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PREFACE 

A tensor category is a linear category with operation of tensor product. The 
category of representations of a group and that of a Hopf algebra are major exam-
ples of tensor categories. By analogy with a module over a ring， a module over a 
tensor category is de長nedto be a linear categoηr with action of the tensor category. 
The theme of Chapters 1 and II is a correspondence between modules over different 
tensor categories. In Chapter 1 we relate the category of representations of a finite 
dimensional semisimple Hopf algebra to the category of representations of its dual 
Hopf algebra. We give a natural onかtかonecorrespondence between modules over 
these two tensor categories. In Chapter II we consider a situation in which a finite 
group acts on a tensor category. We then have the tensor category of invariant ob-
jects and the semi-direct product tensor category， as we make the invariant subring 
and the skew group ring from a group action on a ring. Using the correspondence 
of Chapter 1， we give a one-tかonecorrespondence between modules over these two 
tensor categories部 well.
Independently of the first two chapters， Chapter III deals with a special c総 eof 
the problem of cl槌 sifyingsemisimple tensor categori俗 havinga prescribed rule of 
tensor product decomposition. We take the decomposition rule for representations 
of the semi-direct product of the additive group and the multiplicative group of a 
主計tefield. Although we have not reached a complete cl部 sification，we give a few 
nontrivial examples of tensor categories having this rule. 
Chapter 1 and Chapter II are extracted fro知 mypapers [1] and [2]， respectively. 
Chapter III is an expanded version of my詑po武将]. 

1. A duality for modules over monoidal categories of representations of semisimple 
日opfalgebras， 1998， in submission. 
2. Invariants and semI-direct products for finite group actions on tensor categories， 
1999， in submission. 
3. Deforming the categories of representations of some semi冊directproduct groups， 
in the Proceedings of the 16th Algebraic Combinatorics Symposium， 1999， 
Fukuoka. 
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CHAPTER 1 

DUALITY FOR REPRESENTATIONS OF HOPF ALGE忠良AS

1. Summary 

Let A be a finite dimensional semisimple cosemisimple involutory Hopf algebra 
over a五eldk. Let A be the category of finite dimensional A-modules. As A is a 
tensor category， we have a notion of A叩modules:A right ，A-module is a linear cate-
goryルi叫uippedwith a bilinear functorん-1xA→ん1and coherent isomorphisms 
of associativity and unit. 
Let B be the dual Hopf algebra of A， and B the category of抗nitedimensional B冊
modules. The main result is that there exists a natural onゃtかonecorrespondence 
between right A時modulesand right B-modules with direct summands. 
This is related with the well-known duality theorem ([B拭]， [NT]) for Hopf alge-
bra actions on algebras. 
The correspondence between Aωmodules and βmodules is given by categorical 
analogues of Hom and 0 functors for usual modules. Let V be the category of k-
modules. Then V becomes an (A， B)-bimodule and also a (B， A)占imodule.For an 
Aωmoduleん1with direct summands， the corresponding βmodule is the cat匂ory
HomA(V， M) of A-I泌総rfunctors V→ M. Alternatively， this B-module is equiva-
lent to the B伽moduleんイ尋Al人whichis obtained by告訴lymaking the tensor product 
λイoA V then adjoining direct summands. An equivalenceん10AV会BV，:どんイ is
induced by an equivalence of (A， A)-bimodules V0B V c::: A. 
In addition， the e弓uivalencesV品BV c::: A， V0AV c::: B can be taken in a coherent 
way so that the tensor categories A， B， the (A， B)-bimodule V， and the (B， A)-

fA V¥ 
bimodule V form a matrix tensor category ( ~; ~) 

¥V B} 

2. Modules over tensor categories 

A k-linear category is a category in which the Hom-sets are k-vector spaces， the 
compositions are k-bilinear operations and finite direct sums exist. The notion of a 
ιlinear functor C→1)， and a k-bilinear functor C x C'刊の fork-linear categories 
C，C'，D will be obvious. Let廷om(C，D) denote the category of k-linear functors 
C→D. 

Tensor categories. A tensor category over k is a k-linear category A equipped 
with a k-bilinear functor①:AxA→人 anobject !， and natural isomorphisms 

αxヱZ:X 8 (Y①Z)…→(X 8Y) 8Z， 
入x:X → 18X，ρx:X→ X81

satisちringthe identities 

(αX，Y，Z 8 W)O:X，Y0Z，W{X 8αY，Z，w)口伐X0Y，Z，W伐X，Y，Z0W， (Ml) 
。X，I，y(X8λγ)ロ PX8Y  (M2) 

l 



for all objects X， Y，之W in A. See [EKJ or [MJ for details. 

Modules over tensor categories. For a tensor category A， a left A恥module
is a ιlinear categoryん1equipped with a k-bilinear functorθ: A xんf叫んイ and
natural isomorphisms 

αX，Y，M: X 8 (Y 8 M)→ (X8Y)8M， 

入x:M…→ IBM

for X， Y E A， M E M， satisfying (Ml) with (X， Y，之W)replaced by (X， Y， Z， M) 
and (M2) with (X， Y) replaced by (X， M) for all X， Y， Zι人 MEM.
A right A也moduleis similarly defined. 
For tensor categories A and B， an (A， B)-bimodule is aιlinear category M 
叫uippedwith k-bilinear functors 8: A x人イ→んイ?φ:ムイ xB→ M，and natural 
isomorphisms 

αX，Y，M: X 8 (Y 8 M)→ (X8Y)8M， 

αX，M，S: X8(M① S)→ (X8M)8S， 

伐M，S，T:M① (S8T)一→ (M8S) 8T， 

入M:M-→18M，ρM:M→ M81

for X，Y E A， M さ M，S，T E B satis今ing(Ml) with (X， Y， Z， W) replaced 
by (X， Y， Z， M)， (X， Y， MヲS)，(X， M， S， T)， (M， S， T， U)， and (M2) with (X， Y) 
replaced by (X， M)， (M， S) for all X， Y， Z E人 M モM，S，T，UをB.
For Ieft A-modules M and N， anんlinearfunctor (F，ゆ):λイ→λ{consists of a 
ιlinear長mctorF: M →λ( and natural isomorphisms 

ゆX，M:F(X8M)→ X8F(M) 

satisちringthe identities 

手X0Y，MF(ax，Y，M)立 αX'，Y，F(M)(X 8ゆY，M)ttX，yのM ヲ

ゆI，MF(λM)口 λF(M)

for all X， Y E A， M E M. We write (民的 =F occasionally. 
For A-linear functors (F， tt)，げに手'):M→ N，a morphism (F， tt)→ (F'， tt') is 
a natural transformation σ:F→F' satisちTing

手L，MσX0M= (X8σM)手X，M

for all X 在A，MEん1.
With this notion of morphisms， we have the category of A冊linear長mctorsλイ
λ{， denoted by HomA(M，λfト
For A-linear functors (F， tt): M → λ{ and (G，ψ):N→ P， their composite 
(G，ψ) 0 (F，ゆ)is defined to be the Aωlinear functor (G 0 F， 8) : M →P， where 

。X，M ψX，F(M)0 G(ゆX，Mト
2 



Thus we have the composition functors 

HomA(λf， P) x HomA (Mヲ入f)→ HomA(M， P)， 

which are strictly associative. AIso we have the identity A-linear functors IdM 
in HomA(M， M)， which are strictly unital for composition. 80 the categories 
百omA(Mヲλf)for all A・-modulesM，λf constitute a 2-category， denoted by A-Mod. 
An A-linear functor F: M →λf is called an問uivalenceif there are an んlinear
functor G:入f→ M and isomorphisms F 0 G ~ 1 in百omA(λf，N)，GoFさ 1in 
HomA(M，M) 
Let V be the tensor category of finite dimensional vector spaces over k. Any 
k-linear category C becomes a left V-module by setting kn ~ X Xn， the n-fold 
direct sum. 
Let乙bea (8，A)ゐimodule.If N is a left 8-module， the category狂om13(L，N)
becomes a left A-module. The action is defined by 

(X 8 F)(L) = F(L 8 X) 

for X E A， L EムFモHomB(乙，Nト
Moreover we have a functor 

争λr，N':HomB(λf，N')→ HomA (HomB (ζ，N)，HomB(乙，N'))
G 1-+ (F 1-+ G 0 F) 

for 8-modul側 N，N'.The functors <TN.N' preserve horizontal compositions and 
unit l-cells. 
The ユfunctor百omB(ι-):8-Mod →んModconsists of the assignment 

8-module N←→ A-module HomB(乙，N)

and the collection of the functors争λr，N'for all 8-modules N，N'. 

Tensor product of modul偲・ Fora right A-moduleん1，a left AィnoduleN， 
and a k-linear categoryζ7組 A-bilinearfunctor (F，α): M xλf→ζconsists of a 
九bilinearfunctor F: M xλf→ L and natural isomorphisms 

satisfying 

。M，X，N:F(M，XのN)→ F(M8X，N)

F(OM，X，y， N)OM，X0y，NF(M，αX，Y，N) =白M0XぷNαM，X，Y0Nヲ

αM，l，NF(M，入N)芯 F(PM，N)

for all M モλイヲ N恋人f，X，YEA.
With an obvious definition of morphisms， we have the category of A即bilinear
functors M xλf→ ζ) denoted by BiHomA(M，N;ζ). 
We will construct a k-linear category M ~A N and an A-bilinear functor M x 
N→ M @A N inducing an equivalence Hom(M @A N，ζ)→ BiHomA(M，N;め
for any k-linear category 1.二

3 



As a k-linear category， M 0AN has the following presentation by generators and 
relations. Objects are白lItedirect sums of symbols [MヲN]for M E M ヲ N ελr.
Generators for morphisms are symbols 

[j，g]: [M，NJ→[M'，N'J 

for morphisms j: M → M' in M and g: N →N' in N， and symbols 

αM，X，N: [M，X0N]-→[M0X，NJ 

α~.X.N: [M0X，N]-→[M，X0NJ 

for ob jects M 人イ，X E A， N E N. Relations among them are 
(i) (linearity) 

[f十1'，g]二二 [j，gJ + [f'，g]， [j，g十g']= [f，g] + [j，g'] 
[αj，g] α[j，g] [j， agJ 

for morphisms j， 1': M → M' inル1，9ヲダ:N→ N'in N， and αξ  k. 
(ii) (functoriality) 

[fゎg2][h，g1] [j2h， g2g1J 

for morphisms h: M1 →具合ヲん:M2一→ M3in M and g1: N1 → Nz， 
g2: N2→ N3 inλ人and

[1M， 1N] = 1[M，NJ. 
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(iv) (naturality) 

。M'，X'，N'[f， U 0 gJ口 [j0u，g]αMλN
for morphisms j: M → M' in M， u: X→ X' in A， g: N→ N' in N. 
(v) (pentagon and triangle) 

[αMλy，lN]αM，XのY川 (1M，役X，y，N]

αM，I，N[1M，PN] 

G.M①X，Y，Nαλf，X型Y0N，

i入M，1N].

The bilinear functor T: M x N 叶 M 0 A N is defined by 

T(M， N) = [M， N] for objectsラ
T(j， g) = [j， g] for morphisms. 

