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o. introduction 

For a tensor category A over a五eldk， the category AIffi(A， A)A of functors 
AOP Q9 A→ {vector spaces} with twか sidedtensor actions is defined. When A is 
semi時 simple，AIffi(AヲA)Ais equivalent to the center of A. As an interesting example 
of non semi-simple tensor categoriesう wetake A to be the Mackey categoryん1of 

a finite gr∞p G. The category of G四 setsis a subcategory of M and the category 
of permutation G-modules is a quotient ofん1. Our result is that the category 

MIffi(M， M)M is equivalent to the category of Mackey functors on the category of 
con配 ctedG-sets equipped with automorphisms. (Theorem 12.6). 

The following notations are used. V is the category of vector spaces over k. S is 

the category of五niteG-sets. For a k-linear categories X and y， Hom(X， Y) denotes 

the category ofιlinear functors X→ y. 

1. categories Iffi(X， Y)， AIffi(X， y)， AIffi(X， Y)λ 

For ιcategories X and y， we denote by Iffi(X， Y) the category of k-bilinear 
functors Xop x Y→ V. Namely an object of蕗(X，Y) consists of k-spacesφ(X，Y) 

for all objects X in X and Y in y， and ιlinear maps [j， g] :ゆ(XヘY)→ φ(X，Y') 
for all morphisms j: X → X'inXandg:Y→ y' in Y satisfying the following 
conditions. 

(L1.i) For mo叩 hismsj: X'→ Xう j':X"→ X' in X and g: Y → Y' and 

g': Y'→ Yぺwehave 
[j 0 fヘg'0 g] = [j'， g'] 0 [j， g] 

、、主審.，，，
・噛・A-司・a
A
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[1， 1] = 1 

(l.l.iii) [j， g] is bilinear in f and g. 
Easy conseque百cesof these conditions are 

[j，g] = [j， 1] 0 [l，g] = [l，g] 0 [j， 1] 

and 

ゆ(X1EB X2， Y)宝剣XI， Y)φφ(X2，Y) 。(X，九0九)空手(X，Y1)φφ(X，む)

Let A be a tensor category. We assume that A is strict. The tensor product of 
X and Y is denoted by XY. The tensor product of morphisms f: X → X' and 

g: Y→ Y' is denoted by j g: XY→ X'Y'， while the composition of f: X → Y 

and g: Y→ Z is denoted by 9 0 j: X → Z. The unit object of A is denoted by 1. 
We have a notion of んmodules. See [2] for the de五nition. Let X， Y left A叩

modules. We define the category AIffi( X， Y) as follows. An object of AIffi( X， Y) is 
an objectゆinIffi(X， Y) equipped with linear maps 

A.:ゆ(X，Y)→ゆ(AX，AY)

for all objects A in A， X in X， and Y in Yぅsatisfyingthe following conditions. 
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(1.2.i) For rnorphisms f: X'→ X in X and g: Y→ Y' in y， we have a commu-

tative diagram 

ゆ(X，Y) ゆ(AX，AY)

叫 j山 g]

ゆ(X'，Y')一一→ゆ(AXヘAY')
A. 

(1.2.ii) For a morphism h: A→ A' in A， we have a comml尚 tivediagram 

ゆ(X，Y) 一三一→ゆ(AXヲAY)

A'.l 1 [l，hY] 

争(A'X，A'Y)一一→争(AX，A'Y)
[hX，l] 

(L2.iii) For objects A， A' in A， we have a commutative diagram 

。(X，Y) 竺」

(A' A). "、
ゆ(AX，AY)

↓A' 

ゆ(A'AX， A' AY) 

(1.2.iv) For the unit object 1， 1.:ゆ(X，Y)→ φ(X，Y) is the identity. 

Let X， Y be (A，A)ゐimodules.The category A爵(X，Y)A is defined as follows. 
An object of A1B( XヲY)Ais an object手拍車(X，Y) equipped with linear maps 

A.:φ(X，Y)→ φ(AX，AY) 

.A:ゆ(X，Y)→ゆ(XA，YA) 

satisちringthe following conditions. 

(1.3.i) same as (1.2.i). 
(1.3.ii) same as (1.2.ii). 
(1.3.iii) same as (1.2.iii). 
(1.3.iv) same as (1.2.iv). 
(1.3.v) The analogue of (1.2.i) for λ 
(1.3.vi) The analog問。f(1.2.ii) for .A. 
(1.3.vii) The analogue of (1.2.iii) for λ 
(υ1.3.v吋i泌同ii司i)T口を3恥}

(υ1.3ι3‘i訟x)For objects A， B in A and X in X and Y in y， the diagram 

is commutative. 

ゆ(X，Y)
A. 

一一一一一→ 手(AX，AY)

争(XB，YB)一一→ゆ(AXB，AXB)
A構

2 



2. category A諺(A，X)

We call a quadruple (A， A'， E，η) a duality if A， A' are objects in A and ε: AA'→ 

1，η:1→ A' A are morphisms in A such that the following diagrams comrnute. 

A ~ AA'A 

1 '"、↓d

A ， 

A' ~ A'AA' 

1、↓A'を

A' 

It is well-known that a duality (A， A'，ε?η) gives rise to the adjoint isomorphism 

Hom(AB，C)さ Hom(A，A'C)

for B，C in A， and vice versa. 
We will show that such an isomorphism holds also for any objectゆinAlffi(X， Y). 

Proposition 2.1. Let ct be an object in Alffi(XヲY)，αnd(A，A'，吃?η)α duαlityin A. 
Then we have nαtural isor.nor-Phisr.ns 

ゆ(AX，Y)さゆ(X，A'Y) 

for all X E X， Yモy.

Proof. Define the maps 0'， T to be the composites 

A'. 11 A' A "V'" Ahr.r¥ [7JX，1J 
ぴ:ゆ(AX，Y)一→φ(A'AX， A'Y)一→ゆ(X，A'Y)

A. 1 1 A "T A A ，，， r¥  [1，正YJ
にゆ(X，A'Y) ~ ct(AX， AA'Y)→ φ(AX，Y) 

We will show they are inverse to each other. 
We have a commutative diagram 

ゆ(AX，Y)

Hence 

But we have 

f→手(A'AX， A'Y) 

σ"¥. [7JX，1J↓ 

。(X，A'Y)
1」 φ(AA'AX， AA'Y) 

↓[A仏 lJ

一一→
A. 

ct(AX， AA'Y) 

ァ¥冶↓[1，.:YJ

ゆ(AX，Y) 

(AA'). 
ゆ(AX，Y) 一手(AA'AX， AA'Y) 

1"0σ¥冶 ↓[AηX，.:YJ 

ゆ(AX，Y) 

(AA'). 
や(AX，Y) →争(AA'AX， AA'Y) 

1↓ [t:AX，1J "¥. 

