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Fimite丘eldsareveryusefulnotonlyinpurema山ematicsbutalsointechnology.Forexample,

codingtheory,blockdesign,linearmodulzusystem,etc.Wehaveanaturalquestion:Arethere

algebTlaicsyste〝ばIikejinitejields?

Wedderbum provedthattherea托 nOfinitenon-corrmutative丘elds,namely,finitedivision

ringsa托fields.Ontheotherhand,Dicksonfoundsomenear丘eldsnam edDicksonnearfields,
nam ely,aclassofnon{orrmutativefieldswithoutonesidedistributivelaw.

FinitenearfieldswasclassifiedbyH.Zassenhous(see【1]orl21).hfact,theseareDickson

n?zu丘eldsand7exceptionalnearfields･

Inthispaper,weshal1givemainlyimprovementsOfhisprooftoautomorphismsof丘nite
Dicksonnearfields(詑e【2】). ● I

1.Dicksonpain

Thenextlerrmawasfoundin thetextbookofelementarynum bertheory.

Le凪 1.Leta>lbea〃aEuralnzJmber,letpbeaprimealZdG≡lmd p.

(1)Lfp≠2,thenbn慧l

(2)Up-2anda…lmod4then211慧L

(3)Lfp-2anda…3mod4then41慧
Proof Wecanseta-pk+1.Incase(1),

m-誓-妾 .(;)(pk)2-1…p≠Omodp2andm…OrrKXIp.
Incase(2),2ffa+1.hcase(3),4Ja+1.

ADicksonpairisafoundationoffiniteDicksonnear丘elds.

Defimition.ADicksonpair(D-pair)(q,n)isconsistoftwonaturalnumbersqandnsatisfying

thenextconditions

(1)q-Pswherepisprime.

(2)everyprimefactorofnisadivisorofq-1･

(3)Ifq…3mod4thenn≠Omod4

Itiseasytoseethatif(q,a)isaD-pairandmisadivisorofn,then(q,m)isaD-pair.We
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shalldenotebyJaJ" theorderofamodn

Thefollowingtheorem isfundamentaltoconstruct丘niteDicksonnear五elds.

TheoFem 1.Letqbeapowerofaprimeandn>1. mefollowingareequivalent.

(1)(q,n)Lsa&pair

(2)崇 …omodnand誓≠omodnforl≦k<n
(3)n-Iql.(.-1)

(4)ThenatmapリOfZ/nZかinJlective･

リ‥2m.dn→ 吐± m.dn
q-1

Proof (1)⇒ (2):Wesetm-BEDwheresisaprime,q≡Jmodsand(A,S)-1.Thenwe

canseekom thenexttwoequa-tions･:imdLen-althatseJJ崇,incasesisoddorin case･S-
2andq…1mod4,andse'lt崇 in casesl-2andq= -1mod4･

qLll

q-1
=qA~l+-･+q+1≡ 2≠Omods

qJL l qL-1 qL'-1･ qL･･11

q-1 q-1 qL-1 qL''-I- 1

Thusset血gn-m,wecansee芸等…omodnbyusingtheonlyconditions(1)zmd(2)in the
definition6faD-pair.

Assume崇 …o山od..natndsfllnwithf≧1･nenf≦eincasesisoddorincases≦2and
g≡lm∝14･h casei-2andq=3mi 4,wehavef-1bythecondition(3)in the_de/Bpition
ofa&pair,andmisevenbythenextequation.

o≡空二 王=q･-I+...+q+l≡m mod2.
qll

Thusweobtainnisadivisorofbo･thm and崇 ･
(2)⇒ (1):Wecan writen-nonl Whereeveryprirhedivisorofnl dividesq-land

(TZo,q-1)-1･Since(q,nl)satiS丘estheconditions(1)and(2)inthedefinitionofaエトpair,using

theabove,weobtainql-q-1=lmodnl(qll)･

Assum eql'≡1modno･ Tknq-IS≡lmodnoandq.I'≡lmodnl(q-1)･nusqhl'≡lmod

n(q-1)by(no,nl(q-1))-1･Bytheassumption,nonュ-n≦nlSandsono≦s.Hencenoisthe

orderofqlmi nobyql･0-qh…lmodno･Thusnoisadivisorof9(no)byth占Euler,Stheorem.

