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Leti(a-)beI.henilpotencyindexoftheradicalJ(KG)ofagroupalgebra
KG ofafinite㌢solvablegroupaoverafieldK ofchar叩teristicp>0.
Th亘 itiswellknownbyD･A･R･Walla& f7]that

pe≧t(a)≧e(pll)+1,

wherepetisthe.orderofaSylowp-subgroupofG･
比 Fuknshimafl】Characteri21edagroupaofz>length2satisfyingi(a)-

e(p-1)+1,seealso【4】･Unfortunately,hischaracterizationhold声undera

conditions'uchthatthepLpartV-99,,p(堤)/Op(a)ofais?belian･
h thispap.er,usingDidksonnearfields,weshal1givean explicitexample

(seeExamplel).such帥atagroupaoft>1ength2hasthenonabelian'p'-
partYandsatisfiesi(a)-leわ-1)+1.Thisexam plewillbenewand.h?ve
acontributiorLS.in.Ow research.Example2isalsoveryinterestingbecapSe
quitedifferehtobjects(･see【31and【5])訂euPifiedonthegroundofDickson
near丘elds.

Let_H beasharply2-foldtransitivegiouponA -‡0,1,α,β,･･･,7)
(see控,._.-p･22])･_LetV -HobeastabilizerofO,andletU betやe芦et
consi-stingoftheidentityEand丘Xedpoint-freepermutationsin'H.ThenU

isanelementaryabelianFsubgroupofF_withtheorderpS(seeLemmi1).
LetqbeapermutationoforderponA8atisfyingconditions

qHq'i-1cH, qP-1, q(0)-0 and q(i)-1.

ThenitiseasytoseeqUq-1⊆ Uandqレグ-1⊆V.wesetw -(a)and
Cv(q)-(V∈VJqv-vql･AsSum ethatthereexistsanormal･stlbgroupT
ofWVcontainedinVsuchthatV isasemi-directproductofTbyCv(q).
wesita-(W,T,U).

Now,WepresentthewellknownresultsLemmasland2forcompleteness
ofthispaper.

Lemma1.Uisanormalandetementa'yabetianp-subgroupofH.

P"of･Firstweshallprove,forkEA'-AH OJ,thereexistsonlyone
uk∈Uwithuk(0)-k,equivalently,thefollowingmapz,from Uto△is
bijective:

Z/:u lu(0)･
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52 K.MOTOSE

ForT∈U＼tE),thereexistsp∈Howithp(ナ(0))-ksinqeT(0)≠0andHo
istransitiveonA'.Wesetuk-PTP-1･ThenukEUanduk(0)-k.Thus
I/issurjective.ItfollowsfromdefinitionofH andUthat

U-H＼∪ (Ha＼fE)), (Ha＼tEI)∩(Hb＼fEI)-め-fora≠b･
aEA

UsingJHJ- lHaHaHl- )HalI△t,whereaH isanorbitofa,wecansee
fUl'-J△1･Henceuisinjective･

AssumeqThasafiⅩedpointefor叩,T∈U･Thenwemayassume2-0
sinceH istransitiveonA andpUp-1- UforpEH･ThusT- 71-1
followsfrom 7rl∈U,T(0)- 7rl(o)andtheabovedbservation.This
means71T∈U･HenceJUisanormalsubgroupofHbecausepUp-1-Ufor
allp∈甘.

Now,weshallshowUiselementaryabelian.Letpbeaprlme鮎 torof
JUJandletT.bea'nelementoforderpinthecenterofaSylow･Vsubgroup
ofU･Wesetll:'∈U＼fE)･Thenthereexistsp∈Howithp(T(0))-71(0).
TlmsPTP-1-やfollbwsfrom FnP-1∈UandPTP-1(o)-77(.0).Thusthe
orderofeve'ryelementinUisporllAndso711Sinthecenterofaz>group
U.ThusUiselementaryabelian. D

ThenextshowsAisaneaLrfieldofcharacteristicp.

Lemma2.A isanearPeLdo/chwacterisLicpandqisdnautomorphism
o/A_

Proof_First,weshdIprovethatA isanearfield.Wecansetastructure
ofanearfieldinasetAbythefollowlngmもthod.ltfollowsfromLemma1

thatthereexistsonlyonet▲a∈Uwithua(d)-afora∈A.Itiseasyto
seethatfora∈△'- △ ＼(0),thereexistsonlyoneva∈V - Howith
va(1)-a･Itisclearfromdefimitionthatuo-vl-E･

Wedefinethesum andtheproductofelementsa,binA byusingthe
abovevaandtlb:

a+a:-ub(a),ab‥-va(b)fora≠Oand Ob‥-0･

Firstweshallprovethenextequations:

tLatLb-tLb+a,VaVb-Vab and vapbVaTl-tLab･

Thesefollowfrom

uaub(0)-ua(a)-,b+a-ub+a(0),

vavb(1)-va(b)-ab-vat(1),

vaub吋1(o)-vaub(0)-va.(a)-ab-Nab(0)･

舛
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Nextweshallprovethe.nextequationsfrom･thefirstequationandthe
commutativityofU:

a+(b+C)I-ub+C(a)-ucub(a)-uc(a+b)-(a+b)+C,

a+b-ua+b(0)-ubua(0)-uaub(0)-ua(b)-b+a,

a+0〒0+a-ua(0)-a,

a+uaTl(o)-uaTl(o)+a-ua(uaTl(o))-E(0)-0.