争(AX，Y) ← 
[AηX，1] 

3 
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Hence γoσ=1. 

We have a commutative diagram 

Hence 

But 

A. 
<t(X，A'Y) ーや(AX，AA'Y) ゆ(A'AXうA'AA'Y) 

↓[l，A'判

手(A'AX，A'Y) 

T ~ [1ヲηYJ↓

ゆ(AX，Y) 一一→
A'. 

σ¥ ↓[eX，lJ 

ゆ(X，A'Y) 

(A'A)・九

ゆ(X，A'Y) →ゆ(A'AX， A' AA'Y) 

ァ ¥ ↓[l1X，A't:YJ

。(X，A'Y)
φ(X，A'Y) 

(A' A). 
一一一→

1↓[l，l1A'Y] "、
φ(X， A'Y) 

[l，A'正Y]

φ(A' AX， A' AA'Y) 

↓[t:X，lJ 

φ(X， A' AA'Y) 

Hence σoγ1. This proves the proposition. 

Proposition 2.2. The following diαgram is commutαtive. 

ゆ(X，Y)

A↓ ~ [l，t:Y] 

φ(AX，AY) 一→ φ(X，A'AY)

Proof. This follows from the diagram 

A.〆
ゆ(AX，AY)

A'. 

φ(X，Y) 

↓(A' A) 

ゆ(A'AX， A' AY) 

~ [l，t:Y] 

一手(X，A'AY)
[eX，l] 

We say A is rigid if for every object A in A there is a duality (A， A'，と7η).
Hereafter A is assumed主obe rigid and we choose a duality (A， A *パA，1JA)for each 

A. Especially for the unit object 1 we choose the duality (1，1，1，1). 
For a morphism f: A→ B in A， define the morphism f*: B*→ A* by the 

commutative diagram 

B事

ηAB* 1 
A*AB* 

A* fB‘ 

4 
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Then the assignments A日 A本 andf日 f*form a funtor AOP→ λ 
For a morphism f: A→ B in A， the following diagrams are commutative. 

f 
ηA A*A AB* Af* AA* 

B*B A*B BB* I 
fネ日 壬忍

For objects A and B in 人 wehave an isomorphism XA，B: (AB)*→ B求A*such 

that the following diagramsぽ ecornmutative. 

f 
'T/ぉ B*B ABB*A* ABXA，B 

AB(ABγ 

(ABγAB B* A* AB AA* I 
χA宅BAB EA 

Now we consider AlA(XヲY)for X = A regarded as the left A-module by left 
tensor product. 

Theorem 2.3. For・αnylεβ A -module y， we hαveαn equivalence 

AlA(A， Y) ~ Hom(YぅV).

Proof. We give only the construction of おnctors.Define the functor 

S: AlA(A，Y)→ Hom(Y，ν) 

by 
S(ゆ)(Y)口ゆ(1，Y). 

Define the functor 
T: Hom(Y，ν)→ AlA(A，Y) 

as follows. For ψε Hom(Y， V)，ゆ T(ψ)is given by 

ゆ(A，Y) ψ(A*Y)

for objects A in A and Y in y. For morphisms f: A'→ A and g: Y→ Yヘdefine

[f，g} ψ(f* g). 

For objects A， B in A and Y in y， de五ne

B.:手(A，Y)→ゆ(BA，BY)

to be the composite 

ψ(A*ηBY) ψ(χみBY)
ψ(Aγ) → ψ(A* B* BY) → ψ((BA)* BY). 

Then one can verify that S and T are inverse to each other. 
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3.恥1ackeycategory 

Let G be a finite group. Let S be the category of finite G-sets. The direct 

product of G時 setsX and Y is denoted by XY. The direct product of G叩 maps

f:X→ X' and g: Y→ Y' is denoted by fg: XY→ X'Y'. 1 denotes a one-point 
G-set. 

Let us review the definition ofMackey functors ([1]， [3]). A Mackey functorψfor 

G consists of vector spacesψ(X) for all G-sets X and linear maps f*:ψ(X)…→ ψ(Y) 
and f*:ψ(Y)→ ψ(X) for all G-maps f: X → Y. They should satisfy the folIowing 
condi tions. 

(3.1.i)ψ(X) and f* form a functor S→ V. 
(3.Lii)ψ(X)組 df* form a fUIは orsop→ V. 

(3.1.iii) For a plιback diagram 

X X' 

Y Y' 
q 

the diagram 

ψ(X) ψ(X') 

ψ(Y) 
q 車

ψ(Y') 

is commutative. 

(3.1.iv) Let i1: U1→ U1 + U2 and i2: U2→ U1 + U2 the inclusion maps. Then 
the maps 

(ih， i2*):ψ(U1) El1ψ(U2)→ ψ(U1 + U2) 

(ii， i;) :ψ(U1十 U2)→ ψ(U1)El1ψ(U2) 

are inverse to each other. 

(3.Lv)ψ(詰) 0 

We denote by M(S) the category of Mackey functors. 
Let us review the definition of the Mac1ωy category for G ([3)). The会fackey

categoryん-1is defined as follows. An ob ject ofん1is a finite G-set. For G-sets X 

and Y， the hom四 spaceHomM(X， Y) is the vector space defined by generators and 
relations as follows. The generators are symbols called "span" 

[X← U→ YJ 

for G時 mapsU→ X and U→ Y. The relations are 

[X← U1 +U2→ Y]ヱ=[X← U1→ Y]+[X← U2→ Y]. 

The composition of spans is given by 

[Y ← V → Z] 0 [X ← U → Y] エヱ [X ← W → Z]， 
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where 日/ U 

1 1 
V 一一一→ Y

is a pull-back diagram. 
A basic fact is 

Theorem 3.2. We hα悦 αnequivalence 

M(S) ~ Hom(M， V). 

The equivalence is given as follows. For a Mackey functorψ， defineψrv .んイ→ V

by 
ψrv(X) ψ(X) 

for G-sets X and 

ψ~([X U Y]) =ι。ピ:ψ(X)→ ψ(Y).

Then the assignment ψト→ ψrvyields the equivalence. 

The Mackey category M is a tensor category: The tensor product of G.蜘 setsX 
and Y is just the direct product X x Y XY. The tensor product of spans are 
given by 

[X← U→ Y](X'← u'→ Y'] = (XX'← uu'→ YY']. 

The unit ob ject is the one叩 pointset 1. 
The Mackey category is rigid. lndeed， for a G惜 setX， 

(X，X， [XX← X → 1]， [1← X → XX]) 

is a duality， where X→ X X is the diagonal map. This choice of duality yields the 
funct 

Xホコニ X， [X← U→ Y]本云 [Y← U→ X]

The isomorphism XX，Y: (XY)*→ Y*X本 isjust the transposition XY→ YX. 