The isomorphismsαM，X，N then give T a structure of an A-bilinear functor. 
From this construction， it will be obvious that for any k-linear categoryιthe 
functor 

Hom(M0AN，乙)→ BiHomA(MヲλfjL)
G日 GoT

4 



is an e弓uivalence.
Let ζbe a (β，A)-bimodule. Ifルfis a le此A-moduleヲζ0Aん1becomes a left 
B-module‘ The action is defined by 

S① [L，M]立 [3θL，M]

for 3モちを M モムペ、 Lモ乙.
Moreover we have a functor 

守M ，M':HomA(M，M')→百omB(L:0A M，乙0AM')

G←→([ムM]~ [L， G(M)]) 

for A.必 odulesん1，ルヂ.The functors ¥T M，M' pres伐 vehorizontal compositions and 
unit l-cells. 
The 2-functorζ0A -: A-Mod → B-Mod consists of the assignment 

Aωmoduleんイ←→Bωmodule乙0Aんイ

and the collection of the functors骨M.M'for all A知modulesん1，んイ仁
We have also an Aωlinear functor 

んイー→ HomB(ι乙φAん1)
M~ (LH [ムM])

for an Aィnoduleル仁川lda B-linear functor 

入f0A註om.8(ιN)…→入f

[N，F]日 F(N)

for a B-module N. These are natural in M and Nヲrespectivel)に
Furthermore we have an equivalence 

HOI均(ぷ0AM，N)→註omA(M，HomB(ιλf)) 
F ~ (M ~ (L ~ F([L，M]))). 

Bicategories. A bicategory e consists of a set J， a collection of k-linear cate-
gori部 eijfor i， jεJ， bilinear functors 0ijk: eij X ejk→ eik for i， j， k E 1， objects 
Ii E eii and natural isomorphisms 

伐Xヱz:X①ijl(Y 0jkl Z)→ (XのijkY) 0ikl Z， 

λx:X…→ Ii 0iij X，ρx:X…→ X①ijjん

for X Eごか Yε ejk，Z ekl satis炉開 identitiesanalogous to (担1)and (悶2).
See [B]. 
For a bicategory e， each categoryιbecomes a tensor category and eij becomes 
an (eii， ejj)-bimodule‘ Moreover 0ijk:εij X ejk →eik becomes an ejj-bilinear 
functor， and hence induces a functorεiJ 0Ejj ejk叶 εik.This in turn becomes an 
(εU， ekk)-linear functor. 

5 



Idempotent splitting property. A category C is said to have direct sum-
mands if any idempotent endomorphism e: X→X in C h部 afactorization e = ip 
with p: X→Y， i: Y→X and lyロ pi.The envelope C of C is the category dゃ
fined as follows. An object of C is pair (X， e) of an object XεC and an idempotent 
e旺混同X.A morphism (X， e)→ (X'，e') is a morphism f: X→ X' in C such th批
feニ f e' f. Then C has direct summands組 dthe functor C →C: X ~ (X， 1) has 
the following universality: For any category D with direct summandsヲtheinduced 
functor 

註om(C，の)一→ Ho恐(C，D) 

is an equivalence. 
For a tensor c拭egoryA， A飾品10dkdenotes the 2-category consisting of left A鳴
modules with direct summands. IfんtisanAωmodule，then λイbecomesnaturally 
an A-module. For a right A-module M and a left A-module N， the envelope of 
M 0A  N is denoted by M0AN. 

3. Theむicategoryassociated with the duaI pair (A，β) 

Let A be a註nitedimensional semisimple cosemisimple involutory Hopf algebra. 
Let β 口 A本 the dual Hopf algebra. Put A A-Mod， B β-ModヲVここ b活od.
In this section we construct a bicategoryε， in the sense of 8ection 2ヲwithindexed 
set J立 {1，2}such that 

(2:之:)べtJ)
The canonical pairing between A and B is denoted by (ーヲート After8weedler's 
book [8]， the le立action~ and the right actionん ofA on B are defined by 

α ~b 口玄 b1 (α ，b2)， 

b"--α=芝;(01)b2

for αE  A， bεB withム(b)= b1 0 b2， so th拭

(α'，a b) = (α'a， b)， 

(α'，b "--α)口 (αα"b). 

Then the left action -r and the right action -r-of A on B are defined by 

α-r b = b S(a)， 
b でー α 工 S(め~ b. 

We need to choose linear isomorphisms A→B，B→A in a special way. 

PROPOSITION. The7iεε託stlinear isornorphisr:獄中:A→ B，ψ:B→ Asuch that 

手(α'a)=αF…サ争(α)ぅ

手(b' α)= b'争{α)，
ψ(b'b) = b'寸 ψ(b)，
ψ(α， ~ b) a'ψ(b)， 

6 

ゆ(αイ)=副司令-d，

ゆ(αι b')工科α)b'， 
ψ(bb')口 ψ(b)マ

-
b'， 

学(bια')口 ψ(b)a'



101' allαヲα，A) b，b'ιB]αnd that 

S'It争 1， Sゆψ=1.

Suchαpαi1' (仇ψ)is unique mod1山 γ'elation(争7ψ)f"V (入札λ-1ψ)10γscαlα1'sλヂO.

We長xsuch a choice ofや:A→ B，ψ:B→ A.
For X とAヲ Yε Bwe have maps 

where 

λx:X0A…→ X0A 

x0al---+乞α1X0 a2， 
ρx:AφX→ A0X  

α0xI---+ 2ン10α仏
sx，y:X0Y…→ X0Y  

x0YI---+乞αiX0 Yiニ乞Xj0 bjy， 
1'y: A 0 Y→ Y0A 

α0yI---+乞抗告ααi，

ム(α)口乞α10α2ヲ ω(y)=乞おれわ ω(X)=乞Xj0bj 

and ω:Y→ Y0A，ω:X →X 0 B are the right comodule structures coming 台om
the left module structures. 
These are all bijections with inverses given by 

λず:x0al---+乞S-I(α1)凶α2，

ρY:dZH乞α10S(αが，
βみ:x0yI---+乞S(αi)X0 Yi出乞Xj合 S(bj)y，

V1:ジ0al---+乞αS-I(ai)0 Yi・

Replacing the roles of A and B， we have similar mapsλy，ρy，sY.X，TX for XεA， 
Yε B. 
Now we define the bic試egory[ as follows. The index set is {1， 2}. Let 

[u = A，ε12 = V， 

ε21 = v，ε22 = B. 

The composition functors 

〈己主jk:[ij Xεjk→εik 

for しj，k = 1，2 are given by 

X①111 X' X 0 X'， 

Xθ112V 口 X0V，

V0211X V0X， 

Y①222 Y'口 Y0Y'，

Y 0221 V口 Y0V，

V 0122 Y = V 0 Y， 
V 0121 V' = VぉA0 V' ， V 0212 V' :二 γ0B0V'

7 



for X，X' E A， Y， Y'εs， V， V' V. Here the module structures of X @X'， Y合Y'
are the usual ones. In X @V， V@X， Y@V， V@Y the module structures of XヲYare
forgotten. In V @ A @ V'うVφB@Vヘweregard A， B as the left regular modules. 
The units 1 E &11， 1 E &22 are the trivial modules k. 
Next we define the natural transformations of associativity 

αijkl: 0ijl O(IEij X①jkl)→①ikl 0 (0ijk X lEkz)' 

α11111 0:2222，α1112ヲα2111ぅ伐2221ぅα1222are the identity.α1122ヲα1121，α1211，α1221， 
0:1212 are given by 

X0(V0Y) 

11 

(X 0 V) 0 Y 

11 

X@V@Y 一一一→ X@V@Y 
{βX，y) 

X0(V①V') 

11 

(X 0 V) 0 V' 

11 

X@VφA@V'一一一→ X@V@A@V'
{λ;1) 

V0(V'①X) 

11 

(V①V')0X 

11 

V@A@V'@X一一一→ V@AoV'@X
(ρx) 

Vθ (Y0V) 

11 

ヱヨお (V8Y)8V' 

V@A@Y@V'一一一→ V@YφA@V'
(ry) 

V 8 (V' 8 V勺ヱ~ (V8V')①V" 

11 11 

V o v' @B @ V"一一一→ V@A@V'JおV"
(ψ〉

for X E A， Y E B， V， VヘV"E V. Here (sx，y)， (')'x)，... stand for the maps induced 
by sx，y，')'x，... in an obvious way. The remaining α2211，α2212，0:2122，0:2112，α2121 
are de五nedby replacing A and Bラ手 andψ.
Finally the natural isomorphisms for unit 

入ij:1ε'ij →Ii (-)ヲ Pij:1ε‘j →(-) 0ijj Ij 

are given by the maps x日 1φx，xト-+x@1.

THEORE羽 . The dαtαι.j， 0ijk， Iilαijkl，λij， Pij constituteαbicαtegory &. 
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4. The correspondence between A-modules and 8-modules 

We keep the notation and the assumptions in the preceding section. Let Modk-A 

denote the 2-category of right A-modules with direct summands. We will construct 

a 2-equivalence between the 2-categories Modk-A and Modk-8. 

Since E is a bicategory， E 12 naturally becomes an (εll， E22)-bimodules. That is， 
νbecomes an (A，8)-bimodule. And similarly V becomes a (8， A)-bimodule. The 
composition①121 :ε12 Xε21→ ε11 yields an (ε1l，Ell)ーlinearfunctor E12 0[22 E21→ 
εll， that is， an (A， A)-linear functor 

P:V0sV→ A. 

Similarly， we obtain a (8，8)-linear functor 

Q: V0A V→ 8. 

As A has direct summands ， P extends to an (A， A)-linear fu町 tor

P:V@sV→ A. 

And similarly we obtain a (8，8)ーlinearfunctor 

Q:V⑧AV→ 8. 

As V is an (A，8)-bimodule， ifルイ is a right A-module， thenルイ 0AV becomes 
a right 8-module， and its envelopeん10AV becomes a right 8-module with direct 
summands. Similarly， if N is a right 8-module， then N@sV becomes a right A-
module with direct summands. 
For a right A-module M with direct summands， the functor P induces an A-
linear functor 

Pん:(M⑧AV)⑧ßV~M⑧A(V匂V) → M⑧AA~M ，

and for a right 8-module N with direct summands， Q similarly induces a 8-linear 
functor 

Q~: (λ/⑧sV)⑧AV→λ/ 

THEOREM. For any何ghtA-module M ωth direct summαT叫 Pムisan equiv-
alence of A-modules. 

And Q~ is an equivalence of B-mod山 aswell. To put it由時，巾 2-fun伽 rs

一③Aν
Modk-A +-コ Modk-8

一③Bν

are quasi-inverse to each other. 
The theorem follows from 

PROPOSITION. The functor P: V@s V → A is αη equivαlence of 
(A， A)-bimodules. 

By adjoint this implies also 

PROPOSITION. ForαηY right A-moduleん1with direct summαnds，切ehαveαη 
equivalence of right B-modules 

M⑧AV→ HomA(V，M). 
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5. Duality for Hopf algebra actions 

1n this section we relate the correspondence between category modules in Section 

4 with the duality of Hopf algebra actions on algebras due to Blattner and Mont-
gomery ([BM]). 1n the beginning we only assume that A is a長nitedimensional 

Hopf algebra and B is the dual of A. For a left A-module algebra R with action 
written (総

AxR→R: (α) r)日 αbアヲ

the smash product R#A is the algebra with underlying space R 0 A and multipli-
cation 

(時α)(付め LT(い内れ2αヘ
whereム(α)=2:α10α2・
A left R#A-module is thought of as a vector space M with two structures of an 
R-module and an A-module such that the R働modulestructure map R 0 M → M 
Is A-linear. 
Here are several facts whose veri長cationsare straightforward. 

(l)Itisk∞wn that R#A has a structure of a B-module algebra. The action 1> 
of B on R#A is given by 

b 1> ('γ 0a)=T0(b~ α.). 