We'shallprovethenextequationsfromthesecondequationfora,bEA'.
Fora-0orb-0,itiseasytOProveOurequations:

a(bc)-va(bc)-va(vb(C))-VaVb(C)-Vab(C)-(ab)C,

al-va(1)-a-e(a)-vl(a)-la,

a吋1(1)-va(吋1(1))-e(1)-1.

Fora∈△',va-1(1)≠0followsfromva(0)-0≠1andwec- seevvATl(I)-

VaTlbyvvtl(.)(1)I-vaTl(1)･Thuswehave

va-1(1)a-vvJl(i)(a)-Va-1(a)-吋1(va(1))-1･･

Thenextequationfollowsfromthethirdequation:

a(b+C)-va(b+C)-Vム(uc(b))-vatLc吋1(va(b))-Wac(ab)-ab王ac.

ThusAih near-fieldbyourdefinitionofthesumandtheproduct∴Moreover

AisofcharatteristicpbecausetLp･1- IL写-e-uo･

Next･weshallshowqisanautomorphismofA｣tis'eBLSytOS既 fromthe
definitionsofUandVthat

qUq-1⊂U and qVq-1⊂V.

ItfollowsfromthedefinitionsoftLaandvathat

quaq-1'-tLq(a) and qvbq-1-vq(a)

byequations

quaq-I(o)-qua(o)-q(a)-uq(a)(o)
add

qvbq-1(1)-qvb(1)-q(b)-vq(b)(1)･

Sinceqisapermutationon△,itfollowsfromthenextequationsthatqis
anautomorphismof△:

uq(a+b)-qua+bq-1-quaq-lqubqll-uq(a)uq(b)-uq(a)+q(b)

and

vq(ab)-qVabq-1-cTVaq-1qvbq-1-vq(a)vq(b)- Vq(a)q(b)･
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54 K.MOTOSE

Wecanseefrom Lemma2andtheclassificationoffinitenearfields

(seel9])thatA isaDicksonnearfieldbecauseA hasanautOmOrPhism
oforderpwherepisthecharacteristicofA.

Lemma3･WTisaFrobeniusgroupWithkernelTandcomplementW･

Proof.WenoteW nV-(E)sinceq(1)- h Let3;-qkv beanelement

ofWT＼W,whe_rev∈T,andletxllqsx- qt≠ EbeanelemFntof
I-'lwxnw･Thenwemayassumes- 1becausetheorderofqisp･
Thus x-1wxnw containsv-1qv=q事.Theelementqト1=V-1･qvqllis

containedinW nV-(e)･Henceqv--･Thusv∈Cv(q)nT-IEIand
I=qkv=qkiscontainedinW.Thereforewehave

x~1wxnw -fe)forx∈WT＼W. ロ

Lemma4.a-TCG(q)T･ ･

Proof.ClearlyTCG(q)TcontainsTandW･Letu6bean arbitraryelement
ofU＼tE),Where6isan arbitrary elementin△'-△＼(0)･Tわenv6-
vTV入-VT入 WherevT ∈Tan°v入 ∈Cv(q),namely,q(A)-入･TlmS6-7人

andsotL6 - V,u入V,-1∈TCG(q)T･Itfollowsfrom U ⊂ TCG(q)T that
a-TCG(q)T･ □

Lemma.5･(J(KW)fKG)n⊆J(KW)nfKG,whereテ-∑teTi･

Proof･SinceTisnormalin_WVânda-TCG(q)TbyLemma4,wecan
s館 Sq-qSforeverys∈TKGT-テKCG(q･)i.clearlyther甲ultholds
forn-1･Assll甲ethattheresultholdsforn･Thenuslngthelastassertion,
weconcllldethat

(J(KW)fKG)n+1⊆ J(KW)nテKGJ(KW)テKG

-J(KW)nテKGf･J(KW)KG

⊆J(KW)n+1テKG. □

Theorem･LeiSbeastLbgrotLPOfVcontainingTa?dtetps+1beikeorder
ofaSytowp-su軸roupWUofM -くS,W,U)･Thent(M)-(S+1)b-1).+1.

Proof.Letv bean arbitraryelementofS.Thenv-fcwherei.∈Tand
c･∈Cv(q).Hencewehave

vqv~1-icqc-1rl-tqr1∈a-(T,W,U).