4. categories 関 (S，S)ラ sM(S，S)ヲ sM(S，S)s

ln view of the equivalence Hom(ん1，V) ~ M(S) of Theorem 3.2， the categories 
部(M，M)， MJm(M， M)， MIffi(M， M)M are respectively equivalent to the categories 
M(S，S)， sM(S，S)， sM(S，S)s defined below帯

The categoη M(S， S) is defined as follows. An objectゆinM(S， S) consists of 
ιmodulesゆ(X，Y) for all G-sets X and Y， and k-linear maps 

(j，g九:ゆ(X，Y)→ゆ(X'，Y') 

(j，g)*:ゆ(X'，Y')→ゆ(X，Y)

for all G恥 mapsj: X → X' and g: Y→ Y'， which should satisfy the following 
condi tions. 
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( 4.1.i) The collection ofゆ(X，Y) and (j， g)本 forG-sets X， Y and G-maps j， 9 

forms a functor S x S→ V. 
(4.l.ii) The collection of手(X，Y) and (j， g)本 forG-sets X， Y and G-maps j， 9 

forms a functor sop x sop→ V. 
(4.l.iii) For G叫 mapsj: X→ X' and g: Y→ Y'， the diagrams 

(1，1) 
O(X，Y) ~→ゆ(X' ， Y) 

リユγ
φ〔えう r) ←一一- ø~え '， r)

Y
 

?

i

!

?

 

f

X

 

1
9
/
2
1
 

1

ふ
ωア

i
1
1中

戦、、，，O3
 

唱

i，，e
、、

寧

7
‘、
2''

0.M 

句
Z
A，，、、

小

i
i
i
i

本も、，，g
 

宅

i

i
i
i
i↓
 

(/，1)* 
ゆ(XヘY) ゆ(X，Y')←一 O(X'，Y) 

(1，1) * 

are commutative. 

(4.1.iv) If 

X1 X~ 

p
 

i
-
-↓
 

X2 一一→ X~
12 

is a pull叫 backdiagramヲ then

(JI，l) 
ゆ(X}，Y) へゆ(XLY)

〈が)*r r山 場

ゆ(X2，Y) -----4 ゆ(X~ ， Y) 
(12，1)場

is commutative帯

(4.l.v) If 
日 91→ η

q 1 1 q' 

Y2 - 一→勾

is a pull-back diagram， then 

ゆ(X，円)J1，判事;ゆ(X，Y{) 

(l，q)* r r (l，q')・

O(X，九)-:ァゆ(X，η)
(1，92)* 

is commutative. 

(4.l.vi) Let i1 : X1→ X1 +Xあら:X2→ X1十 X2 denote the inclusion maps勝

Then 

((九 1)ぺ(i2，1)つ:ゆ(X1十 X2，Y)→ゆ(X1，Y) O(X2，17) 

((九1)*， (i2， 1) *) :ゆ(XゎY)φゆ(X2，17)→ゆ(X1十 X2，17)
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are inverse to each other. 

( 4.1. vii) Let i 1 :日→五十九?ら:九→九十九 denotethe inclusion maps. Then 

((1，i1)*， (1，ら)本):手(X，Y1十九)→ゆ(X，Y1)φ手(X，Y2) 

((1，i1)判 (1，i2)*)=手(X，Y1) ct(X，九)→ゆ(X，Y1十九)

are inverse to each other. 
(4.1. viii)ゆ(昔，Y)工 O
(4.1.ix)ゆ(X，日)=0
A morphismσ:ゅー→ゆ， in M(S， S) consists of k-linear maps aX，Y:ゆ(X，Y)→

グ(XラY)for all G-sets X and Y， which commute with (j， g) * and (jぅg)*for all 
G-maps j and g. 

This ends the definition of M(S， S). 
We have the equivalence爵(M，M) ~ M(S， S). 

The category sM(S， S) is defined as follows. An object in sM(S， S) consists of 
an object功inM(SラS)together with maps 

Z.:ゆ(X，Y)→ゆ(ZX，ZY)

for all G-sets Z， which satisfy the following conditions. 
(4.2.i) For any G-maps j: X →X' andg: Y→ Yヘthediagrams 

and 

are commutative. 

ゆ(X，Y) ぷ丑斗 ゆ(X'，Y') 

lZ 
ゆ(ZX，ZY)-~ゆ(ZXヘ ZY')

(Zj，Zg)事

ゆ(X，Y)
(J，g)歩

十一一一一一一一 ゆ(X'，Y') 

φ(ZX， ZY) ct(ZXヘZY')
(Zj，Zg)* 

(4.2.ii) For any G時 maph: Z→ Z'， the diagrams 

and 

ゆ針(X，Y) 一三乙ι→ 争針(ZX，ZY)

Z'-1 1 (1，ゆW山h灯hY)η〉

ゆ針(Z'X，Z'Y)-~ 争針(ZX，Z'Y) 
(hX，l)噂

φ(XラY) ーとL→ ゆ(ZX，ZY)

z' -1 1 (hX，l)権

利Z'X，Z'Y) ゆ(Z'X，ZY)
(l.hYい
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commute. 

( 4.2.iii) 

ゆ(X，Y)
z. 

一一一→ ゆ(ZX，ZY)

↓z' 

ゆ(Z'ZX，Z'ZY)

(Z'Z). ~ 

( 4.2.iv) 
1.:ゆ(X，Y)→ゆ(lX，lY)

coincides with the isomorphism 

(P2， P2)* :ゆ(X，Y)→ゆ(lX，lY)

where P2: 1X→ X，P2:1Y→ Y are the second pro jections. 
A morphismφ → φ， in sM(S， S) is a morphism oサグ inM(S， S) making the 

diagrams 

y
 

r
h
i
i↓
 

/し、

Z

Amγ 
o'(X， Y) 

。(ZX，ZY)-~グ(ZX， ZY)
σZX，Zy  

commutative for all X， Y， Z. 
This ends the definition of s関(SラS).
We have the eqむivalenceM 1ffi(M， M) ~ sM(S， S). 

The category sM(S， S)s is defined as follows. An object of this category is組

object o of M( S， S) together with the maps 

Z.:ゆ(X，Y)→ゆ(ZX，ZY)

.Z: o(X，Y)→ゆ(XZ，YZ)

for all G叩 setsX， Y， Z satisfying the following conditions. 

(4.3.i)， (4.3め， (4.3.iii)， (4.3.iv) : the same as (4.2.i)， (4.2.ii)， (4.2.iii)， (4.2.ivト
(4.3.v)， (4.3.vi)， (4.3.vii)， (4.3.viii): co吋 itionsfor .Z analogous to (4.2ふ(4.2.ii)， 

(4.2.iii)， (4.2.iv). 
(4.3.ix) The diagmram 

や(X，Y) ~→ φ(ZX， ZY) 

ゆ(XW?YW)-zー争 φ(ZXW，ZYW)

is commutative. 