Thismeansno-1andeveryprimedivisorofn-nldividesq-1･

Assum ethatq…3mod4andn-2ePwheree≧2andAisodd･Since(q･A)isa.D-pair･

wehave崇…omi 2･Thus
旦竺± 旦竺 土 旦ヱ± ≡omodP.
q-1 qA-1 q-1

ontheotherhand,wehave岩 手 …omod2efrom theequations

qd2-1 qA-1 q2211 q2'-1211_｣ q22-1
an d

q-1 q-1 q.2-1 q2'-2A-1 qA-1

3ヱ

=Omod4.
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Thusweobtainthenextcontradictionandsoe<1.

旦竺±≡omodn
q11

(2)⇔(3) and (2)令(4) areeasytoprove.

ThenextneedslaterforautomorphismsoffimiteDicksonnear丘elds.

伽 pBitionll.Let(q,n)beaDTPair. Wesetm-㌢ andI-舌 . 乃en

1.(〟,∫)-
2･incageq… -1mod4andn-2nowherenoLsodd
inanothercase

71

2.n- lqL,Lf(q,n)i(3,2)

Proof Wemayassum eq≧3Since(q,n)isaか-pair･WesetlZ-renoWherel･isprime,

(no,r)-1ande≧1.

Proofof1:Assum erisodd･Thenwehave･

. r.‖誓

ThusIisnotdividedbyr.

Assumer=2.

h caseq=1mod4,

2elJ
q--1

qll

ThusIisdd.

h caseq-- -1mod4andn-2no,wherenoisodd,wehaveq-o= -1mod4andso

41(q･･･1)･崇

q-ll

q-1

Thismeans∫iseven.

Proofof2:Nextweshallproven-)qI･if(q･n)≠(3･2)･Notingthatq-≡1modt･wPcan
setn-sk,k≧2fors- IqJ,.Sinceq'…1modi,wehave

n(q'-1)-A ･
q--1

q-1

forsomeA.Assum eP≧2.Thenwehaveacontradictions>3'-1from thenext.

∫≧

HenceA-1and

2 (q')'11

k(q-1) qL l ･i "q･)A-1･ ････q･･1),

q"-1
〃=
(qL l)(q-1)

2(k-1)q'-1>3'-I

Wesetrefln･h caseTisoddorin caser-2andg≡lmod4,Wehaverell崇 contraryto
re'lIn(q'-1)-崇 ･ Thusq…3mod4andson-2Since(q,n)isaD-pair･ Therefore
2(q-1)-崇 andsoq-3･

33
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2.Dicksonnearfields

Weshal1givethede五nitionof丘niteDicksonnear五eldsinthenexttheorem.

Theorem 2.Let(q.n)bea&pair,letF.･beajinitejieldoforderq",letp:x- xqbe

anautomoTPhismofF.IandletabeageneTlatOrOfthemultzblL'catz.vegroupF.チ. wedejinepP-P''

fora∈F.T,where崇 …smodnfora-W･.menwe･canconstructaDickwnnearjieldDq.bythe

sumandthenαtnewproductoinFq･. Fora,b∈Fq･,

aob-(岩pq'b' floor,aat=0.

Proof Firstweshallprove

p.9-pqpbfora,b∈F.チ.

weseta-ws,b-W･and崇 …S.崇 ･=-Imodn･Thenwehave

S･tq･･-也 .誓 q･･-q-1

Thusweobtainp.,A-PpPb kom thenextequation.

q/'''11

q-1
mod〟

pqb-PA..(A)-Pdbq/-Pu･'J./-P'W-pdPb

Fora.bED.7,wecansee

(Gob)oc-(Cob)p.,A(C)-(apq(b))p.(pb(C))-aPq(bpb(C))-ao(boc)

Itiseasytoprovetheassociativelaw fora-0orb-0.