NotingTisnor叫alinV,wehavethataisanormalinM andtheindex

IM:Gfisrelatively'primetop･Thereforeweobtaini(M)-i(a)andit
isenough toproveincaseM -e･SincetheradicalJ(KG)containsthe
kernelJ(KU)KGofthenaturalhomomorphismuofthegroupalgebraKG

ontoK(a/U),itfollowsthati,(J(KG))-I,(J(KW)i)byLemma3and

クb
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[2,Theorem 4】andsoJ(KG)- J(KW)fKG+J('KU)KG･SinceU is
anormalandelementaryabelian subgro.upoforderpS,it'isclearthatthe
nilpotencyindexofJ(KU)KGissb-1)+1..Onthe.otherhand,Lemma5′ヽ

.showsthat(J(KW)TKG)p-0.SinceJ(KW)fKGandJ(KU)KG are
rightidealsofKG,itfollowsthat

J(KG)(S+1)(p-1)+1-(J(KW)fKG+J(KU)KG)P+S(p-1)-0,

anqsot(a)≦(S+1)也-1)+1･Ontheotherhand(S+1)也-1)+1≦i(a)
byl7,Theorem3.31･ThiscompletQStheproof･ □-

Example1.Let(q,n)beaDicksonpairwherepisaprimeandq-prfora
positiveintegerr.Then(qP,n)isalsoaDicksonpairbecauseqP≡ -1mod4

ifandonlyifq宇 -1mod4･LetF-FqpnbeafinitefieldoforderqPnand
letD -D qpnbeafiniteDicksonnear fielddefinedbytheauto血orphism
T･･3 →xqPofF･Thenan automorphism q:x →.xqnofF isalsoofD

byl9,Satz18】or【6,The∝em 5】becausepTn-qn≡ 1modn(seealso【6,
Theoremll)･

Letubeageneratorofthe･multiplicativegroupF' andweseta-wn,
b- winF' . ThenthemultiplicativegroupD' ofD hasthestructure

l

D' -くa,bJam-1,bn-dt,bah-1-aqP),

wherem-誓 ,t主置 ･Hereweusetheusualsymbolastheproductin
D forsimplicity.DonotconfusewiththeproductinF.Weconsidersome
permutationson上〉:

tLc:XJx+cforc∈D, vc:xJcxforc∈D'.

Thenwehavesomerelations

ucud- ud+C,VcVd-Vcd,VctLdVcll- ucd?qucq-1-uq(C),qvcq-1- V.q(C)

onuc,vc,J.Weset

U-(ucJc∈D),V-(vcrc∈D'),W -くq)

and

T-fvc∈VIc∈くa誓 )).

ItiseasytoseethatUVissharply2-foldtransitiveonDiTisnormalin

wvandtheorderofTis等等becauseproductsofaandIinD arethe

sam eiふF･Ontheotherhand,thesetCv(q)is･equaltoF;n舶 aSetand

theorderofCv(q)isqn-1･Since笠寺andqn-1arerelativelyprime,we
〃一}haveV-Cv(q)T,Cv(q)nT-(E LetSb,easubgroupofVcontaining

TandM -くS,W,U).Theni(M)-(rpn+1)也-1)+1byTheorem,where
prpn+1istheorderofaSylowPsubgroupWUofM･
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56 K.MOTOSE

IfweputD -F fortheextremecasen- 1,Wehavethel.Samee軍ample
asinl3]･ ロ

Example2･If(q,n)≠,(3,=2)andiisnotadivisorofナ,thenDqnhasno
automorphismsofordefp,-AndsoweconsiderDqpn ･ ButD32 hasan･畠山to-

morphismqoforder3andwe･canconsiderthea銭ne占roupa- (U,V,U)
overD32 WhereP32重 a.Dicksonnear fieldsdefinedbyanautomorphism

3l7- 3ofF32-一木 lx]/(x2+1)- fs'+iiJi2--1,S,i∈F3),qisdefined
byq(S+ii)-3･+-i+'ti,randthepermutationgroupU,yaredefinedaSin
Examplel･ThisgroupaisisorhorphictoQd(3),namely,agroupdefined

bysemi-direct･pto..dt'ctofF!2)bySL(2,3)usingthenaturalactio恥 Wher｡

Fi2)is2-dimensionalvectorspaceoverF3andSL(2,3)isthespeciallihear

groupovei甘!2):h thiscase33isthe'orderofaSylow3-subgroupdfqand

itisknO砧 やTm 【51thatTt(a)- 9>7-3(3L喜一1)+1･

ThisobsbrvationisveryinterestingbtPa'聖 qtiite申frerentobjects(see【3】
and【5])LAre血ifibdonthegroundofDitk畠on血ぬrfields･ 口
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