A morphismゆ→グ insM(SうS)sis a morphismゆ→グ inM(S， S) which 

commutes with Z. and .Z for all Z. 

This ends the definition of sM(S， S)s・

We have the equivalence M1ffi(M， M)M ~ sM(S， S)s. 
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5. equivalence sMI(SヲS)~ MI(S) 

By Theorem 2.3 we have an e司uivalence

M 醇(M，M) r-..; Horrl(M， V). 

Since MJA(M， M) r-v sMI(S， S) and Hom(M， V)宅MI(S)，we obtain 

sMI(S， S) ~ M(S). 

The equivalence is give註 bythe functor 

S: sM(S，S)→ M(S) 

defined as follows. Letゆと sM(S，S)and S(ゆ)ニ ψ.Then 

ψ(X) =ゆ(1ぅX)

for a G-set X and 

/*に (1，/)*， /* = (1， /)* 

for a G-map /. 
The inverse 

T: M(S)→ sM(S，S) 

of S is given as follows. Let ψε sM(S，S) and T(ψ)口ゆ.Then 

ゆ(X，Y) =ψ(XY) 

for G-sets X， Y， and 

(/，g)事出 (/g)*， (/， g)*ニ (/g)*

for G-maps /， 9・Theoperation 

Z.:φ(X，Y)→ φ(ZX，ZY) 

is the composite 
(P12，P13) ψ(XY) ψ(ZXY) 一本ψ(ZXZY)

where Pij are the projections. 
Proposition 2.1 forゆモ sM(S，S) takes the following form. The composite 

σx:争(XラY)
{ム1)* I I，r ，r， r ¥ (柄引。(XX，XY)ーや(X，XY)\~* <t(l，XY) 

is an isomorphism and its inverse is give口 by

σj:ゆ(l，XY)
(1，ムY)* II，r ，r，r¥ (l，pY) 

ゆ(X，XXY) 一→ ゆ(X，XY) 一→率引X，Y).
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6. categoriesκand関(丈)

The category丈 isdefined as follows. An object is a diagram 

Xよ'U_!!_→Y

ofG冊 setssuch that (α，b): U→ x x Y is i吋ective.A morphism 

(X じ土→Y)→ (X' U' Y') 

is a triple (j， h， g) of G-maps j: X → Xヘh:U→ Uヘg:Y → Y' satisfying the 
obivious commutativity. 

κhas finite limits， taken componentwise. In particular we cay speak about 
pull同 backdiagrams in κ. 

The category N (κ) is defined as follows. An object () co凶 istsof k-modules ()(X) 
for all objects X inκand linear maps 

仁:()(X)→ ()(X') 

ι: ()(X')→ ()(X) 

for all morphisms f: X→X' i到来二 satisちringthe following conditions 

(6.l.i) e(x) and f* form a functorκ → v. 
(6.l.ii) ()(X) and f* form a functorκop→ν. 
( 6 .1.iii) If 

X1 X~ 

P
 

!
i
i
w
 

X2 一一→ X~
f2 

is a pull叩 backdiagram inκ， then 

、、.zz''
宅五X

T

l蜜

J
Z
5
1ミ
旗o

p

 

。(X~)

r p'. 

。(X2) 。(X~)

is commutative. 

(6.1.iv) Suppose X (X← U1十 U2→ Y)is an ob ject ofに LetX1ニ (X←

U1 → Y)， X2 (Xぃ U2 → Y)and i1: X1 一→ X，ら:X2 → X the obvious 
injections. Then 

(ii， i;): ()(X)→ e(x1)のe(x2)

(ih， i2*): ()(XI) EB ()(X2)→ ()(X) 

are inverse to each other. 

(6.l.v) e(x← e→ Y) = 0 

12 



.... ...  園田ーー一

(6.l.vi) Let X1 (X1 ← U1→ Y)， X2 (X2 ← U2 → Y) be objects in丈

and put X (X1十 X2← U1十 U2→ Y)，j1: X1→ X， j2: X2→ X the obvious 

injections. Then 

(ji ，j;): O(X)→ O(XI) EB 0(X2) 

(jh， j2*): O(XI) EB 0(X2)→ O(X) 

are inverse to each other. 
(6.l.vii) The right-sided analogue of (6.l.vi). 

(6.l.viii) Let X (X←ιU_!!_→Y) be an ob ject of l<二PutU (U 

and a江 (α，1，b):U→ X. Then 

are inverse to each other. 

九:O(U)→ O(X) 
ぶ:O(X)→ O(U) 

U__2→U) 

A morphism 0→ 0' in N(κ) consists of linear maps O(X)→グ(X)for all objects 

X in K satisちringthe commutativity with 仁 andf* for all morphisms f in 二̂
This ends the definition of N (丈).
We have an e弓uivalence

N(疋)~ M(S) 

by the functor sending ψε M(S) toφ モN(疋)defined by 

ゆ(X← U→Y)ェ ψ(U).

7. idempotent operation e(X← U→ Y) on手(X，Y)

Letゆbean object in sM(S， S). 
For diagrams 

Z U a→X， Z V b→Y 

ofG叩 sets，define the; map 

{Z ←~U~X， Z ←土 v Y}:ゆ(X，Y)→ゆ(X，Y)

to be the composite 

争(X，Y)
((c，α)ベd，b))本 (0川

ゆ(ZX，ZY) 一→ φ(U，V)ーアゆ(X，Y).

Properties of this map are given below. 
(7.1) 

(p2，p2)* 
ゆ(X，Y) →ゆ(ZX，ZY)

z↓ /{Zヱ_!__zx 1 zx，Zよと Zyム ZY}

ゆ(ZX，ZY)

where Pb P2 are the projections. 

13 



Proof. 

ゆ(X，Y)

z↓ 

ゆ(ZX，ZY)

↓z 

手(ZX，ZY)， - →手(ZZX，ZZY)
(P13，P13)'" 

Letム:Z→ ZZ denote the diagonal map. Then the composite 

(P13，P13)事。(ZX，ZY) →ゆ(ZZX，ZZY) 。(ZX，ZY)

is the identity， and the composite 

(dX，ムYγ
争(ZX，ZY)ム手(ZZX，ZZY) → ゆ(ZX，ZY)

18 

{Z ZX-1→ ZXき Z~ZY ZY} 

as (Pb lzx)ニムX.Hence the conclusion follows. 