Fora∈D.チ,wecans銃

ao(b+C)-apA(b+C)-a(pd(b)+p.(C))-apq(b)+ap.(C)-Gob+Doc

ltiseasytopmvetheleft distributivelaw fora-0.Wecanseealso

loa-Col-aforaEDr･

ThusD.･isafinitenearringwith theidentity 1･

OntheotherhandCob-ap.(b)≠Ofora≠Oandb≠0.
ItiseasytoproveD.誉isagroupandD.Iisanear五eld.

Thenextlerrmaisveryuseful.

LeⅡ皿a2･Letpbepn･me,letq-PLandletabeageneratorofthemultlblicativegroupF.T.

menF.･-Fp(a").

Proof Letp/betheorderofFp(W")IThenfisadivisorofPn.SinceE,(wn)contains(山〝,
wdp/-I)-1.HencepA'-1isadivisorofn(p/-1)zmdso

Jク



OnFiniteDicksonNearFields 73

'Z(p/-1)≧pbLl-(p(b7)J2+ 1)(p仏 )JC-1)>n(p(b')a-1)

Thusp/>p的'βEnd2>f･Hencef-Pn･
ThecenterofDr isdeterminedby也eabovelerrma.

hom ition2.F.由thecenterofD.･.

Proof LetEbezmqlementin thecenterofD.･･ Then

(p((wJ)-(own-who(-W"pal(()-a"(･

ThuspE(wk)-wn.ByLerrma2,Dr-Ep(a")andp(-1.Henceweobtain

(a-(p((a)-(ow-qOE-wpo(E)-wp(()-Wr

Hence(∈F.. OnthC｡therhandletα∈FJ-<W丙 >.Thenα-W岩 上肌ds｡pa=1.Thus
IJ--1

weobtainforb-W',

boa-bpb(a)-bp''(a)-baq'-ab-αpa(b)-aob.

Itiseasytoseeao0-0-Ooa.The托forewehavetheconclusion.

3.NearfieldsandSharply2-tru itivegmIups

Inthissection,Anitenear五eldsarenothingbutsharply2-transitivegroupsona丘nitesets.

LetKbeanear五eld,andletG==ix- ar+bla∈K',b∈K).menGisaf妃rmutatiOngroup

onK.LetuQ,V.beelementsin Gsuchthat

zL.:x- X+a,V.:x一一十 LZX

Then E-uo-Vl:x+ xistheidentity map･Wesetthesubgroups

U-(払Ia∈K),V-(V.la∈K')

ThenG-UV,GDU,UnV-tEi.ItiseasytoseethatUconsistofuoandfiXedpinト丘℃epermutations

肌dv-G｡≠fE).SinceGistrznsitiveonKandG｡istrzmsitive'onK',wecanseeGis2-transitive
onK. Go≠tE)zmdGqb-(E)fora≠b･
Conversely,weassum ethatGis2-transitiveona五山teset

K-(0,1,･･･,n-1LGo≠fe)zmdG4b-(E)fora≠b∈K･Thenwecansetastructtueofa

nearfieldin asetKbythefollowingmethod.

Itiseasytoseethatfora∈K'-K＼(0),thereexistsonlyonev.∈ V-Gowith V4(1)-a.We

definesum andproductofelementsa,binKbytheabovev.andthenextuadefinedinLerrma3.

a+b:-ub(a),ab:-va(b)fora≠OandOb:-0

35
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ThefollowlnglemmashowssomepropertiesoftheabovegroupG.