(2) If R is a le丘Aωmodulealgebra， then the categoωryRヲ#手A
module over A伽占為沼10d.The action 0: R#A-Mod x A停Mod→ R子学A-Modis defined 
拙 follows:For an R#A俳moduleV and an A-module X， we set 

V0X コヱ V0X  

on which R and A act by 

γ(v 0 x)出向0xラ

α(v 0 x) =乞αlV0 a2X 

for γ E R， α E A. With this action V 0 X becomes 組 R子学A-module. The 
associ抗ivityisomorphism V0(X0Xう→ (V0X)0X'is tl柁 identityon V合X0X仁
(3) If R is a left A晦modulealgebra， then the c拭egory品 Modbecomes a right 
mod ule over B-・Mod.Indeed， for an R繍moduleV and a B-module Y， we set 

V0Y V0Y 

on which R acts by 

巾幻)口乞(αil>巾匂4・

Here ω(y) =乞Yi0αiand w: Y →Y 0A is the A-c∞omodt巾 S訴tr印u恥lctu町recωorrespondi泊n
t初othe β伽modt市 structureon Y. The associativity isomorphism V 0 (Y 0 Y')→ 
(V 0 Y) 0 Y' is the ide批itymap on V 0 Y 0 Y'. 
(件4)The action of A 
r陀e詰伊ar吋de吋da部sa B-module algebra a硲si治n(1り)coincide. 

Let R be a B同modulealgebra. Put A = A側担od，s B-Mod. By (2)， Rふ10dis 
a right A同module.

10 



Assume that A is semisimple， co間 misimple，and involutory. The ユfunctor

HomA (V， -): Modl心A→ Modιβ

takes the A-module R占10dto the s-module R#B-T.1od. In view of (4)， the quasi-
mverse 

日oms(V， : Modk-s→ ModιA 

takes R#βMod to (R子学B)子学ん討od.Thus we have 組問uivalenceof A-modules 

R-Mod ~ (R子学B)#A-J¥tIod.

This explains the J¥tIorita equivalence between R and (R#B)#A in the duality 
theoremおrHopf algebra actions. 
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CHAPT忠良 II

DUALITY FOR FINITE GROUP 

ACTIONS ON TENSOR CATEGORIES 

1. Summary 

If a group G acts on a ring Sヲwehave the ring of G幽invariantsSG and the skew 
group ring S[G]. We are here concerned with analogous constructions for a tensor 
category in place of a ring. Suppose that G acts on a tensor categoryごovera field 
k. This means that for each σεG， a tensor functor (j * : C →C is given and for 
each民ア在 G，a tensor isomorphismむ 0九告 (σγ)ホ isgiven in a coherent way. The 
tensor category CG consists of objects C of C 叫uippedwith isomorphismsιC~C 
s拭isfyi時 certaincoherence conditions. The tensor category C[G] is just the product 
eσEG C as a category， whose objects are expressed as EDa巴G(Ca，σ)with ιεC， 
and the tensor product in C[G] is defined by (C，σ)0(D，7)口 (C0ιD，σァ).
For a tensor category A， an A-module means a category with associative action 
of A. We as叩 mehere c抗egorieshave direct sums and direct summands. 
Our result is that if G is finite and k[G] is semi-simple， then CG-modl必sand 
C[GJ-mod叫esare in one-tかonecorrespondence. It is given by assigning to aζ[G]ω 
module X the CG-module XG of G-invariant objects of X. 
This is a simple consequence of the onゃto-onecorrespondence of Chapter 1 
between modules over the tensor c拭egoryof k[ G]ィnod叫esand mod ules over the 
tensor category of k[G]九modules，where k[G]* is the dual of the group algebra. 

2. Group actions on総 nsorcategories 

An action of a group G on a k-category X consists of d拭a

-functorsι:X→ X for allσ モG
-isomorphisms手(σヲア):(σァ)*→山 0九 for all σ，7ε G 
総 isomorphismv: 1場→ Idx

which make the the following diagrams commutative for allσ，7，ρεGandXを X.

(σァρ)*X (σァ)*んX

e桝仲仇町(伊h何山川σRげω，r押川T叩川ρ付)x1 1 ゆ仲仇附向(作仇肘Mσ久W川，グパ7け)
σ仇隼(ヤアρ付)事X---~ σ仇*7ιア九*p*X

九(ゆ(r，p)x)

、も22
'
'

I
A
 

，，ez
色、

x
 

M
ご九一

φ

I

 

X
 

(2) 

l*X l*l*X (3) 
Vlキ X
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Here commutativity of the last two diagrams means that the opposite arrows are 
inverse to each other. 

Let X， Y be categories with G-action. A G恥linearfunctor X →Y consists of 

-a 九linearfunctor L: X→Y 
-isomorphismsη(σ): L 0ι →む oL for allσεG 

making the following diagram commutative for all久ア εGandXι X. 

よ((σァ)本X)

み{φ{り )x)↓

L(σ*7*X) 

(σγ)ホL(X)

↓φ(O'，r)L間 (4) 

一一一→
η(σ).，.市X

σ*LC九X) 一一→
σ押 (r)x

σム L(X)

Let X be a category with G-actIon. The category of G-invariants in X， denoted 
by XG， is a k-cat句oryde長neda.s follows. An objects of XG is a pair (X， f)， where 
X is an object of X and f is a family of isomorphisms f(σ) :仇X → X for all 
σεG making the following diagram commutative for all σ，7 E G. 

(σァ)*X ι→ X
l
l
f
I↓
 

X
 
、aノT σ
 

''t
、
A
V
 

(5) 

σ*7*X 一一一→ σ事X
0'..(/.，.) 

A morphism (X， f)一→ (X'，1')in XG is a morpl出mu:X →X'in X such that 

f'(σ) 0σA口 u0 f(σ) 

for all σE G. 

EXAMPLぉ1.Let G act on the category V of vector spaces trivially. This means 
that all σ判ゆ(ぴヲア)，レ arethe identities. Then VG is the category of k[G]ωmodules. 

Let C be a tensor category with tensor product (A， B) 1-+ A.B， unit object 1， 
associativity isomorphisms QA，B，C: (A.B).C→ A.(B.C)， and unit Isomorphisms 
λA: I.A→ A，ρA: A.I -+ A 
An action of G on the tensor category C means an action of G on the k-c滋egory
C preserving the tensor structure. Namely it consists of data 

-tensor functors仇 :C→ Cfor allσG 
-isomorphismsゆ(σ，γ):(σァ)*→九 0九 oftensor functors for all σ，7をG
an isomorphism v: 1 *→ Idc of tensor functors 

making the diagrams (1)ベ2)ぺ3)commutative with obvious change of letters. We 
also use the word G-tensor category for tensor category with G也action.

By the definition of a tensor functor， the above σ* consists of 

-a functorの:C→C 
-natural isomorphismsψ(σ)A，B:山 Aσ*B-+σ*(A.B)おrall A，B E C 
-an isomorphism l-(σ): 1→ σJ 
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making the following diagrams commutative for all A， B， CιC. 

(仇A.σ*β).σ*C 

杓 )A，B，a.C1 

ぴ*((A.B).C)
σ.(αA，B，C) 

九 A.(山 B.u*C)

jι州 B.C

ぴ*A.σ事 (B.C)

↓いい似仰(付仙σ

σ*(A.(B.C)) 

(6) σ*(A.B)ム C
i
i
i
1↓
 

〆
え口MA

 

、zz''σ
 

，，筆、山V

1.1 f 

ι(σ).L{σ)↓↓L(σ) 

σ*1.u*1一九(1.1)→ σJ
ψ(σ)/.1 'a.(λI) 

The requirement thatゆ(σ，T) is a morphism of tensor fu恥 torsmean8 that the 
following diagram is commutative for all AヲBιC.

(7) 

(σT)*A.(σT)*B 
φ(a，T)一A一φ今(σ，T)B 

σ*九A.U*T*B

↓ψ(σ)"".A，"T・8

ψ(σT)A，B↓ σ*(ア'*A.九B) (8) 

↓σ寧{ψ(T)A，B)

(σT)*(A.B) 
φ(σ，T)A.B 

σJバA.B)

ln the presence of the c∞omml 
a mo引rphi詰smof ten鴎80佼rf臼unctor認s.Thus we could say that a G峨actionon the tensor 
category C consists of the data σhゆ(σ?ア)， ν，ψ(σ)，L(σ) maki時 thediagrams of 
(1)ベ2)ベ3)ヲ(6)ぺ7)，(8) commutative. 
Let C be a G機tensorcategory. The category CG becomes a tensor category as 
follows. The tensor product is defined by 

(A， j).(B， g)口 (A.B，h) (9) 

where 

h(σ) = j(σ)・g(σ)0ψ(σ)え〉 、22
，J
n
u
v
 

方
Z
A

J
'
e

‘、、

The unit object is (1， L -} ). The associativity and unit isomorphisms are inherited 
from C. 

We now construct another tensor category C[G]企oma G-tensor c拭egoryC. We 
set C[G] EDσωC as categories. 80 an object of C[G] is expressed as EDσ日 (Aa，σ)
with Aσ在C，and a morphism from EDaEG(Aぴ?σ)to EDaEG(B引ぴ)is. expres8ed附
φσω(f，σ，σ) withん:Aσ→ Baa morphism in C. The tensor product operation 
in C[G] is defined by 

(A，σ).(B， T)口 (A.山B，σγ) for objects， 
(j，σ).(g，ァ)= (j.σ4σァ) for morphisms. 
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The unit ob ject is (1， 1). The associativity is given by 

((A，σ).(B，ァ)).(Cうρ)ニ(A.σ*B，σァ).(C，ρ)=((A.σホB).(σγ)*C，σTp)

α(A，(l').(fJ，-r)，(C，ペ l(α(A，a，B，T，C)グ Tp)

(Aヲσト((B，T).(C，p))ペA，σ).(B.九C，ァρ)ロ (A.σホ(B.九C))，ぴアp)

whereα(A，O"， T， C) is the composite 

(A.σホB).(σγ)*C

1 (A.a*B)φ(a，T)C 
(A.σ*B).σ率九C

c
 

• 
γ
 
e
 

o
 

nn 
• 
6
 
A
 
α
 

i
l↓
 

A.(σ*B.ι九C)

1 A.1t仙川
A.ι(B.九C).

The left unitality 

入(A，σ):(1，1).(A，σ) (1.1*A，σ)→(Aヲσ)

is given by 

1.1事A I.A A. 

The right unitality 

ρ(A，σ): (A，σ).(1，1) = (A.σ*1，σ)→ (A，σ) 

is given by 

A.O"，J …ザノ ~ A.1 -ょこ→ A.

These data satisちrthe axiom of a tensor c拭egory.

EXAMPLE 2. With respect to the trivial action of G on V， we have the tensor 
category V[G]. Obj伐 tsare of the form φaEG(¥ふσ)with九モ ν.The tensor 
product is given by 

(V，σ).(W，T) (V0W，σγ). 

Thus V[G] is the category of G-graded vector spaces， or the category of k[G]へ
modules when G is岳民te.

EXAMPIぉ 3.Suppose G acts on a group A. Then the action of G on the tensor 
category V[A] is ind旧 ed.We have obviously V[A][G] V[A)<l G]. 

Let C be a G-tensor category. We 滋a符yview a C[G]トψmo吋dt叫dea郁.8a cat旬eg伊orηyh陥附a出可V咋ri恒n
actions 0ぱfC and G in a compatible way. 

おXAMPLE4. C itself is a C[G]-module: (C，σ).C' =C.σ*C'. 

EXAMP凶 5.A V[G]-modt恥 isnothing but aιcategory with G-action: 

(ムσ).X山山X.

If X is aC[G]叩module，XG becomes a CG-module by a similar action to (9)ラ(10).
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3. V札modulesand V[G]-modules 

Hereafter we assume G is a五nitegroup and the characteristic of k does not 

divi必 IGI.We denote the category of finite dimensional k[G]-modules byνG， and 
the category of finite dimensional k[G]へmod泊 sby V[G]. 
We make V into a (V[G]， VG)ーもimodl山.The action of objects are given by 

Y噂V=YQ9V，V.X VφX  

for X VG; Yι V[G]， VεV. The associativity of actions 

(Y.Y').V→ Y.(Y'.V)， (V.X).X' →V.(X.X') 

are the identity maps， while 

(Y.V).X→ Y.(V.X) 

is the map 

(y ， γ) ∞ V Q9 X~(ジヲア)Q9 V Q9 í- 1 X ，

where X εX，υε V，γε G，総 d(y，ァ)is an element in theれ co恐 ponentof the 
G-graded space Y. 

