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1.De丘nitions

Cyclotomicpolynomialsaredefinedby

On(I)- Ⅲ(xIEnk) t-t叫をh̀←'
(k,n)-1

whereEn-cos
(;)
+√∃■sin

(; )

andtheproductis

extendedovernaturalnumberskwhich打erelativelyprlme
●

tonwithl≦k_<n.

Example.

01(I)-Ill,02(I)-I+1,03(q)-x2+x十､1,
04(I)-x2+1,05(I)-X4+x3■x2+I+1,
06(I)-x2'-I+1∴‥

-M 6bius'functionpISalsodefinedby
●

1 ifn-1,

〟(可-
O -ifp2nforaprimeP,

●

(-1)r ifn-pIP2.･･P,Wherepkareall
●distinctprlmeS.

●

PI
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Example.

p(1)-1,p(2)-ll,p(3)--1,p(4)-0,

p(5)--1,p(6)-1,...

Funda山e血talproperties

Wecannowstatefundamentalpropertiesof

cyclotomicpolynomials･

1･T

hisformulaisequivalenttothe些 ofcyclotomicpolynomial

S.i;【2.Jtiseasytoseefromtheabov

ethat◎n isanintegerforan integera･Itisimportant

forus･3.Thisformulaisusefulforcalculationsof

cyclotoniicpolynomials.Forexamp
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4･ThisisessentialforGauss'theore中whichgiveneces一I

saryandsu氏cientconditionthatJe即larpolygoncan

eco tr tdb usin onlrulerandcompass･辿

竺rOuSOfcvclotomicfieldsardtrminedfromthis.

Weprovidean estimationofvaluesofcyclotomic

polynomialsI

Exam
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耳Ⅹample･WehaveJ217-3from

21… 2mod7722≡ 4mod7723≡ 1mod7

LetqbeaprimedivisorofaMersennenumber2p-1where
●

pisprime･Thenp-l2lqsincepisprime･Tlmspisa
divisorofqIlandq>p･Thisshowsthatthereexist

infimitelymanyprlmenumbers･h fact,startingfrom 2
●

wehave3,7,127,････Ⅰnthisargument,p〒t2Jqismost
important.･Wecangeneralizedthistothenexttheorem

whichisea5ytO rovebut ower forus･

Theorem 2･IfpLOn(a),thenn-pelaJp･
甲甲mple･Since018(2)-3･19,wehave18-32･l213-J2I19･
Forthenumbers18and2,wecan findapnme19with

●

18-J2)19.Butfornumber6and2,wicamOtfindsucha

primebecquse06(2)-3･Thisistheonly-exceptionalca主e
inthenexttheorem･

Thenextwasknom beforeonecenturymoreandwas

foundagainbymanymathematicians,butisnotsoport
●

ular forus.Thisfonowsfromtheabovetheorem andan

estimationcitedbefore.

Theorem 3(Bang)･Ifn≧3,a≧2and(n,a)≠(6,2),
thenthereexistsaJPrlmePwithn-

●

4
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4.Applicationstoalgebra

Cyclotomicpolynomialsprovidesomeimportanttheorems

onalgebra･

1



2･Forexample,wesetthenextnumberNn(q)foranat-
1ualnumbern ≧ -2and.aprimepowerq-PrWhere

●

pISPrlme･ThisnumberistheorderoftheproJeCtive
● ● ●

speciallineargroupPSL(n,q)

Nn(q)
1 n(n-1)

(qn-1)(qn-1-1)- (q2-71)

IfNn(q)-Nn.(qo)fordifferentpairs(n,q)≠(no,qo),
thenN3(4)- N4(2)- 20160,N2(7)i N3(2)- 168,
andN2(5)-N2(4)-60･

3.1nthelastpar tofWitt'sproof,wehavetheequatiわn
On(q)Iqll･ThiscontradictstoOn(q)
Itiseasytoseen-1fromTheoremffqf･!'However,

4.Itisaspecialcasebutisusedfrequently.

5.Noゃomments.

6.Forexample,thenextisan extensionofL也cas'or
Pepin'stest. t

Theorim 4.(1)p>3isprimeifandonlyifthere

existsanintegefcsuch.that(蛋)-llandOp-1(C)≡
Omodp.
(?)p>3is-primeifandonlyifthereexistsan integer

c>1suchthat(C3IC,P)-1,7-C+揮 1,

(響)-(翠)--landOp･1(7)≡0-odpO7-here
OTistherlngOfalgebraicintegersinQ(7)
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5.Cipher

Pseudoprimesareusefulforacipher.
●

Definition.AcompositenumberrLisaa-pseudoprime

ifandonlyifanl1_-1modn

Roughlyspeaking,everya-pseudoprlmeSisaproductof
●

divisorsdfcyclotomicnumbers◎n(a)′sforsomen,andcon-
versely.Thenextisaspecialcase,butusefulforacipher.

I■
Theorem S･IfdisadivisorofOn(a)and(d,n)-1,
1血enαd-1≡ lmodd

Weshallpresenta･CipherusingCyClotomicpolynomials.
●

WeshallrepresentbyZsthedirectsumoftherlngZof
●

integers.Let1,年,a,nbetheelem占ntsofZssuchthat
1-(1,1,...,I)r･istheidentityofZn,

a_-(al,a2,-,as),a-(bl,b2,･･･,bs),and
n-(nl,n2,･･･,ns)･

WeusethefonowlngnOtations･
●

a= bmodnifandonlyifak= bkmOdnkforeveryk.

(a,a)-1ifandonlyif(ak,bk)-1foreveryk･
an-(a芋ュ,a冒2,...,a冨S).

97



_雷_

Wecan constructacipherasfollows:Foraplaintext

a,letk-(kl,k2,･･･,ks)ande-(el,22,-.,es)bevectors
suchthatkiandeiaredivisors:of◎si(ai)with(ki,Si)-1
and■申ii(ai)with(ei,ti)-1where(si,ti)-1,respectively.
wesetrt-keandm-(k-1)(2-1).Theふwecan see

am = lmOdn.

Wechoosean encipheringkeyewith(e,-)-1andcalcu-
latethedecipheringkeydwith

●
ed≡ 1mOdm .Thenthe

senderAencipherawitha= aemodnandAsendsato

thereceiverB･ThenBdecipherausngrelationship
●

bd≡､aed≡amodn.
1

8g
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Example Tbencipheraword"BULLETIN",we丘rst
translate"BULLETIN"intothisnum ericalequlValence

●

a-(2,3,4,4,5,6,7,8).Wechoosethenextvector占k,Afor
α.

(05(2),05(3),05(4),05(4),05(5),喜05(6),
◎5(7),◎5(8))

(09(2),09(3.),喜09(4),喜09(4),09(5),09(6),

i09(7),09(8))

Thenweset

nL-k2,m -(k-1)(A-1)

selectingtheencipheringkeye-I291With(m,e)-1,We

calcdatethedecipberlngkey
●

d - (149,56309,48749,･48749,5507069,13528229,

60758069,296710709)

suchthated= 1mod- ･Afterthissetting,weusethe
followlngSequepCeSOfsteps･
●

(B,U,L,L,E,T,I,N)

(2,3,4,′4,5,6,7,8)
aemodn

- (1318,72681,3023821302382,11340745,

10593334,9683297･1,1191412216)

bdmodn - (2,3,4,4,5,6,7,8)
Cヒ (B,U,L,L,E,T,I,N)

9?
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