Le皿 3･LetGbeashalPly2-transitivegrouponK-(0･1･････n-1)andletUbethe
setconsistingoftheidentz'07andjfzxedpoint-jieepennutations･ Then

(1)Uz'sanonnalsubgroupofG_

(2)UiseZementalyabelian.

享,oof (1)ItiseasytoseepUpTl-Uforal1p∈G.Firstweshallprove,fork∈K書,there
existsonlyoneu.∈Uwith u.(0)-k,equivalently,thenextmapリfrom UtoKisbijective.

リ:u 一一 u(0)

ForT∈U-(1),thereexistsp∈Gowith p(T(0))-ksinceT(0)≠OandGoistransitiveonK'.

Wesetu.-pTP~1.ThenzL.∈Uandu.(0)･-k.Tもusリissurjective.Itfollowsfrom definition

ofGandUthat

U-G-∪(GD-1), (Go-1)∩(Gb-1)-¢f.raj=b
■∈∫

UsinglGJ- lGDIJaGl-lGdrlKl,wecanseelUI-IKI.Henceリisinjective.
AssumeqThasa丘XedpintPfc肝0,T∈U.ThenwerrlayassumeP-0sinceGistransitive

onK.nusT-q~1followsfrom q-1∈U,T(0)-q~1(0)andtheaboveobservation.Thismeans
qTEU.HenceUis'anomlalsubgroupofG.

(2)LetpbeaprimefactorofIUL孤dletTbeanelementoforderpinthecenterofrSylow
subgroupofU..Wesetq∈U-(1L Thenthereexistsp∈Gowith p(T(0))-O-(0).ThuspTP-1

-0followsfrom PTP-1∈UandpTPll(0)-q(0).Thustheorderofeveryelementin,Uis

porlandsooisin thecenterofargroupU･nusUiselementaryaklian･

nenextshowsKisanear五eld.

Tbeo陀 m 3.KisaneaT･jield砂 theabovedejillitionofsumandproduct_

Proof Firstweshallprovethenextequations:

仏的-zJb+db VqVb-vJ VDubVDl1-zJ4b

Thesefollowfrom

uoub(0)-礼(b)-b+a-ub･o(0),vDVb(1)-vo(b)-ab-yh(1),and

vmbVq~1(0)-vJLb(0)-vo(b)-ab-u.A(0)

Nextweshdlprovethenextbmthe血stequationandUisQOmmuta也ve･

a+(b+C)-ub+C(a)-ucub(a)-uc(a+b)-(a+b)+c

a+b-uD.b(0)-ubuq(0)-uqub(0)-uq(b)-b+a

a+0-0+a-ud(0)-a

a+uq-1(o)-uqll(o)+a-uD(Wall(0))-e(0)-0

36
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Weshanprovethenextfrom thesecondequationfora,bEK+. Fora-0orb-0,itiseasyto

proveourequations.

a(bc)-V.(bc)-V.(vb(C))-VQVb(q)-vd(C)-(ab)c

al-V.(1)-aヲe(a)-vl(a)-la

av{ 1(1)-V.-(vo-'1(1))-E(1)-1

Fora∈K',V.-1(I)≠0followsA10mv.(0)-0≠landYecanseev./･(1)-V.-Ibyv,/･(1)(1)-vQ- 1(1)･
Thuswehave

v/ 1(1)a-V,/1(I)(a)- Vrl(a)-V.-I(V.(i))-1

Thenextfollowskomthethirdequation

a(b+C)-V.(b+C)-V.(払 ･(b))-vJLeVQ-1(V.(b))-a.K(ab)-ab+ac

ThusKisanear丘eldbyour deh tionofsum andprduct_

4.Structureoftheml止tipliativegmupofaDick氾mnearfield

nenextgivestk structureofthemultiplicativegmupofaDicksonneaLr丘eld.