The duality theorem of Chapter 1 in the case of a group algebra is as follows. 

THEOREM. The 2-functors 

VG命Modk
日OffiV[GI(ν，一)

V[G]-Modk 

αre雪uasi-inverseto each other through the αdjunction. 

In this situation we also say the pair (VQ9vG…ヲHom判明(V，一))Is a 2.幽-僧幽噌.幽.
The 2 飾噌e弓ui討val、寸lenceamounts to the fiおollowi拍ngι: 

(i) For every VG-module X with direct summands there exist a V[G]ト引modu
Y with d卓ir柁ec杭ts印ummandsand a鉛neq中引ui付valenceX → 詰om ν i問Gj(ν ，y) 0ぱfVG 叩
modules. 

(ii) For V[G]-modules y， Y' with direct summa吋s，the functor 

日omν[Gj(Y，Y')→註omν。(Homν[Gj(VラY)，Homν[Gj(ν，Y'))

is an equivalence. 

関oteth抗 V[Gトmodulesare just k-categories with G-action. We have also 

PROPOSITION. For aηy V[G]-module X， we hαυeαη equivalence 01 VGィnodules

XG ':::::!Homν[G](V，X). 
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4. CG-modules and C[G]-modules 

Let C be a tensor category with G-action. 

THEOREM. The 2-functors 

CG-Modk 
C0cG一
一一一→
←一一一
(一)G
C[GトModk

αγ'e quαsi-inverse to eαch other. 

Here if X is a C[G]-module， then XG becomes a CG-mod山 asnoted in Section 3. 
AIso in the tensor prod uct C⑧CG -， C is viewed as a (C[G]， CG)-bimodule in which 
the le氏actionof C[G] on C is the standard one (Example 4)， the right action of CG 

on C comes from the forgetful functor CG→ C， and the associativity 

((X，σ).Y).(Z， f)→ (X，σ).(Y.(Z， f)) 

for (X，σ)ε C[G]， YεC， (Z， f)εCG is given by 

• Y，Z "(r I "(r r7'¥ X.(σ* Y.f(σ)一1)')1"" I ，. T r7¥ x.ψ(σ)y，Z 
(X.σ*Y).Z → X.(a*Y.Z) → X.(σ*Y.a*Z) → X.a*(Y.Z). 

5.恥fodulesover group tensor categories 

In this section we describe modules over a 3-cocycle deformation of ν[G]. 
For σεG we write the object (k，σ) of V[G] simply asσ. Let ω: G3→ kX be a 
3-cocycle. We have the tensor categoryν[G， w] whose underlying k-category， tensor 
product and unit object are the same as those ofν[G]， and whose associativity and 
unit isomorphisms are given by 

ασ，7，ρ=ω(σ，7，ρ)1σTρ 

入σ=ω(1，1，σ)-11σ

ρσ=ω(σ，1，1)1σ 

forσ，7，ρεG. We call ν[G， w] the group tensor category of the pair (G，ω). 
Analogously to the identification of aν[G]-module with a category with G-

action， aν[G， w]-module is thought of as a k-category equipped with σ判ゆ(σ，7)，1I 
satisかingthe commutativity of the diagrams 

ω(σ，7，ρ)1 
(σ(7ρ))*X ← ((σ7)ρ)*X 

↓φ(σ7，p)X 

l
l↓
 

X
 
、，Jρ
 

T
 
σ
 

r，‘、AV
 

(σ7)車内X

↓φ(σ，7)p. X 

の(7ρ)*X → σ山内X
σ* (ゆ(7，ρ)X)

(instead of (1))， (2) and (3). 
A k-category that is equivalent to a finite direct sum of V is called a 2-vector 
space. 
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All V[G， w]-modules that are 2-vector spaces as categories can be obtained as 
follows. Let X be a五日iteG働setand v: G x G x X -→k X a map satisfying 

υ(σアヲρ;x)υ(σ?ァ;ρx)
ω(民ア?ρ)口

り(7，ρ;x)υ(σ，ァρ;x)

for σ，7，p E G， x E X. Ifv is viewed as a map G x G…→ Map(Xうkつ， the叫 uations
read as 

ら(ω)=δv-1

in対ap(G3，Map(X，kX))， where 8 is the cobou凶 aryoperator for the group G and 
九isthe map induced by the embedding i: k X →Map(X， kX). Let ν[X] denote 
EBXEX V， the category of X-graded vector spaces. We引刊I百m工
a掛sas司impleob同je杭ct0ばfV判[X]ト.The action of γ判[G，吋on V問[X]μisthen define叡凶dby 

σ本x=σx

ゆ(σヲア)X v(σラア;x)lσ'iX 

Vx 
り

for σ，7 E G， x E X. We denote by V[X，叶theν[G，wトmoduleobtained in this 
way. Given two pairs (X， v)， (X'， v')加 aboveぅtheV[G，叫-moduIesV[X， vJ叩 d
V[X'， v'] are equivalent if and only if there exists an isomorphism f: X → X' of 
ιsets such that f*(v') and v are cohomologue in the group Map(G2， Map(X， kX )). 
Thus the equivalence cIass of a V[G， w]“module which is a 2-vecωr space bijectively 
corresponds to the isomorphism CIωs of a pair (X， [斗)of a finite G-set X and an 
element [v J in the quotient set 

{v E Map(G2， Map(X， kX)) I 8v口九(W)-l}
{at I t E Map(G， Map(X， kX))} 

Here the group in the denominator acts on the set in the numerator by translation. 
Note that the quotient is either an empty set or a regular H2 (G， Map( XヲkX))-set. 
Let w口1.Then V[G， w]-modules are ju杭 k-categorieswith G-action. So we 
know th抗 theequivalence class of a手vectorspace X with G時actionbijectively 
corresponds to the isomorphism class of a pair (Xぅ[v])of a finite G-set X and a 
cohomology class [v] in H2 ( G， M叩 (X，kX )). 
The category V[Xグ]Gcan be described as follows. An object of V[X， v]G is a 
pair (V， f)ヲwhereV is a family of vec加rspaces Vx for x E X 凶 fis a family of 
linear maps f (σ;x) :九→九xfor σε G，xEX錨 tisfying

f(σァ;x) = f(σ;ァx)0 f(7; x)υ(σヲア;x) 

for all (J'，ア EG， x E X. 
Suppose X is a transitive G-set and let K be the stabilizer of釦 elementXo E X. 
The map vo: K2 -→k X defined by Vo (ぴ?ア)= v(σ，7; xo) is a 2-cocycle on K. 
And we have Shapiro's isomofJJhism H2(G， Map(X， kX)) 空 H2(K，kX) in which 
[v] corresponds to [vo]. The pair (V， f) above is determined by the pair (九0'fo)， 
whereん:K…→EndVxo is defined by fo (σ) f(σ; xo). Such a pair (九。，ん)is just 
a module over the skew gro叩 algebrak[Kパ勺]relative to the 2-cocycleむ0・Thus
V[X， v]G is equivalent to the category of k[K， 'l叶moduIes.Also VG is the category 
of k[Gトmodules. The action of VG on V[X， v]G is given by the tensor product 
through the restriction to the subgroup K. 
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6. Group actions on group tensor categories 

In this section we apply the 2-equivalence of Section 4 to a group tensor category 

with G-action. 
Any G-action on a group tensor category is obtained in the following way. Let 

A be a group with G-action denoted by (σ?α)日 Cα.Let 

be maps satisfying 

t:AxAxA→ kX 

1ι:GxAxA→kX 

り:GxGxA→ kX

1 

t(α，b， c) 

t(b， c， d)t(α，bc， d)t(α，b， c) 
t(αb，cラd)t(α，bヲcd)

u(σ; b， c)u(σ;αヲbc)
t(σαヲぴb，O'c)

u(σ;7α，7b)u(ァ;α，b) 
u(σァ;α，b) 

u(σ;αb， c)u(σ;α， b) 
り(σヲア;αb)

む(σ，7;α)v(σラア;b) 
り(σァ，ρ;α)υ(σ，7;ρα) 噌

り(γ，Piα)υ(σ，7p;α) 叩

for all a，7，ρを G，α，b，c，dεA.The first equation says t is a 3-cocycle of A， so 
we have the group tensor c拭egoryV[A， t] of Section 5. A G-action on this tensor 
category is defined by 

σ.(α) = 0' a 

ゆ(σ，ァ)α =v(σ，7;α)lu'ra

均一り(1，1;α)l

1t(σ)a，bロ u(σ;α，b)lu(αb)

(σ)=l 
u(σ; 1， 1) 

for a，γEG，α， b在 A.
日ythe definition of C[G] in Section 2， we have V[Aヲt][GJ= V[A河 G，sJ， where s 
is a与cocycleon the semi-direct product A ><1 G given by 

s( (α，σ)， (b，ァ)，(c，ρ片山t(α，σb，σ7c)u(σ; b， 7 c)v(σ7; c). 

Our theorem applied to the Gωtensor category V[A， t] says that the 2-furは or

ν[A，t]G開Modk ← V[A><1G，s]拍 dk
(一)G

is aユe弓uivalence.Assume k is algebraically closed. The property of being a 2-
vector space is preserved under the above ユequivalence.We saw in Section 5 that 
any V[A ><1 G， s]-module which is a 2-vector space is of the form V[X， r] for a長nite
A河 G働setX and a map r: (A河 G)2X X →kX satisfyi時九(s) 8r- 1

• Hence any 
V[A，t]久modulewhich is a 2-vector space is of the form V[X， r]G. 
As an application of this， we can show 

PROPOSITION. 1f IAIαηd IGI a柁 cop巾neand t isηotαcobouηdα句 p 抗entheγe 
exists ηo tensoγfunctoγV[A，tJG→ν. 
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7. Generalization to C[C， 11)] 

In this section we generalize the 2-equivale町 efor C[C] to a 2-equivale恥 efor a 

3-cocycle deformation C [C， 11)] . 
We say that a tensor category A has a C-grading when A has a decomposition 
A= EDσωAσas a k-category such that (i) if AεAa，BεAT)  then A.BεAσT， 
(ii) 1εA1・IfA has a C-grading， a 3-cocycleωon C gives rise to a tensor category 
Aωas follows. The underlying k-category， tensor product and unit object of Aω 
are the same as those of A， but the associativity and unit isomorphisms of Aωare 
given by 

αfh，c=ω(σ，7，ρ)αf，B，c 

入f=ω(1，1，σ)-1入オ

ρず二ω(σ，1，1)ρオ

for AεAa，BεAT' CεAρ 
Let C be a C-tensor c抗egory.Then the tensor category C[C] has the obvious 

C-grading. Hence the 3-cocycleωon C yields the tensor category C [C} W w hich we 
denote by C[C， 11)]. 

THEOREM. Let M beαC[C，ωトmodulewith underlying C -module equivalent to 
Cn for n > O. Then the 2-functors 

(EndC[c，叫ん1)OP-Modk

α陀 quαsi-inverseto each other. 

ん4③(EndC[G，四]M)OPー

一一一→←-
HomC[G，w] (M，一)

20 
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CHAPTER III 

CATEGORICAL DEFOR恥1ATIONSOF ONE-DI恥1ENSIONAL

AFFINE TRANSFORMATION GROUPS 

1. Summary 

Let k be the complex field and G a finite group. We have the group algebra k[G] 
and the function algebra k(G) := Map(G， k). Denote the category of k[G]-modules 
by Rep(G) and the category of k(G)-modules by Vect[G]. We are concerned about 

deforrr凶 ionsof Rep( G) and Vect[G] as tensor categories. 
Look at Vect[G] first. A k(G)-module is a G-graded vector space V = EDσω九，
and the tensor product W = U 0 V of two modules U and V is graded as 

Wσ=EB仏@ち
σ=Tp 

Simple modules are one-dimensional. They are labeled as [a] for σεG so that 

(k ifσ=7. 
[σ]T = ~ n. 'r J - 7 

l 0 ifσ =1= 7. 