(7.2) Let 

Z' U' Z' 

↓f "、α e↓ ~d' 

Z ぃ U → X
Cα  

Z ←- V -→ Y 
d b 

be commutative diagrams in which the left square is pull叩 back.Then 

{Z U X，Z v 三→ Y} 口 {Z' 三二 U'~Xぅ Z'~V土→ Y}

Proof We have the commutative diagram 

手(X，Y) 一一Z一.→ 手(ZX，ZY)

(a) ↓(l，eY)* ¥、 (1，(d，初期

ゆ(Z'X，Z'Y) ゆ(ZX，Z'Y) 一一→ φ(ZX， V) 
(eX，I) .. (1，(d' ，b))'" 

((印')，1)"1 (b) ↓(( c，a)ユγ ↓((c，a)，I) 

ゆ(U'，Z'Y) 一一→ ゆ(U，Z'Y) 一一→ 手(U，V)
{!，1}潮 (1，(d' ，b)} '" 

(1，(d' ，b))称¥、 (c) {!)l} ..ノ

(a) IS Comml 

ゆ(U'，V) 
(α， ，b)字

ザ J → U

(c' ，a') 1 1 (c，a) 

Z'X 一一→ ZX
eX 

14 

ψ(X，Y) 



-

ぉpull叩 back.(c) is commutative by (4.l.iii). 

The composition of the upper path from争(X，Y) to 4>(X， Y) yields {Z← U→ 
X，Z← V→ Y}， while the composition of the lower path yields {Z'← U'→ 
X，Z'← V→ Y}. Hence the conclusion follows. 

(7.3) 

Z' z' :!:-ι V' 

ヘc
i
i↓
 

ε
 

↓9 ~ b 

Z ← U -→ X 
c α  

Z ←- V -→ Y 
d b 

the square in the right diagram is pull-back. Then 

{Z ~三-U___!!:_→ X， Z V~→ Y} 口 {Z' U X， z' :!-v' _!!_→Y}・

(γ.4) Let 

w U 

c
 

i
-
-
!ふ

i
i
i
ψ
 

rsd 

V 一一…→ Z
b 

be a pull-back diagram. Then 

{Z ←Lui+XJ ←~V 土今 Y}={X ←_1X X， X ごと w~ム Y}

={Y止Lw三三X，Y←_1  Yよ→ Y}.

Proof. 

立 {Xよ x

X，U 

X，X 

w笠+Y} by (7.3) 

w丘-7Y} by (7.2) 

{Zニu X，Zt-土 v Y} {U ←~U 

The second equality is proved similarly. 

(7.5) Suppose the diagrams 

Z 

gノ ト

Z 

hノド

U" 二→ U

9'〆 le' "当α"1 a 

V" 二→ V

h'〆↓l' "、b"↓b

Z' ←- U' → X Z' ←- V' 一一→ Y 
d' b' 

are commutative and the squares are puIl四back.Then 

{Z' U'ど→X，Z':!-v' Y}o{Z U___!!:_→X?Z÷2-V Y} 
( 17' 17 (9ぺ9)TTII = iZ'Z←=-/ U" 

， 17 (h' ，h) y.，.If b" ... r1 X，Z'Z←:"::1 V"ー→Y}

15 



Proof. We will show the following diagram is commutative. 

ゆ(X，Y)三」ゆ(ZX，ZY) 

(Z'Z)、↓Z'

(( c州、(d，b)γ
一一→ ゆ(U，V)

↓Z' 

(αル)*
一一一→ ゆ(X，Y)

↓Z' 

ゆ(Z'ZX， Z' ZY) . _..→ゆ(Z'U，Z'V). _.----:→ゆ(Z'X，Z'Y) 
(Z'(cρ)，Z' (d，b)γ (Z'α，Z効率

((g' ，g，a")，(h' ，h，b"))本¥当 (1) ↓((印')，(d'，b'))* 

ゆ(UぺV") ゆ(U'，V') 

い"，b"い¥ ↓(刈，)本

ゆ(X，Y)

The composition of the horizontal path is 

{Z←L ui→X，Z ←土v土→Y}，

the composition of the vertical path is 

{Z' 三二 U'~X， z'~二 V'____!!:_ぅ Y} ，

and the composition of the oblique path is 

{Z' Z ~) U" ~ X， Z' Z (~~!!) v" _!!_ Z'Z← U → X.Z'Z← V → Y} 

Hence the conclusion will follow from the commutativity. 

The small triangle and the two squares in the diagram are commutative by 

(4.2.iii) and (4.2.i). It remains to show the commutativity of (1). We have the 

commutative diagram 

ゆ(Z'ZX，-)
(Z'(c，a)，l)車

一一一→

((g' ，g〆)，1)事¥、

ゆ(Z'U，一)
(Z'a，l')事

一一一→

↓((g' ，e)，l)事 (11)

ゆ(U"，-) 
(ε， ，1)事

一一一→

(αぺ1)本¥、

ゆ(Z'X，一)

↓((ω')，1)事

ゆ(U'，-) 

↓(ιル

ゆ(X，一)

The commutativity of (11) follows from the pull-back diagram 

U" 
(g' ，e) 

Z'U 

U' Z'X 
(c' ，α， ) 

16 



隈開聞卿開'"'~

We have a similar commutative diagram 

(l，Z' (dタ) γ ' TT¥ (l，Z'b) 
。(-，Z' ZY) 一 宇(一，Z'V) 一期ゆ(-， Z'Y) 

(l，(h'，h，b"))* "、 ↓(l，(h' ，1)γ ↓(1，(内))傘

ゆ(-，V") l' 
一一一令 φ(-， V') 

↓(l，b')指

針-，Y)

(lt" 

Combing the two diagrams， we know the com即 ml

(げ7.βG的)Suppose the diagram 

U' 三→ X'

c'〆↓9 ↓f

Z ← U → X 

is commutative， where the square is pull叩 back.Suppose 

Z ←ι V~→ Y 

is given. Then the following diagrams are commutative. 

。(X'，Y) 
叫 j
ゆ(X，Y) 

{Zぃ U→X，Z←V→Y}

ー
j

パソ

i

r
仏

Yノ

y
l
v
は

ゐ
Y

A

W

ナ

and 

ゆ(XにY)

(f，1)* r 
ゆ(X，Y)

{Z←U→X，Z←v-→Y} 

ゆ(X'ラY)

r (1，1)本

手(X，Y)

Proof The first one follows from the commutative diagram 

ゆ(X'，Y) ゆ(ZX'，ZY) ((c'，a')，(d，b))* ゆ(U'，V) ゆ(X'，Y) 

1 (Zf，l)ホ

手(X，Y) 争(ZX，ZY) ゆ(U，V) 手(X，Y)
z. (( c，a)ヲ(d，b))* (α，b) * 

17 



where cornmutativity of the middle square is assured by the pull-back 

ZX' 
(cl，α1) 

U' 

ZX U 
(c，α) 

The second one follows from the commutative diagram 

ゆ(X'，Y)~ι+ ゆ(ZX' ， ZY) ゆ(U'，V) 手(XヘY)

ゆ(X，Y)

!仰)喰
ゆ(ZX，ZY)

Z. ((c，α)，(d，b))* 

い1)* r (1，1)* 

ct(U，竹下正+ゆ(X，Y)

where the commutativity of the right most square isωsured by the pull由 back

U'一三一→ X'

f
J
 

i
i
i↓
 

i
l
-
-↓
 

9
 

U 一一一→ X 
a 

(7.7) The right-sided version of (7.6). 