Thm m 4.LetD.AbeaDz'cksonnearjieZd･ThenLhfLsmeEa-cyclicwz'thgeneTlaLoT:Sb-a,

a-a-saLLThingEke〃exETleLbtiotzsinD.チ.

q--1
a.-I,b･-a,,bah-1-a..wherem-- ,I-一空-

n ' q-1

Proof Itfollows血)mp.q-p.p,thatリ:I- P.isahoLrm OrPhismfromD.Itotkautomorphism

groupofF.･overF...ItiseasytoseeKerリ-<a> andtk 血ctorgroupD.f/Kerリisgenerated

bytheclassofaI.

Itiseasytoseefrom aox-LZXforx∈D.･thatTnistheorderofa. nes∝ondeqtiadon
■l

b"-ai=丁followsfromthenext

b"-aOwO-･○也I
■l
-a'Tq∈ <a> andsob'oI-b-xforx-∈D..

ba-wow'-aIP.(a-)-WP(a-)-WP'1-aqb

wesetG-D.チ-<a,bra--1,b･-aL,bob-】-al>,where(q,n)isaか pair,-m-吐±andi-舌 ･〟

Thenextpropositionisimportantin Proposition4.

Pmzmition3･mesubgroup<a'> 由 thecenteT･OfG.
prooj:ItfouowshTOmlproposition2thatFJisthecenterofG. Sincetheorderofa･is

q-1,wehave<a'>-FJ.

LetG-G/<aL> andletqbe anautomorphism ofG.Then

百-<a,aJa'-1,b･-1,bib-1- が >

37
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and6isanautomorphism of百deBnedby6(i)- 古て万 forx∈G.
Thenextneedsf♭rautomolphismsof丘niteDicksonnear五elds

触 ition4. Weset

a,-(aa2
incaseq… -1mod4andn-2nowherenoisodd
inalZOthercase

menthesubgroup<al>ischwacteristicinG.
Proof If (q,n)-(3,2),then1-2and<a2> isthecenterofG･SowemayassL-e(q,

n)≠(3,2).LetobeanautomorphismofGandlet5(a)-akbP.Thenitfollowsかomthenext

thatb'2∈<a>.
qJl-1

1-(ak占L)I-ak石に75̀A

Hencea-b'Lab-LL-aq''.Thusq'A≡lmodtan°hencebyProposition1,tP≡Omodn.
Incase(n,i)-1,wehavep-nco. Thus

市有 -5(a)三al52-a▲(b･)L｡- ak

Hencewehaveα(〟)_∈<β>.

h case(a,i)-2,wehavet｡-2≡omodn｡and p-noP｡,wherei-210and'Z-2no･ n us

㌃∈野 -5(a2)-(akbA)2-à(1'1つ石2L- ak(1'1')(石･)L｡-ak(1'ql

Hencewehaveo(a2)∈<a2> since1+qLandia托 eVen.

5.AutoⅡ虻灯pllismsofDick5mnnearfields

Tbenextlen aneedslater.

Lemma4.IfF.･≠F.(al),thm (q,n)-(3,2).

Proof ltfollowskom Lemma2andsettingofal (seen℃POSidon4)thatal-a2,n-21Zo,
lF.(al):F.]-n｡andm-_i(q-1)iseven･Sinceal∈F.(al)aLndtheorderofalism｡-冒,we
havem｡isadivisorofqJ'-1.

4n｡-2n-(q･o･1)崇 2q･o･123no+1

Itfollowsfrom theseinequalitiesthatTZo-1andq-3,nam ely,(q,n)-(3,2).

Thefollowingtheorem characterizesautPmOrPhismsof五miteDicksonnear五elds.