Then [σ]0[T] = [σ7]. 
Ifα:GxGxG→ kX is a与cocycle，Vect[G] is deformed to a tensor category 
Vect[G， a]. This has the same objects， morphisms， and tensor products as Vect[G]. 
The only di証'erenceis in the associativity isomorphisms (X 0 Y) 0 Z→ X0(Y0Z)， 
which are a part of the structure of a tensor category. In Vect[G]， the錨 sociativity
( [σ]0 [T]) 0 [p]→ [σ]0 ([7]0 [p]) is the identity m叩 on[σTp]， while in Vect[G，αl 
it is multiplication by the scalarα(σ， T， p). The pentagon axiom for associativity 
isomorphisms amounts to the cocycle condition for α. 

Conversely， any tensor category with the same underlying category and the same 
tensor product operation as Vect[G] is of the form Vect[G，α]. Thus deformations 
of Vect[G] in such a sense are classified by the group H3(G， kX). 
In contr錨 twith this， any general procedure of deforming Rep( G) does not seem 
to be known. We will give some examples of deformations for small groups. 

Central extensions. If K is a central subgroup of G， the set of irreducible char-
acters of G is partitioned according to their restrictions to K. So the category 
C = Rep(G) has a decomposition 

@ば
where K = Hom(K， kX) and for入εK，C入isthe category of G-mod ules on w hich 
K acts throughλ If X E C入andY E Cμ，then X 0YεC入μ・Thuswe may say C 

has a K -grading. 
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Ifα: k3→ド isa 3-cocycle， C is deformed to a tensor category CO: in a similar 
出 annerto the case of Vect[G]‘N amely， we let the associativity isomorphism (X 0 
Y) 0 Z→ x 0 (Y母 Z)in Cαfor X E Cゎ YεC仰 ZιCνtobe the scalar 
multiplication by α(λ?μぅv)ー

EXAMPLE 1. Let G = DS1 the dihe伽 :.tlgroup of order 8， and K = Z(G)ニ Z2・

Then H3(1仁kX)ささ Z2・Take a non-coboundary 3-cocycle α of k. Then it turns 
out th拭 Cα 空 Rep(Qs).

EXAMPLE 2. Let G 口 8L(2ヲ守)with q odd and K Z(G) {士1}.Let α be 
as above. Then it can be shown that the twisted category Cαis e司uivalentto the 

rnodule category for a Hopf algebra different from group algebras. 

8emi“direct products. Next we consider a situation in which a group G acts on 
a group L. Form the serni-direct product LG. Let p be a 3-cocycle of LG which 

restricts to a cobound叫 rof G. Put B = pjL. We have the category Vect[L， B] and 
p gives rise to an action of G on Vect[ムBJ(Chapter II， Section 7). Then we have 
the tensor category Vect[L， BjG of G-invariant objects in Vect[L，8J. If L is abelian 
and ILj， IGI are coprime， Vect[L， BJG is a deformation of虫ep(iG).

EXAMPLE 3. Let L Z3， G Z2 and LG ~ 83・ Wehave Ker(H3(LG)→ 
H3(G)) ~ H3(L)G空 Z3・Correspondinglythree deformatio悶 ofRep(83) (incluι 
ing itself) are obtained. The two ∞I剖I比tri討ivi吋ialon悶esa紅renot represe伺I叫abl恥ea秘smodu 
C拭e句goriesover Hopf a以1gebras.Moreover these are the only deformations of Rep(83). 

EXAMPLE 4. Let L口 Z2X Zゎ G 口 Z3and LG ~ A4・ ThenKer(H3(LG)→ 
H3(G))空 Z2・Wehave one nontrivial deforrnation of Rep(A4). This寸0俗 notcome 
from a Hopf algebra and is the unique nontrivial deformation. 

Extraspecial 2-groups. An extraspecial 2-group has a unique irreducible noか
linear character m. Let A be the group of linear characters. Then 

m
2岱Lα.

Semi-simple tensor categories with fusion rule of this type were classified in 
[TY]. They are parameterized by pairs of nondegenerate symmetric bicharacter 
AxA-→kX and signs土 Thesigns correspon正1to the two types of extraspecial 
2-groups. 

。悦-dimensio吋 α部:netnα吋 ormationgroups. The group IFq鴻 IF;also has a 
unique non-linear character m and 

m2 = (q 2)m+玄α
aEA 

with A Hom(IF;， kX). With a slight generalization we pose the problem: Classiちr
semi-simple tensor categories of which the set of simple objects is a disjoint union 

A U { m} of a group A and a one-point set {m}， and the fusion rule is 

αS己主主αb，

a0m空間、 m0α さ m

m0m~己とーと，5EÐEÐα
N aEA 
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for α，bεA with NεN. 
At present we have a few results for small values of N. 

. If N 1， there are just three such categories. They are Rep(IF3 XI IF:) 
Rep(S3) and its twists in Example 3. 

・IfN - 2， there are just two such categories. They are Rep(IF4 XI IF:) 
Rep(A4) and its twist in Example 4. 

・IfN二 6，there is such a category other than Rep(IF 8 XI IF:). 
In this chapter we outline our attempt to solve the problem. 

2. Structure constants 

Our aim is to clωsiちTsemi-simple tensor category having the set A U {m} of 
simple objects， with A a finite group， and fusion rule 

αe;;bさざ αb

αe;; m ~ m， m e;;α空間

me;;mさ VmEB E9α 
aξA 

for α， bεA， where V is a vector space. Here V m means the direct sum of dim V 
copy of m. (In general for a vector space U and an object X of a k-linear category 

C， an 0 b ject U X of C is defined and it behaves naturally in U and x.) 
Choose isomorphisms of the above fusion rule and name them and their compか

nents as 

[α，b] :αe;;b→ αb 

[a，m]:αe;;m→ m 
[m，α]: m e;;α→ m 

[m，m，m]: me;;m→ Vm 

[m，m，α]: me;;m→ α. 

We use the following notation for monoidal structures: 

ax ， y ， z: (x e;; y) e;; z→ x e;; (y e;; z) associativity isomorphism 

lx: x e;; 1→ x left unit isomorphism 

rx: Ie;;x→ x right unit isomorphism. 

We describe the associativity a in terms of scalars and linear maps. 

• (α，b， c): For α，b， c E A， consider the composites 

[αb， c] 0 ([α，b] . c): (α . b) . c→ αb.c→ αbc 

[a， bc] 0 (α ・[b，c]):α . (b・c)→ α.bc→ αbc. 

The isomorphism aa，b，c: (α.b) .c→ α・(b. c) determines a nonzero scalarα(α，b， c)εk 
so that 

[α，bc] 0 (α . [b， c])ニ α(α，b，C)labc 0 [αb， c] 0 ([α， b]・c).
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‘巴一一

For brevity we write this situation as 

• (α，b，m): 

with α3(α，b) E k. 

• (a， m， b): 

with α2(a， b)εk. 

• (m， a， b): 

with α1(α，b) E k. 

(α. b) . c-→αb. c-→αるC Pl 
a . (b . c)→a. bc→abc Pr 

Praヰ α(α，b，C)Pl' 

(α. b)‘m→αb.m-→m Pl 
α. (b. m)→α‘m →m P1 

Pra=α3(α， b)Pl 

(α.m)ι→m.b→m Pl 
α. (m. b)→α.m→m Pr 

Pra=α2(α， b)Pl 

{τn・α)・る→ m.b→m Pl 

m・Lα ・め→m.ab→m Pr 

Pra =α1(α，b)pl 

• (a， m， m): For α，bεA， consider the composites 

[m，m刈]0 ([α，m] .m): (α.m).mー→ m.m→Vm

[m，m， b] 0 ([a，m]. m): (α.m).m→m.m→b 

V[α，m] o(α ・[m，m，m]):α・(m.m)一→ Vα.m→ Vm

[a， b] 0 (α. [m，m，b]):α. (m.m)→ α. b→ αb. 

The isomorphism aa，m，m determines a linear isomorphism sl (α，m): V →Vand a 
nonzero scalar sl (α，αb) so that 

V[a，m] 0 (α ・[仇仇m]oaa，r即 n 口 βl(αヲm)m0 [m，m，m] 0 ([α，mJ-m) 

[α，b] 0 (α ・[m，m， bJ) 0 aa，m，m 口 sl(α?αb)lαb0 (m， m， ab] 0 ([α，m].m). 

We write this situation as 

(α.m).m→m・m→Vm pl(m，m) 
¥、

b Pl(mラb)

α. (m .m)→Vα.m→Vm Pr(m，m) 
¥ 
α.b→ αb Pr(b，αb) 
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where 

• (m，a，m): 

where 

• (m，m，α) : 

where 

• (m，m，m): 

Pr(m， m)a =β1 (α，m)pz(m， m) 

Pr(b， ab)a =β1 (α?αb)pz(m， ab) 

sl (α，m): V→ V 

sl (α，ab): k→ k. 

(m.α) .m→m.m→Vm  pl(m，m) ¥、
b pl(m，b) 

m. (α .m)→m.m→Vm  Pr(m，m) ¥、
b Pr(m， b) 

Pr(m， m)a = s2(α，m)pl(m，m) 

Pr(m， b)a =β2(α，b)pz(m， b) 

s2(α，m): V→ v 
s2(a， b): k→ k. 

(m.m)・α→Vm.α→Vm pl(m，m) 
¥、
b.α→ bα pl(b， bα) 

m.(m.α)→m.m→Vm Pr(m，m) 
¥、
b Pr(m，b) 

Pr(m， m)a = s3(α，m)pl(m，m) 
Pr(m，bα)a = s3(α，bα)pz(b， bα) 

s3(α，m): V→ V 
s3(α， bα): k→ k. 

(m.m).m→Vm.m→VVm pl(m，m) ¥、
¥、 Vα pz(m，α) 

b.m→ m pl(b，m) 
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where 

m.(m.m)→Vm.m→VVm Pr(m，m) 
¥ 

¥ Vα Pr(mぅα)

m.b→ m Pr(b，m) 

Pr(m刈)a=γ(m川 )Pl(m刈)+乞γ(m，b')Pl(b'， m) 

Pr(m，α)a =γ(α)pl(m，α) 

Pr(い )a=γ(b， m)Pl(m川)+乞γ(b，b')Pl (b'刈)

γ(m，m): VV→ VV 

，(m， b'): k→ VV 
γ(b，m): VV→ K 

，(b， b'): k→ K 
，(α): V→ V. 

In summary， the associativity isomorphisms are specified by the following data: 

α(α，b， c)εk 

α1(α， b)，α2(α，b )，α3(α， b)εK 

sl(α，b)， s2(α，b)， s3(α， b)εk 

β1 (α，m)，β2(α，m)， s3(α，m): V→ V 

γ(m，m):VV→ VV 

，(m， b'): k→ VV 
γ(b，m):VV→ K 

，(b， b')εk 
γ(α): V→ V. 

3. Triangle equations 

The unit object is 1ε A. Choose [1，α]， [α，1]， [1， m]， [m， 1] so that 

[l，a] = 1α: 1 Q9α→ α， [α，1] = rα:α Q91→ α， 

[1， m] = 1m: 1 Q9 m→ m， [m， 1] = rm : m Q91→ m. 

Then the triangle equations 

aX，I，y(X Q91y) = rx Q9 Y 
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for (α，1， c)ぅ(m，l，b)，(α，1，m)， (m， 1， m) yield 

α(α，1，c)=1， 

αl(l，b)=l， 

α3(仏 1)= 1， 

β2(1，m) = 1v，β2(1， b) = 1. 