(7.8) For G時 maps1: X→X' andg: Y→Yヘwehave 

(/，g)帯。 {Z U_!!_今 X，Z←土 V b→Y} 0 (/，g)寧

{Z←.!:_ U _l_乙xr?Z←三_V 9乙Y'}.

Proof This follows from the commutative diagram 

手(X，Y) 手(ZX，ZY)
((c，α)，(d，b)) .. 

ゆ(U，V)
(a，b)ゅ

φ(X，Y) 

" ゆ(X'，Y') φ(ZX'，ZY') ゆ(杭V) 手(XヘY')
Z. ((c，jα)ベd，gb))事 (la，gb)事

(7.9) For any diagram 

X←L ui→Y 

the following diagram commutes. 

{X←X→X，X←U→Y}↓ 

ゆ(X，Y) 三ムゆ(l，XY)

↓{丸(州)掌

ゆ(1，U) 

↓(1ベリ))車

ゆ(X，Y) 一手(1，XY) 

18 



関岡田~

ProoJ. By the commutative diagram 

ゆ(X，Y) 三」ゆ(XX，XY)

(1ベリ))*1 

{ム1)*
一一一→

(p，l) 
ゆ(X，XY) ゆ(l，XY)

↓(1， (州γ 也
市

柱、，，，、‘，ノ20
 α

 

J'a
毛、

宅

i，，g
、、

i
i
E↓
 

ゆ(XX，U)
(仇 1)

ゆ(X，U) \~..ゆ(1 ， U) 

(1，(リ)ド↓ ↓(1ベリ))車

φ(XX，XY) 一→ゆ(X，XY) →
(ム，1)* (p，l)場

(1， (α，b))*o(1，(α， b)) * 0 a X is equal to the composite 

手(X，Y)

x↓ 

ゆ(XX，XY)

(1，(リ)}*↓

φ(XX，U) 

{川弘↓

。(XX，XY) ..→ゆ(X，XY) → φ(1，XY) 
(s， 1) * (p，l)事

On the other hand， by the commutative diagram 

手(X，Y)

↓(1， (α払

ゆ(l，XY)

(勺

x↓~ (XX) 

X. 
ct(XX，XY) 一→ φ(XXX，XXY)

〈ム(り)}悠↓ ↓(Xs訓り))* 

ゆ(X，U)

(l，b)..↓ 

争(X，Y)

X. 
一一一→ 手(XX，XU)

↓(l，Xb)* 

ゆ(XX，XY)

(ム1)*
→手(X，XU)

↓(l，Xb)倉

一→ ゆ(X，XY) ー吋 φ(l，XY) 
(s，l)事 (p，l)事

一一一→
X. 

and X.d 0ム1 ムXoムwesee thatσX o{X← X → X，X ← U→ Y} is eaual to 
the composite 

ゆ(X，Y)

(XX)↓ 

ゆ(XXX，XXY)

{ムX訓ゆ))*1

争(XXヲXU)

(l，Xb)斗

ゆ(XX，XY) →手(X，XY) → ゆ(1，XY) 
(s， 1) .. (p， 1)事
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話oreover

手(XうY) (X一一一X→) ゆ(XXX，XXY)

(1) ↓(ムX，lγ

手(XX，XY) (1一，Ll.一一Y→L ゆ(XX，XXY)

(1， (り))*↓ (11) ↓(l，X(αタ}γ

ゆ(XX，U) (1，一(α一一，1→))市 ゆ(XX，XU)

(1，(α州事¥迫 ↓(l，Xb)* 

手(XX，XY)

Here the commutativity of (1) is assured by (4.2.ii) and the commutativity of (11) 
by the pull-back 

む 」ご二L→ XU  

附 1 lLl.Y 

XY -一一吋 XXY
X(α幼

HenceσX o{X← X → X，X← U→ Y} is equal to the composite (*) as welL 
This proves (7.9). 

If (α，b): U→ X x Y is i吋ective，put 

e(X ←~U Y) ={Xム xム X，Xよ uムY}

{Y←と U a→X，Y ←_1 Yニ→Y}

which is an endomorphism of手(X，Y). 
(γ.10) Let f: X'→ X， g: Y'→ Y be 。叩maps.Let 

U' (α'，b') -v-I 
一一一→ X'x Y' 

9
 

x
 

g
J
 

i
l
l
z↓
 

i
i
t↓
 

'
h
H
 

U 一一→ XxY 
(α，b) 

be a pull叩 backdiagram. Then the following diagrams are commutative. 

ゆ(X'，Y') 

(/，g) * 1 
手(X，Y)

e(X←-u一→ Y)
a b 

ゆ(X'，Y') 

↓叫
ゆ(X，Y)

20 



手(XヘY')

(ぱ!
ゆ(X，Y)

e(X← u-→Y) 
品ち

ゆ(X'，Y') 

r (1，g) * 

争(X，Y)

Proof. It is enought to show the commutativity in the case where f = 1 and the 
case where g口1.We will consider only the latter case. 

By (7.7) 

By (7.3) 

。(XヘY)

(叫j
手(X，Y)

{X←X ---+X，X←U→Y} 

手(XヘY)

j叫
ゆ(X，Y)

{X← X'→ XヘX← U→ Y}= {X'← X'→XヘX'← U'→ Y}.

The proof for (fぅg)* is similar. 

(7.11) 

e(X~XY 

Proof. This is clear from (7.9). Or 

Y)口1.

{X← X → X，X Xy_E乙Y} {1← X → X， 1← Y 

=1. 

(7.12) 
U" U' 

U XY 
be a pull時 back.Then 

Y} 

ε(X← U→ Y) 0 e(X← U'→ Y) e(X← U"→ Y). 

Proof. This is clear金om(7.9). Or，let 

W 一一一→ U'

1 1 
U 一一一→ Y

be a pull-back. Then we have a pull四 backdiagram 

U"一一一→ 砂r

1 1 
X → XX 

A 

21 
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Hence 

(γ.13) 

{X← X → X，X ← U→ Y} 0 {X← X → X，X ← u'→ Y} 

{XX せとX → X，XX  ← W → Y} by (7.5) 

ェ {X←X→X，X ←u"→ Y} by (7.3) 

e(X← u1十u2→ Y)= e(X← u1→ Y)十 e(X← u2→ Y).

Proof. This is clear from the definition. 

8. equivalence sM(S， S) ~ N(κ) 

We already know by Theorem 2.3 that sM(S， S) ~ M(S)， and hence sM(S， S) ~ 
N(κ). In this section we construct the equivalence in another way. 

Suppose given oιsM(久S).We wiU construct an object 0ιN(κ). 

