-9(rl)77that

Aq~177 -9(rl)q-177≡rl(q)77-
(:)

1打t
Lemma2.Wesetu=eす.Thenwehave

1. Ilus'i-(ll)宇p>S>t>1
2ii p-1

2･(I12sin(: ))2-I12sin(; )-pk=l k=1

3･ ∩ sin(
p>S>t>1

(S-i)7T
)-p誓 vj;
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Proof.

1.First,weshallshowthat

∑ (S+i)
p>S>t>1

p-1s-1 p-1
∑∑ (S+i)-∑ts(S-1)+
S=2t=l s=2

掛 2+S)-

p(p-1)(p-2)

β(β-1)

Thus WehavethenextequationsincepISOdd.

∑ ws't-W幣 -((-1)P-2)宇 -(-1)牢
p>s>t>1

2.Settingw-誇 andx - 1inxP-1+xp-2+-+1-口芸:ll(I-Ek)

- ha㈹ thenextequationbecausesin(響 )-sin(普 )･

p-1 p-1 p-1
Il(1-Ek)-Il(1lW2k)-IIwk(W-A-wk)k=l k=1p-1
W聖 (-1)P-1Il(wkLq_il

p-1

iP-lip-1I1 2sin(晋 )た=1

た=1

-W-k,-(-1)ZiPf112isin(晋)たこil

p-1 誓ユ

-I12sin(; )-(I12sin(=))2た=1 た=1

3･Notingsin(響 )-Sin(管),wecan seefromtheassertion2that

n 2sin(
p>S>t>1

(S-i)7T

)･･･2sin(pT))

(2sin(: )2sin(;))･(2sin(

匝-3)7r

)･･･2sin(;))

(2sin(響 )･･･2sin(芸,)･(2sin(警 )･･･2sin(芸))･

(2sin(誓,･･･2sin(芸,)
p馨 V序

4

//3



Theorem 2･Letrlbequadruticcharucterofthemultiplicativegroup

F'ofaprimeβeldFofcharyLCteristicp.Thenwehave

p-1 .吐=建

9(q)-∑Ck2 -乞 4 P･た=O

PrDOf･LetE,叩,X17kl,-･,X馨 ,文Zj bethealldistinctlinearcharac-2

tersofF'whereeisthetrivialcharacterandrlisthequadraticcharacter.

ThenAE-一亡,A77 - 9(rl)77andforalinearcharacterxwithx≠文,

A(x,烹)-(x,烹)
(9(?9(x)9'.k')

byAx-9(x)夏.ConsideringthecanonicalformX-1AXbythecharacter

tableX-(E,77,Xl,il,- ,X誓,烹誓),weobtain

p-1
∑Ck2- traceofA--1+9(n) and
k=1

と二塁 2二塁
2 2

lAJ- -9(71)Il(-9(xh)9(知))--9(rl)n(-Xk(-1)p)h=1 k=1
-(-1)馨 (-1)1+2+･･･+雫p撃9(n)

- (-1)ZiL(-1)甲 p雫由 )-iP11圭と撃退p雫9(n)

= i告 p雫 9(n)

Ontheotherhand,wehavefromthedefinitionofAandLemma2.

lAI-EE2･･･r lIl((a-Et)-ぐ琴 坦n(W2sIW2t)S>t s>t

IIuB't(uB~t- U-(a-i))ニト1)牢n2isin(S>t s>t

iP-1i虹 学盟 I12Sin(
8>t

(S-i)7T

(S-i)7r

)-i撃 p誓vj;･

Hencewehaveoura訂ertionfrom

iZy p雫 9(n)-lAI-i撃 p誓vj;.
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