The triangle equations 

(X 01y) 0 aX，Y，I = lx⑧Y 

rXoY 0 aI，X，Y = rX 0 y 

for (1， b， c)， (α，b， 1)， (m， a， 1)， (α，m， 1)， (l，m，b)， (l，b，m)， (l，m，m)， (m，m， 1) yield 

α(l，b，c)=l， 

α(α，b，l)=l， 

α1 (仏1)= 1， 

α2(α，1) = 1， 

α2(1，b)=1， 

α3(1， b) = 1， 

βl(l，m) = 1v，β1(1， b) = 1， 

s3 (1， m) = 1 v ， s3 (1， b) = 1. 

4. Change of bases 

We next examine how the structural constants depend on the choice of isomor-

phisms in the fusion rule. Let 

ω
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↓

↓

↓

↓
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帆

刈m川
同

be another choice with the normalization condition of Section 3. Then there exist 

。(α，b)，fh(α)，D2(α)ヲゆ(α)εkX 
ゆ(m)εGL(V)

such that 

[α，b]' = D(α， b)[α， b] 

[α，m]' = D2(α) [α，m] 

[m，a]' = D1(α)[m，α] 

[m，m，m]' =ゆ(m)[凧 m，m]

[m，m，a]' =ゆ(α)[m，m，a]
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The normalization conditions for the both choices imply 

。(1ヲb)ニ ()(α，1)ニ 1， ()1(1)土 1， ()2 (1)ニ 1.
The new choice will yield new structural constants ci (α，bぅc)，αi(α)b)，・‘・， which 
are related to old ones as follows. 

• (αぅb，c) 
a'(α，b， c)()(久b)()(αbバ)= ()(b， c)D(α， bc)α(α，b， c) 

• (α，b，m) 
α;(αぅb)D(αb)()2(αる)口 ()2(b)()2(α)α3(仏る)

• (αラm，b)
設計α，b )()2 (α)()l(b) = ()1(b)()2(α)α2(仏 b)

• (m， a， b) 
α~ (α，b)()l (α)()1 (b)出。(αラb)()1 (め)αl(α，b) 

• (α，m，m) 

β~(α) m) 0 ()2(的手(m)=ゆ(m)()2(α)0 sl何，m)

ß~ (α?必)()2(α)ゆ(αb)=争(b)()(α，b)β1(α?αb) 

• (m，a，m) 

ß~(α， m) 0 ()1 (α)ゆ(m)= ()2(的手(m)0 s2(α，m) 

ß~(α ， b)()l(α)ゆ(b) = ()2(α)争(b)s2(仏 b)

• (m，mτα) 

ß~(α， m) 0ゆ(m)()l(α)口 ()1(α)争(m)0 s3(α，m) 

ß~(α ， bα)争(b)()(bヲα) ()l (α)ゆ(bα)s3(仏bα)

m
 
m
 
m
 

• 
i'(m，m)0ゆ(m)手(r吋口争(m)ゆ(m)0 i(mヲm)

ゲ(m，b') 0争(b')()2(b')口ゆ(m)争(m)0 i(m， b') 

イ(b，m) 0争(m)ゆ(m) 争(b)()l(b)0 i(b， m) 

デ(b，b') 0ゆ(b')()2(b')=手作)()l(b) 0 i(b， b') 

イ(α)0手(m)手(α)=ゆ(m)手(α)0 i(α) 

5. Structure constants for the one-dimensional a錨negroups 

Let F口1Fq，FX F -{O}‘Let G be the semi-direct product F対FX.Namely 
G={(a，b)Iα モF，b FX} with multiplication 

(α， b)(α" b')ニ (α 十 ba'，bb'). 
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The simple G-modules are named as Lλfor入εFXand九1.The module Lλis one 
dimensional with 

basis: (入)

action: (α， b) (入)=入(b)(入). 

Fix 1ヂχIε F.The module M is q -1 dimensional with 

basis [a] for αε FX 

action (仏l)[c]=χ1 (αc) [c]， 

(O，b)[c] = [b-1c]. 

Let V be the vector space with basis (x) for xεFー {O，1}. We have G-maps 

Lλ ③Lμ → Lλμ 

(入)③ (μ)日(入μ)

L入③M → M

(入)③ [α]←→入(α)[α] 

'nu +
 
α
 
8
 

M
h
u
 

8
ι
1
0
 

v
f
J
i
 

↓

日

M

同

②

③

 

M

同
ifα+bヂO

ifα+b=O 

九f③ λf→ L入

[α]0 [b]←→ 6α+b，O入(α)-1 (入). 

明Tiththis choice of maps， the structure constants of Section 2 are given as follows. 

α(L入，Lμ，Lν)= 1， 
αl(LゎLμ)= 1，α2(L)..，Lμ) = 1，α3(LゎLμ)= 1 

β1 (LゎLμ)= 1， s2(LゎLμ)= 1， s3(LゎLμ)= 1 

V→ V 

s1(L入，M):(x)日入(l-x)(x)

s2(L入，M):(x)日入(x)(x)

s3(LゎM):(x)日入(三τ)(x)
i(L入):い)日入(1-z)(1-:)
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叫ん，M):Vo V →k 

山)日 {~(X-l) if t十j=l
if t÷jヂ1

γ(M，L入):k→ VoV 

1日出乞 λ(U)-l(U)o (1 u) 
..l 'U;氏。，1

吋(L;..，Lρ:k→ k

6. Writing down pentagon equations 

We now return to the general case. The pentagon equation 

(ax，Y，z o W) 0 aX，Y③z，w 0 (X母ay，z，w)ロ aX0Y，Z，W 0 aX，Y，Z0W 

for each午ladruple(X， Y， Z， W) of simple objects is expressed in terms of the struc“ 
切ralconstantsωfollows. 

・(α，bヲc，d) 
α(b，c，d)白(α，bc，d)α(α，b，c) =α(α， b，cd)α(αb，c，d) 

• (α，b，c，m) 
α3(b，c)α3(仏bc)伐(α，b，c) Q3(仏b)α3(αb，c) 

• (α，b，m，c) 
α2(b， c)a2(仏c)α3(α，b)=α3(α， b)Q2(ぬc)

• (αラm，b，c)
αl(b，c)α2(仏c)α2(α，b)口 α2(α:，bc)α1(ムc)

• (mタムc)
α(αヲb，C)Ql (αb，c)α1(α， b)ロ Ql(α，bc)伐1(b， c) 

• (α，b， r九m)

sl(b，m) 0 sl(α，m) 0 Q3(α，b)V = Vα3(α，b) 0 sl (ぬm)

βl(b， bc) 0β1(αヲabc)0α3(α，b)口 α(α，b，C)Osl(αb，αbc)

• (α，m，b，m) 

s2(b， m) 0 sl (aラm)0 α2(α，b)V = sl(α，m) 0 s2(b， m) 

s2(b， c) 0 sl (αヲαc)0α2(仏 b) sl(仏αc)0 s2(b， ac) 
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• (α，mヲm，b)

• (mヲm，a，b)

• (m，α，m，b) 

• (ηも，a，b，m)

s3(bヲm)0 V的 (α，b)osl(a，m)ニ β1(α，m)0 s3(b， m) 

s3(b，cb)。α(仏c，b) 0β1(仏αc)ニ β1(仏αcb)0β3(b，αcb) 

αl(a， b)V 0 s3(b， m) 0 s3(α，m)口 s3(αbヲm)oVα1 (α， b) 

向 (α，b)0β3(b，cαb) 0 s3(α，cα) s3(αb，cαb) 0伐(cヲα，b)

的 (α，b)V0 s3(b， m) 0 s2(α，m)口 s2(α，m)0 s3(ムm)
α2(α，b) 0 s3(b， cる)οβ2(α，c) s2(α，cb) 0β3(b，cb) 

α3(α，る)V0 s2(αb，m) 0合1(α，b)V s2(α，m)。β2(b，m)
。3(α，b)0 s2(αb，C)OQ:l(αタ)口s2(仏 c)0 s2(b， c) 

• (α，m，m，m) 

，(m，m) 0 Vsl(α，叫 osl(α，m)V = Vβ1(α，m)o，(m，m) 
γ(m， C') 0α3(α，c') 0 sl (a，αc守口 Vsl(α，m)o，(m，αc') 

• (m，a，m，m 

γ(b) 0 Vsl (α，ab) 0 sl (α，m) Vsl(α，αb) 0，(αb) 
γ(cヲm)0 Vsl(α，m) 0 sl(α，m)V=α2(仏c)0 ，(C， m) 
γ(c， C') 0α3(α，c') 0β1(α，αc') =α2(仏c)O，(C，αc') 

βl(α，m)Vo，(仇 m)0 s2(α，m)V = Vs2(α，m) o，(m，m) 
sl(α，m)V 0 ，(m， C') 0β2(α，c') = Vs2(α，m) 0，(仇c')
βl(αヲm)0γ(b) 0 s2(α，m) = Vs2(α，b) 0，(る)

β1(α，αc) 0，(αc，m) 0 s2(α，m)V = Q:l(α，c) 0γ(c，m) 
β1(α，αc) 0γ(αc， C') 0 s2(α， C')口 α1(α，c)0 ，(C， C') 

• (m，m，a，m) 

s2(α，m)V 0 ，(m， m) 0 s3(α，m)V=γ(mぅm)0 Vs2(α，m) 
s2(α，m)V 0 ，(m， c'α) 0 ゐ(α，c'α)，(mヲc')0 Q:3(C'，α) 
s2(α，m) o，(b) os3(a，m) ，(b) 0 Vs2(α， b) 
s2(α， c) 0 ，( c， m) 0 s3 (α， m) V = ，( c， m) 0 V s2 (α，m) 

β2(α，c)o，(c，c'α) 0β'3(α， c'α) =γ(c， C') 0α3(C'，α) 
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• (m，m，m，α) 

s3(α，m)V 0 Vs3(α，m)o，(m，m)=γ(m， m) 0 Vs3(α，m) 
s3(α，m)V 0 Vs3(α，m) 0，(凧c')=γ(m， C') 0α2(C'，α) 

• (m，m，m，m) 

s3(仏m)0 Vs3(α， bα) o，(b) =γ(bα) 0 Vs3(α，bα) 
s3(α，0α) 0α1 (c， a) 0 ，( c， m) =γ(0α，m) 0 Vs3(α，m) 

s3(α，cα) 0α1 (c，α) 0，( c， C') =γ(c仏c')0α2(C'，α) 

γ(m，m)Vo Vγ(m，m) o，(m，m)V +乞γ(m，C')V 0 s2(Cヘm)0 ，(C'， m)V 
ニV，(m，m)oTVo Vγ(m，m) 
γ(m，m)Vo Vγ(m， b') o，(b') = Vγ(m，m)oTVoVγ(m， b') 

γ(m，m)Vo Vγ(m， m) 0 ，(m， C")V +乞γ(m，C')V 0 s2(C'， m) 0，(山")V
=Vγ(m，c勺oβl(Cぺm)

γ(m，m)oV，(α) o，(m，m) +乞γ(m，C') 0 s2(ω) 0 ，(C'，:n) 
= T 0 ，(α)γ(α) 
γ(m刈)0 Vγ(α) 0 ，(m， C") +乞γ(m，C') 0 s2(ω) 0 ，( c' ， C") = 0 
γ(b) 0 Vγ(b， m) 0 ，(m， m)V = Vγ(b，m) oTVo Vγ(m，m) 
γ(b) 0 V，(b， m) 0 ，(m， C')V = Vγ(b， C') 0 sl (C'， m) 
γ(b) 0 Vγ(b，b') 0 ，(b') = V，(b，m) 0 TV 0 Vγ(m， b') 

γ(c， m)V 0 V，(m川 )o，(m，m)V+乞γ(c，C')V 0 s2(C'， m) O，(C'刈 )V
= s3(C，m) 0 Vγ(c，m) 

γ(c，m)Vo V，(m，b') o，(b') = s3(C，m) 0 V，(c，b') 
γ(c， m)V 0 V，(m， m) 0 ，(m， C")V +乞γ(c，C')V 0 s2(C'， m) 0 ，(C'， C")V =。
γ(山)0 V，(d) 0 ，(m， m) +乞γ(c，C') 0 s2(μ)  0 ，(c'，m) =。

γ(ω) 0 V，(d) 0 ，(m， C") +乞γ(c，c')Os2(c'，d) 0，(山つ
= 6clI，dc-1s3(C，dc-1) osl(dc-1，d) 
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7. Solving pen主agonequations 

1. First reduction. With the choice of 8(α1 b)， 81 (α)ラ82(る)，手(α)E kX such 
that 

we have 

。(α，b) α3(a，b)，
82(α) = 1， 

81 (α) = s2(α，1) 
ゆ(α1)
一一一一=8(α，a-1 )-1 sl (αヲ1)-1，
争(1)

α~(仏 b) 口 1 ， ß;(仏 1) 1 ， β~(仏 1) 口 l

80 we may assume 

α3(α，b) 1，s2(仏 1) 1， sl (仏 1)= 1. 