For an object X = (X← U→ Y) of兵:::， we have the idempotent 

e(X):ゆ(XラY)→ゆ(X，Y).

Let 。(X)= Ime(X) 

and 

inx: O(X)→ゆ(X，Y)， prx:ゆ(X，Y)→ O(X)

the inclusion and the pro jection. 

Let f: X → X' be a a morphism inκwith X = (X← U→ Y)， X'コ (X'←

u'→ Y')， f = (/， h， g). Define the map f* by 

and f* by 

。(X，Y) mx  O(X) 

叫 1 1 f. 

ゆ(X'，Y')一一→ B(X')
prx' 

ゆ(X，Y) ~竺→ B(X)

叫 r r f* 

ゆ(X'，Y')←- B(X') 

We will show that B(X)， f*， f* satisfy the conditions of Section 6 so that B is an 
object of N(κ). 
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Lemma 8.1. Let X = (X← U→ Y) andX' = (X'← U'→ Y'). Letf: X → XF7 
n: Y -7 Y' be Gィnaps・ SupposeU→ XY  and U'→ X'Y'αγ'e the inclusion mαps 
~nd U n (j x g)-l(U') = 0. Then 

prx' 0 (j， g)* 0 inx = 0 

prx 0 (j， g)* 0 iな ，=o. 

ProoJ. Put U1 = (j X g)一-l(U')and put x1 = (X← U1→ Y). Then 

Also by (7.10) 

Hence 

and 

ex 0 eX
1 
= o. 

(f，g)本 oe(Xl) = e(X') 0 (j， g)本

e(Xl) 0 (j， g) * ニ (f，g)場 oe(X'). 

ex' 0 (j， g)ホ oex = (j，g)潔 oe(XI) 0 ex = 0 

ex 0 (j，g)本 oex， = ex 0 e(X1) 0 (f， g)本 =0.

(6.l.i， ii) For morphisms f: X→ X' and f': X'→ Xぺ

Proof Write 

(f' 0 f)本立と o仁

(f' 0 fγ= f* 0 f'* 

X=(X← U→ Y)， X' = (X'← U'→ Y')う X"=(X← U"→ Y")

and 

f=(j，h，g)， f'=(j'，hνr?g〆のFう)

w恥ema符yassume that U …吋→ X灯Ya組制ndU' → X'γY' a紙I代et恥h恥einclusion map伊s.Let U{ 
be the complement of U' in X' x Y' and put X~ ェ (X' ← U{ → Y'). Since 
X'Y' = U'十 U{， we have 1 = e(X') + e(X~) Since U n (f x g)-l(U{) =軌wehave 
by lemma 

prx~ 0 (f， g)* 0 inx = 0 

prx o(f79Y o inxi:O 

(f' 0 f， h' 0 h，g' 0 g)* 

= prx" 0 (j' 0 jぅg'0 g)* 0 inx 

= prx" 0 (j'， g')家 o(j， g)λ* 0 in 

prx" 0 (j'， g')* 0 (ex'十 ex;)o(f79Loinx 

prx" 0 (j'， g')* 0 ex' 0 (jぅ9λoinx十 prx"0 (j'，の*oex;o(f?gLo inx 
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The second term vanishes by (1) and the五rstterrn equals (f'， h' ， g')准。 (f，h， g)*. 
This proves the identity (f' 0 f) *立と of*. 

(f' 0 f， h' 0 h，g' 0 g)* 

= prx 0 (f' 0 f， g' 0 g)* 0 inx" 

prx 0 (f，g)* 0 (f'，gγoiは H

ニ prx0 (f， g) * 0 (ex' + ex) 0 (f'， g') * 0 inx" 

= prx 0 (f，g)* 0 ex， 0 (f'，g')* 0 inx"十 prxo(fJY oex;o(fF?9γo inx" 

The second term vanishes by (2). This prove the identity (f' 0 f)* f* 0 f'*. 

(6.1.iii) If 

X1 X~ 

p
 

i
l
i↓
 

X2 一一一→ X2
f2 

is a pull時 backdiagram in ζthen 

。(X1)~→ θ(X;) 

パ Tp何

。(X2)~了→。(X~)

is commutative. 

Proof Write 

Xi = (Xi ← Ui→ Yi)， X~ = (X:← U;→ Yi') 

for i = 1，2 and 

毛=(Jしhi，gi)， p = (p， r， q)， p' = (p'， r'， q') 

We may assume Ui→ XiYi， U:→ X:Yi' are the inclusion maps. Put 

V1 (X1 ← (11 X 91)-1(U;)→ Y1)， 

V2 = (X2← (/2 X 92)-1 (U~) →ち)，

W (X1← (p X q)-1(U2)→れ)

By (γ.10)ヲ

と(X~) 0 (f1，91)* = (f1，91)本 oe(V1) 

e(X~) 0 (12，92)*コ (f2，92)*0 e(V2) 

(p， q)本

oe(X2) e(W) 0 (p， q)* 

(1) 

(2) 

(3) 
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Since (11 X 91) 1(U{) n (p x q)-1(U2) = U1ぅwehave 

e(V1) 0 e(W) = e(X1) 

Since U2ζ (12 X 92)-1(U~) ヲ we have 

(4) 

e(V 2) 0 e(X2) = e(X2) (5) 

pf*o f2*ニ prx;o(pf?qfyoinxbo prxG O(fL92)*o izlX2 

コ prx;。(pf7qryo e(XQ o(f2J2)$o i収 2

prx;o(pf?の獄。 (f2，92)*0 e(V 2) 0 inx2 by (2) 

= prx~ 0 (pにq')*0 (f2， 92)* 0 inx2 by (5) (6) 

On the other hand 

九 op水口 prx;。(f1?g1)*。inX10 prX1。(P?守)*0 inx2 

= prX~ 0 (f)， 91)* 0 e(X1) 0 (p， q)* 0 inx2 

= prX~ 0 (f1，91)* 0 e(V1) 0 e(W)ο(p， q)* 0 inx2 

1prx;oe(x;)o(flJ1)ホ o(p， q)* 0 e(X2) 0 iは 2 by (1)， (3) 

= prX~ 0 (f1，91)* 0 (p，q)* oinx2 (ア)

By (4.1.iv)， (4.l.v) 

(pペイ)*0 (f2， 92)*コ (f1，91)* 0 (p， q)*. (8) 

It follows from (6)ぺ7)，and (8) 

pf*o f2*ヱ ι*opへ

(6.l.iv) Suppose X = (X← U1十日→ Y)is an object of }¥二 LetX1口 (X←

U1→ Y)， X2コ (X← U2 → Y)and I1: X1一→ X，I2: X2→ X the obvious 
injections. Then 

(h*， I2*): O(X1) E9 O(X2)→ O(X) 

IS an isomorphism. 