Theorem5･Assume(q,n)≠(3,2).wesetq-Pewherepisaprimeandh- lpl.･ LetA .･

beaDzrckgonnearjieldandletz):x→ xpbeanautomoTPhismofF.A. menoLsanautomoTPhism

ofD.･lfa17donlyzfo-LJ'forsomes=Omodh.

proof Letqbeanautomorphism ofDq･. Wesaw in Lelnma4thatF.･-Fp-(al)wherea

Jg
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is･ageヮeratorofF.!.a〒 w naLndalWasdefinedinPropsition4･Iff(x)istheminimumplynomial

ofalOVerFp,thenf(I)isalsotheminimum polynomialofq(a.)overFpbecausea.,q(al)∈<W">
byRoposidop4andsoa.oy-aly,0(al)oz-0(a.)Z･HenceaisaLnautOmOrPhism ofF.･and

oエ リ3forsomes.

Ontheotherhand,thereexistsdwith o(d)-Cforan arbitraryc∈F.･.

o(a)p.(C)- o(a)pd(0(d))-q(a)opq(4)-q(aJP.(d))

-..q(aJOd)-a(aJ)oq(4)-a(aJ)p..(q)(0(LD)

- q(aJ)po(u)(C)

Therefore

PdI=Pq(q)

Weset

qb')I-1
≡p'md n

q-1

p(p')I-pq(.)-p.-p.nus(p')′≡1′modn.ByTh叩 n1,wehaveP'=lmod､n.n uss≡O
modA. t

Conversely,weassuI批 thatq-リ̀forsorhes≡OmodA.Wesetc-Wtwhe托alisagenerator
ofF.誉･Thenq(C)- w Q,Landbythecondi喧on,wehavep'k…kmodAsinceP'…lmodn.Thus

qb't)I-1

q-1 ` q-1

Thus(p･k)･…k･modAbyTheorerhlandsopq(,)-pb'-)I-pY-.p,forallc∈F.t.Hencewe-have

forCEF.f

o(cod) - q(cp,(d))-q(C)q(p,(d))-q(C)qp,(4)

- q(C)p,d(a)-q(C)p_q(,)q(d)
-q(C)oq(d)

Itiseasytosee加 equationq(Ood)-q(0)oq(4)･

Thenextpmpsi也onprovidestheautomorphism groupofD3･

Prpp鵬ition5･meazJtOmOTPhL叩 grOZJPÅut(D3･).ofD3Zis申omoTPhictothe叩 metricgrozJP
S30fdegTTee3.

Proof WesetFf-F3lx]/(x2+1)andi-豆 istheclassofx･LetT,0beautomorphisms
oftheaddidvegroupofD31definedby

T(a+βi):-a-Bi.a(a+βi):-a+β+Bifora+Bi∈D31

wherea,β∈F3andi2--1.Thenitiseasysed

<U,TJq3=;1,T2-1,TqT-1-02>=～S3

…p･k=k=旦二± md n一■ ■■
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Weset(〟.;-1-i,b:-a,a:-u2-i･ThenaJisageneratorofF3fandwe甲nSeefrom the

definitionofD32,

u kOx=
(

u kx ifkiseven

aJkx3 ifkisodd

Itfollowsfrom Theorem 4anda2=11that

Dp･-<a,bJb2-a2--1,bab=a>

Ifレisanautomorphism ofD32,then リfixesanelementsofF3andso LJisdeterminedby

I)(i)-A+ni,whereA,17∈F3. It･iseasytoseen≠0. ThusJAut(Lhz)l≦6. IfT,0 are
automorphismsofLhz,thenwehavetheconclusion

Aut(Lh.)⊆S3

FirstweshallprovethatIisanautomorphism ofD3Z.

T(LZ)-T(i)-TZ･--a,T(b)-T(1-i)-1+Z･gab

Notinga2-(ab)2-b2--1,wehave

T(a)2-T(b)2--1,T(b)T(a)T(b)-ab(-a)ab--ia-T(a)

NextweshallpmVethatqisan autorrmrphsm ofD37.

g(a)-o(Z')-1+Z-=W2ow-ab,o(b)-o(1-i)-1'--a

Noting (ab)2-a2--1and-ba-ab,wehave

o(a)2-0(b)2-ll,0(b)q(a)q(b)-(-a)ab(-a)-ab-q(a)
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