Weωsume furthermoreγ(1，1)ヂO.Then the equations of 8ection 6 reduce to 
the following. 

伐(α，b，c)=l

α1(α， b)出 1，03(仏b)= 1 

伐2(αb，c)=α2(α，c)02(b， c) 
向 (b，α)=α2(α，b) 

β1(α， b)口 1，β3(仏 b) 1 

β2(仏 b)口 α2(α，b) 

i(l， 1) 
γ(い)丘一一一

α2(α，b) 

品(b，m) 0 sl (α，m)口 β1いえm)
β2(α，m) 0 s2(b， m) = s2(αb，m) 
β3(b， m) 0 s3(α，m)口 β3(αb，m)
βl(α，m) 0 s2(bヲm)= 02(αすb)ゐ(b，m) 0 sl (a， m) 
s2(αヲm)0 s3(b， m) =的(α，b)s3(b，m) 0 s2(α，m) 
sl(α，m) 0 s3(b， m)出合2(α，b)β3(ムm)0 sl(α，m) 

γ(α) i(l) 0 sl (α，1η) 
エ角(α，m)0γ(1) 

β1(αヲm)-1 i(l) 0 s2(α，m) 0 i(l)-1 

β3(仏 m)-1=マ(1)-10β2(α，m)oi(l)

β1(α，m)ェγ(1)-10s3(α，m) oi(l) 
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，(mぅα) ß2(α ヲ m)~lV 0 ，(mヲ1)
ニ Vßl(α ， m)~l 。 γ(mぅ 1)

γ{α，m)=γ(1， m) 0 ß2(α)m)~lV 

γ(1， m) 0 Vß3(α ， m)~l 

，(l，m)osl(αラm)βl(a，m) ，(l，m) 
γ(1ヲm)0 s3(αヲm)…1s2(αヲm)γ(l，m)

γ(1， m) 0 s2(α， m)s3(α，m)一1= ，(1， m) 
ゐ(αヲm)s3(α，m)o，(m，l)=γ(1九 1)

ßl(α ， m)~l s2(αヲm)0 ，(m， 1) ，(mヲ1)
s2(α， m)sl(α，m)-loγ(m，l) ，(m，l) 

，(mラm)0β1 (α，m)β1(αラm) Vsl(α，m)o，(mヲm)
s3(α， m)s3(α，m) o，(m，m)口 γ(m，1η)0 Vs3(α，m) 
γ(17しm)0 s2(α，m)V口 sl(α，m)-ls2(α，m)o，(m，m) 
ゐ(α，m)Vo，(民 m)口 γ(m，m)0 s3(αヲm)-ls2(α，m)

γ(m，m)Vo V，(m，m) o，(m，m)V 

γM  

+乞 (β2(C'，m)-l V 0 ，(m， 1) 0，(1， m) 0 s2(C'， m)-l V] s2(C'刈
V，(1九m)0 TV 0 V，(m， m) 
γ(m， m)V 0 V，(m， 1) 0，(1) V，(m， m) 0 TV 0 V，(m， 1) 
γ(1) 0 V，(l， m) 0γ(m，m)V口 V，(l，m)oTV 0 V，(m，m) 

=Vγ村(m，l)

，(1， m)V 0 V，(m， m) o，(mヲm)V+γ(1，l)，(l，m)Vo) ~ß2(c' ， m)-lVß2(c' ， m) 
c' 

V，(l， m) 
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γ(m川 )oV，(1)o，(m，m)十乞s2(C'，m)-lV 0 ，(m， 1) 0，(1， m) 0 s2(C'刈 -lV
= T 0 ，(1)γ(1) 
，(mヲm)0 V[i(1) 0 slいうm)]o，(m， 1) 
十?川

γ(1，m) 0 V[s3(d，m) 0，(1)] o，(m，m) 
什 (l，l)?(l，m)ov[ト川角川

V，(1， m) 0γ(m， 1)V = ，(1，1)γ(1) -1 
，(1， m)V 0 V，(m， 1) ，(1，1)γ(1) -1 
V，(1， m) 0 TV 0 V，(m， 1) = ，(1， 1)，(1)2 
γ(1， m)V 0 沿い，mγ1，(m，m) 0 ，(m， 1)V 

竹 (1，1)22:::α2(C， C')-l s2(C'， m) = 0 

，(1ル)0 V[s3(d， m) 0，(1)] 0 ，(m， 1) +γ(1，1)2乞α2(C'，d) = dd，1 
2. Possible change of bases. The base change given by 

iα，b]' O(α，b)[a， b] 

iα，m]' = 02(α)[a，m] 

[m，a]' = 01(α)[m，αi 
[m，m，ml'ヰ争(m)[mヲm，m]
[m，m，α]'=手(α)[m，m，a]

。{α，b)'(h(α)，02(αLゆ(α)E kX 
争(m)ぞGL(V)

respects the 部 sumption

α3(αヲb)担 1，s2(仏 1)= 1，β1(α，1) = 1 

if and only if 
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3. Second reduction. We make here additional assumptions: 

(i) Q2(α，b) 1 for all a， b A. 
(ii) The representation of A on V given by α日 s2(仏 m)is a sum of distinct 
onゃdimensionalrepresentations， not including the trivial representation. 
These are satisfied in the case of the orゅ dimensionala出netransformation groups 

ωwe saw in Section 5. 
(ii) means that V has a bωis {lx ! xιX} indexed by a su bset X of the character 
group A = Hom(A， kX) with 1 ~ X so that 

ß2(α ， m):lx~x(叫ん

for allα ぞA.

Then γ(1): V →V sl則 lldbe of the form 

i(l): lx ~ Sxla(x) 

where SxεkX and σ:X→ X is a bijection. 
Usi時 thebasis {lx}， we write 

i(m刈):lx合ly日£P23luφlv
u，v 

γ(m， 1): 1日 Lqu，vlu@ん
u，v 

γ(1ヲm):lx @ lν日 Tx，y

with scalars p~:~ ， qu，v， Tx，y. 
Then the e 弓uations of Section 7.1 reduce to the followi訟ng(寺i)ト…(件似X対iリ):

(iリ)A i忌sabeli泌a訓拙n

(iiリ)X口 A一{い1}.
(ii泌ii)

(iv) 

(v) 

σ3=1 

σ(x-1 )σ-l(X) 
σ(x)y立匂

ぴ-l(X)σ-l(y)口 σ-1(ν)件今

1 

x=σ-1 (u)り

σ(y) =σ伊)σ(v)

β1(αラm):lx日 σ-l(X)(α-1)lx 

s2(a， m): lx日 x(α)lx

s3(α，m): lx日 σ(x)(α-1)lx 

i(m， m): lx @ lν 日 LP~;~lu @lv 
tι，v 

γ(l ， m):lx@ly~ γx ，y 

i(ぬ昨 1~ Lqu，vlu@lv 
u，v 
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with 

(vi) 

(vii) 

( viii) 

(ix) 

σ(吟宮口 u x=σ1 (u)む
p;:;ヂGか中 -lf~\ <=こ今

σ1 (x)σ1 (苦)=σ (v) σ(百)=σ(吋σ(む)

γx，yヂOか中 σ(x)ν=1件今 xa(y)= 1中二今 σ-l(X)σl(y)= 1 

qu，vヂo~二〉 σ1(u)の=1和今 ua-1(v)口 l仁こ今 σ(u)σ(り) 1 

γ(1， 1) f一山内
Eココ土1

γ(1): lx ~ sxlσ(x) 

sxSσ(x)Sa2(x) ここ E 

qy，xコとqx，y

γy，xコ=εγx，ν

1 1 
qσ-1 (x)必γx，y

IAI Sa-1(x) 
Sx 

S y 

Sx 

qa(x)，y 

守x，σ{ν)

rx，σ(y) 

γ。(x)，y S y 

(x) Write ァ(x)= X-1 for xξ X. 

p~:~ x写3
ar(y)，u ~ qσr(v)，v 
Ua(x).ar(v)"x-:-一一一←

ぜらr(ν}必

ー匂 ぴ(u)，rσ(x)1 
P;:ν Py，'-r:r(v) 一

Su rむ，rσ{む)

pUJ11qv，σr(v) 
{む)

Pσァ{z)，uqz，σァ(x)

P~:~ 一一よー与ra(y)
x，y rσ(u)，x r 
Pv，rσ{ν) 'f u，rσ(u) 

P~グエ 1 主主
x，y "...σ{ジ)，σ(x) S引

Yu，a(む) V 

p um-1ETz，Tσ(x) 
一一-

x，νPσナ(u)，νSσr(u)γu，rσ(u)
Yrσ(x)，む
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(xi) 
'，y' ""y"，Z' 

p~ ，;/ p~ヘ z
X ，Zl""y 

In (ix)， (x) and (xi) it is understood that all p， q，γinvolved are nonzero 
Put 

( ， ， _~A Iσ(x)y = U，σ…l(X)σ-l(y) (j-l(り)
z = < (x， yヲ仏v)ξX叫 l E } t' ，~， ， I I x σl(包)v，σ(y)口 σ(u)σ(り j

Then the symmetric group 34 acts on Z as follows: 

(x，y;u，v)日 (σ(x)，仰い);σァ(y)，u) 
(x，y;u，v)日(払アσ(り;σ(吋ぅアσ(x)) 
(x，y;u，v)日 (σァ(x)，包;払σァ(v)) 
(ιy;u，v)日作ァσ(y);ァσ(u)，x)

(X，YiU，V)日(仏σ(v);σ(y)，σ(吟)
(x，y河川)日(ァσ(x)，v;σァ(u)，y).

The equations in (x) are compatible with this action. 

Put 

w， = {μy，z)ξx3 
Then we have a bijection 

σ(x)ジヂ 1) 
σ印)zi= 1 } 

(x)σ-l(y)σ-1 (z)ヂ1J 

(x，y，x'，y') E Z 

(yrpz，fj)ez 

{叫山z川山"x'ピωFヘvγ，yイ4安jιFヘヲf山山，Zl勾1)ιげx1川0ぺ
I(ゲピωω，yイ吉y"山"ぺFヘヤ?JjrAzピr孔山11ぺrヘ，ylll官ylll乍11
(y払，zム，x'ピrぺZlο)壬Z
(X，Zl'yぺど)E Z 

(x，y，z，xぺνぺZ'ヲピヲジ"yぺZl)日 (x，yラZ).
80 we have one equation伊丹 foreach (x， y， z) Wl. 

4. Change of bases. We examine how the base change given by 

[α，bJ' = B(a，b)[α， bJ 

with 

[仏mJ' (}2 (α)[αラm]

[m， al' = (}1 (α)[m，aJ 
[m，m，mJ'=ゆ(m)[仇 m，m]

[m， m，aJ'訟手作)[m，m，α!

ゆ(α)ゆ(b)。(α，b)= 
争(1)針。)

争(1)
(}l (α) (}2(α) 一一

ゆ(α)

手(α)モkX

ゆ(m)E GL(V) 
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modifies the parametersσヲ sX'P~:~'qu，v， rx，y 
Let (l~I )xlεX I be a diagonalizing basis for the representations ß~ (ーヲm)of A on V. 
The mapゆ(m):V→ V is an isomorphism between the representations ゐ(一，m)
and 必(-，m).80 X'二 Xandゆ(m)is of the form 

ゆ(m):lx ~入xl~ for X E X 

with入xE k X • It turns out that 

X'=X 

σ=σ 

pru ，u 一入U入~p~~~-
x，y 入z入uz，u

，入U入U
q'L" ~q u，v ゆ(1)TU 

Tf 一五lLT引一 一←
x，y 入Z入U4g

s~ =入σ(x)-
Z 入z z 

ピ=E.

8. Recovery of a finite field 

THEOREM. Let B beαfiniteαbeliαngro叩 ，X = B -{1}. 1fαmαpσ:X→X 
has the prope付1，eS

σ3 = 1 

σ(X-1 )σ一l(X)= 1 

αηd 
σ(X)ν=u x=σ-1 (u)υ 

牛=今
σ-l(X)σ一l(y)=σ一1(υ)σ(y) =σ(u)σ(v) 

forαllx，y，u，vεX， then B is the multiplicαtive group ofαfield Fαndσ(z)=1-t 
forαllxεX. 

Therefore we will ide凶ちTA = FX with F a finite field， and σ(x) = 1 -~. Then 

σ一l(X)=ァ土-
l-X 

T(z)=: 

σi(X) = 1 -X 

Tσ(X) =三T
We have σi(X) = X i旺2x= 1. 80 σi has a fixed point i旺char(F)ヂ2. If 
σi(X) = x， the equation qx，aT(x) = f.qσT(X)，X yields f. = 1. Thus 

char(F) =1= 2 =今f.= 1. 
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After a suitable change of bases we may assume 

Sx = (; for all x X. 

The base change given by (λx)x respects this assumption i百

λσ(x) =λr 

Equation (ix) now becomes 

qν，x - ξqx，y 

Ty，x = (;Tx，y 

E 

qa-1(♂)争点ν= 珂

qσ{x)，y 立に qx，σ(ν) 

Tσ(x)，y 二 Tx，σ(ν)・

From now on we assume char(F) 2. Let X孝 bea representative system of 
(σ?ア)ωorbitsin X. Since i has no fixed point in X， i leaves no (σ)叫orbitinvariant盆
Put 

Xo = (σ) . X*， X1口 7・Xo・

Then 
X 口 XoU X1 (disjoint). 

Make the base change given by 

Then 

Thus we may assume 

手{α)= 1， 

入戸{~…) 

い )=c
い =(1

γX，Tσ(X) 

守X，σT(X)

fo主 XE Xo 

for xモX1・

for xモXo
for x E X1 
for X E Xo 

for X をX1‘

for xモXo

for x E X1 
for x E Xo 

for xεX1・

The base change given by (λX) respects this部 sumptioni百

λX-入σ(x)

入zλT(忽)ヰゆ(1). 
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9. Small fini総長elds

1. Case of F8・Herewe let 

A 

X 

σ(x) 

(F;)~ 

A~… {1} = lF8一 {O，l}

We have lF2(a) with a
3
十α十 l口 Oラα7= 1. Then 

i = 1，.・・，6}. The cycle presentation of σis 
(α) and X {at I 

{岱1a2(4)(a3a5α6).

(σ， T) acts transitively on X. Put 

Xo = {αI，α2，(e}， X1=ア(Xo)= {α6，a5，伐3}.

Then 
X ココ XOuX1・

As in the previous section we may assume 

Sヱコエ ξ

1

i

F

w

 

r
i
〈
l
t
r
i
I〈
3
3
1

一
一
一
一

z

z

 

σ

7

 

7

σ

 

z

z

 

T

Q

e

 

おrxιXO

for x E X1 

for X E XO 

for X εX1・

The base change by手(α)，(.'¥x)x respects this assumption i百

入Z

入z入γ(ぉ)

入。(x)

ゆ(1).

The set Z consists of 30 elements 

(α1伐1・a3α2) (α10204d) (α1α3・a5α5)，~ ，~ ，~ l' ，._， ，'-"" ，'-"" J' ヲ，~ )~ l' 

(a1) a4・α6α3) (α1，a6・a1α4) (α2. a1・α5α6)''''''''' ，，_... ，'-"" J' ，~ ，~ ，~ l' ，-，ヲ?

(α2う ，α6，α4ミ) ， (α2ラ臼4?.αlF臼S (a2α5・α2，(1) ，~ ，~ ，う

( 岱2， 伐6・う a3，a3 (α3?α1; 0.6，ω5)， (α3，α3;α1， (6)ヲ
(Q3d-α2α2) (α3α5・α3伐4) (α3α6・α4α1)，-，ヲ? ，~ ，-，~ l' ，~)~，~" 

(α4α1・a2α3) (α4α2・α3α5) (α4α3・α4，(2)'''''"'''' '''''''''' 
，.__ 
J' 

，~ ，-，-
" 

，~ ，-，-
" 

(臼
4α4・伐5α1) (α4岱5・α6，(6) (αらα2・α1α1)，-，~ ，-

" 
，，_... ，'-"t. ，'-"" J' ，-，-，-" 

(aら伐3・α2，(4) (α5α4・α3，(6) (α5α5・α4，(3) )-，-，-
" 
，-，多 2 ，'-"" ，........... ，_.... J' 

{α5，a6:a5α2) (α6α1・α4，(4) (a6， a2・α5α3)，-，~ ，-
" 
，........， ，........ ，'-"" J.， ，-，-，~" 

(αG， (a6α5砂α1α2) (α6，α6;α2?α5) ;a~ ， a ，........， ，.......... ，'-"" J' 
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Name them ZI，.・*ぅ Z30in this order. 
S4 acts on the set Z and Z is divided to two S4-orbits B1) B2・

B1 口 {ヤ仏ZIヲz勺2，Z勾3，Z勾S恥うz勾7ラz均8ふ，Zg勾9うz叫 z勾11，Z12わヲz勾匂1日3あ，ZI知14

Z16， Z18， Z19， Z20ぅZ21，Z23， Z比 Z2SヲZ26，Z払 Z28，Z30}ヲ

B2 {Z41 Z6ぅZISぅZ17，Z22， Z29}. 

A representative system of S4-orbits in Z is given by {九九}
We write p~:~ = p(x， y; U， v) as well. By (x) of the precedi時 section，p( z) for 
どを Z一{九 Z4}are expressed by p(zI)， p(Z4)' 
We have 120 equ杭ions(xi) corresponding to (x，払Z)εWl.

，y' ""y" ，z' ""x" ，y"l _ ""x" 
P;，y'" p~')~ Px'，:;" = Py，z'-'Pる，zi-

After substitution of the expressions of p(z) by p(zI)， P(Z4)， they reduce to a 
single equation 

P(Z4)口 P(ZI)2.

Recall that (σ，i) acts regularly on X. 80， for any nonzero scalar Z we have a 
unique functionλ:X→ k X with property 

入α1= Z 

入。(x)=λg口 λJよ)for all x夜 X.

The base transformation given by争(α) 1 and (λρx has the e恥ct

p' (zI)口 p(zI)Z-2

p'(Z4) = p(Z4)Z-4 

80 taking l = P(Zl)をう wemay assume 

P(ZI) = 1. 

Thus p(z) = 1 for 

Jとヱ=Zll Z2ヲZ4ヲZ6，Z7ヲZ8，Z12， Z14ラZ16，Z17， Z19， Z24， Z25， Z28ヲZ30，

while p(z) εfor 

Z コZ3ぅZS，Zg， ZlOヲ Zl1， Z13， Z15ぅJと18，Z20ヲZ2bZ22， Z23ヲZ26，Z27， Z29・

Thus after a suitable base transおrmation，the pentagon equations have the two 
solutions depending on the values of ξコ士1:

Sx士 ξ

アゲ，α5 コエ r02，α3 = rα4，06 = 1 

Tα5，0:1 -γα3，02 =γα6，α4ξ  

qol，α3 立た q02，06 = Q04，α5 = 

Q03，ol = Q06，02 エニ Q05，04 iAi・
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p(z) = 1 for 

z =(αIαIα3α2) 
，~ ，~ ，~ J' ，~，~，~" 

(α1α4α6α3) 
7 う，~ " 

(α2α1α5α6) 
，~，~，~" 

(α2α2α6α4) 
，~ ，~ ，~ j) (α2α4α1α5) ，~，~，~j) 

(α3α3α1α6) 
，~ ，~ ，~ J' 

(α3α5α3α4) 
，~，~，~" 

(α4α1α2α3) 
，~，~，~j) 

(α4α2α3α5) 
，~ ，~ ，ヲ (α4α4α5α1) ，~，~，~" α?α ，α，α 

(α5α6α5α2) 
ヲ，~ ，~ j) (α6α3α6α1) ，~，~，~" 

(α6?α6?α2?α5) 

p(z) = e for 

z =(α1α3α5α5) 
，~，~，~" 

(α1α6α1α4) 
，~，~，~j) 

(α2α5α2α1) 
，~ ，~ ，~ " 

(α2α6α3α3) 
，~，~，~" 

(α3α1α6α5) 
，~，~，~/) 

(α3α4α2α2) 
，~ ，~ ，~ J' 

(α3?α6，α4?α1) ， (α4α3α4α2) 
，~，~，~" 

(α4α5α6α6) 
，~，~，~" 

(α5α2α1α1) 
，~ ，~ ，~ " ，~ ，~ ，~ J' ，~ ，~ ，~ J' 

α，α，α，α (α6α2α5α3) ヲ，~ ，~ " (α6，α5，α1，α2). 

2. Case of 1F4 • Let 

A = (1F;)~ 

X=A~ー {1}= 1F4 一 {O ， l}

σ(z)=1-i 

We have 1F4 = {O， 1， a， a2} with a2 +α+  1 = 0， a3 = 1. Then X = {α， a2}， 
σ= 1， and 

z={(α?α;α27α2)， (α2，α2;α，α)}. 

We may assume 

Then equation (x) reduce to 

This time 

Sx =ニ E

Tα，α2 = 1 

Tα2 )α=e 

qα，α2 = i去1

似 α=市

2 _ 2 α ーαα.α
Pαム Pα2)α2 = e 

W[ = {(x， y， z)εX31 xyヂ1，yzヂ1，xyzヂ1}二日，

so there is no equation (xi). 
Base transformation 

ゆ(1)= 1，入α=Z，入α2= Z-1 

43 



可

yiel寸s
2 n，2 A 2 _ 2 p'αβ 1-4pα9  … ξα~ ，α.α，α 

80 we can take l 80 that 
_ 2 

p~ ， ~U 1. 

Thus the pentagon equation have two 801utions depending onεr土1.

Sx コエ ξ 

γα，α2 = 1 

アα2?α 士 ξ

qα，α2 f

一同

Qa2，a = i交I
_ 2 2 

p~ ，~U = 1 

αーα
Fα主?α2 二 ξ.

It can be checked that when the剖 sumptionsmade in 8ections 7.1 and 7.3 are 
not satisfied， there is no solution. Thus the above solution with ξ- 1 is the 
unique ∞ntrivial deformation of Rep(1F 4 >l 1F:). 
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