Proof. We know by (γ.13) that the idempotent e(X) is the sum of the mutually. 
orthogonal idempot伺 tse(X1) and e(X2)， so 

。(X)士。(XI)E9 O(X2) 

and the inclusion maps B(Xi)→ B(X) for i 1，2 coincide with the maps 

prx 0 inxi prx 0 (lx， 1y)ホ oinxiコ iu.
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(6.l.v) Let X1 ニ (X1← U1→ Y)，X2ェ (X2 ← U2 → Y)be objects in K 
and put X ニ (X1十 X2←仏十 U2→ Y)，jl: X1→ X， j2: X2→ X the obvious 

injections. Then 

(jh ，j2*): O(X1)的。(X2)→ O(X)

is an isomorphism. 

Proof. We know that 

( (j}， 1) *， (j2ぅ1)*):ゆ(XI，Y)φφ(X2， Y)→ゆ(X，Y) 行)

is紛 isomorphism.Since 

Ui -一一→ XiY 

U1十日一一→ (X1十X2)Y

is pull山 back，we have 
(ji， 1)* 0 e(X) = e(Xi) 0 (ji， 1). 

It follows that the isomorphism (*) restricts to the required isomorphism. 

a -r.，. b 
(6.l.viii) Let X = (X← U→ Y) be an object ofに PutU ェ (U← U→ U)

and a = (α，1，b): U →X. Then 

弘:O(U)→ O(X) 

is an isomorphism. 

Proof. By (7.9) we have an isomorphism 

so that the diagran詰

ゆ(X，Y)

。(X) 一一一一一一→
rx 

γx: li(X)→ゆ(1，U) 

。(l，XY) ゆ(X，Y)

!山丹市ベ
ゆ(1，U) li(X) 一一一ー→

rx 

φ(1， XY) 

1 (l，(a，b})喰

ゆ(1，U) 

are commutative. For the object U we註avea similar isomorphism 

We know 

γu: O(U)→ゆ(1，U). 

ゆ(X，Y)

叫!
ゆ(U，U)
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ゆ(1，XY) 

r (l，axb)* 

ゆ(1，UU) 



--

Hence 。(X) アx
ゆ(1，U) 

ゆ(X，Y) ゆ(1，XY) 

ゆ(U，U) ゆ(1，UU) 

。(U) ゆ(1，U) 
アU

But 
(1， (α，b))*o(l，αxb)*o(l，ム)*= (1，(α，b))*o(l，(α，b))* = 1 

as(α，b): U→ XY is i吋ective.Hence 

。(X)~→ゆ(1 ヲ U)

a*1 11 

B(U)一一→ゆ(1ヲU)

So a* is an isomorphism. 

9. catregories冗 andN(冗)

The catregory冗 isdefined as follows. An object of冗 isa diagram 

U 

./ "、
X Y 

¥ ノ
V 

of G-sets such that the maps U→ X x Y and V→ X x Y are injective. 

A morphism 
U 

./ "、
X YI→ 

へ¥ノ
V 

U' 

./ "、
X' Y' 

ヘ¥ノ
V' 

in 1-l is a quadruple 
¥、

It--ノ
od 

h

k

 

F
J
 

/
I
t
-
-
1
¥
 

of G-maps f: X → X'，g: Y→ Y'， h: U→ Uヘk:V→ V' making the four squares 
commutative. 

The category冗 has五niteinverse limits given by componentwise. 
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The category N (冗)is defi問 das follows. An object B consists of k-modules B(X) 
for all objects X in H and linear maps 

ι: B(X)→ B(X') 

ι: B(X')→ B(X) 

for all morphisms f: X→ X' in万， satisfying the following conditions 

(9.1.i) O(X) and f* form a functor冗 → V.
(9.1.ii) O(X) and f* form a functor冗op→ V.

( 9 .1.iii) If 

X1 X~ 

p
 

i
l
l
-
-
v
 

X2一一XL
f2 

is a pull-back diagram in冗， then 

。(Xt)_.lと→ O(X~)

パ ip'* 
B(X2 ) 一三~ O(X~) 

is commutative. 
(9.1.iv) Suppose 

U1十 U2

/ "迫x= I x y 

"" 
/ 

V 

is an ob ject of 1-l. Put 

一一X
 

Y
 

¥
、
ノ

仏

V

〆
ヘ

X
 

一一X
 

U2 

/ '¥当
x y 

ヘ" / 
V 

and let I1 : X1→ X， i2: X2→ X the obvious injections. Then 

(ii， i;): O(X)→ O(X1) ED O(X2) 

(it判I2*):O(Xt) ED O(X2)→ B(X) 

are inverse to each other. 

(9.l.v) 
現

./ "冶olx yl=o 
¥ノ
V 
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F障

0.1.vi)The V4version of (9.1.iv)・

(9.1.vii) The V-version of (9.l.iv). 

(9.1. viii) Let 

x
 

y
 

、

ノ

仏

MA

/

¥

 

X
 

一一X
 

U2 

/ ~ 
X2 Y 

¥ノ
九

be objects 凶行.Put 

U1十 U2

/ ~ 
X = I X1 +X2 Y 

ヘ ノ
V1十九

and let jl : X1→ X， j2: X2→ X be the obvious injections. Then 

(ji ，j;): O(X)→ θ(X1)φO(X2) 

(jh，j2*): O(XI)φO(X2)→ O(X) 

are inverse to each other. 
(9.1.ix) The right田 sidedanalogue of (9.l.viii). 

(9.1.x) Let 

be an object ，in 1-ιLet 

U 
f/ ~g 

X =  I x Y 

h"  /k  

V 

V1 
(hJ，kl) 

UxU  

V XxY  
(h，k) 

be a pull四 back.Put 
U 

1 / "、 1

u= I U U 

h1 " ノk1

l今

and 

f=(f>):U~X 
29 



a morphisrn in 行.Then 

are inverse to each other. 

仁:O(U)→ O(X) 

f*: O(X)→ O(U) 

(9.1.xi) The V-version of (9.l.x). 
A morphisrn ()→ 0' in N(rのconsists of linear maps (}(X)→()' (X) for all objects 

X in 11 satisちringthe cornmutativity with f* and f* for all morphisms f in rι 
This ends the definition of N (冗).

10. idempotents eL(X← U→ Y) and eR(X← V→ Y) 

Letゆbe組 objectof sM(S， S)s. As defined in Section 7， the left-sided op-
erations Z. for <jJ yield idempotents e(X← U→ Y) E Endゆ(X，Y)， which we 
now denote by eL (X← U → Y). Similarly the right叩 sidedoperation .Z yield 
idempotents eR(X← V→ Y). 

Proposition 10.1. eL(X← U→ Y) and eR(X← V→ Y) commute with each 
other. 

Proof. eL(X 
1 "，. 1 ...r...r a TT  b 、

U→ Y)={X← X→ X，X← U→ Y} is the composite 

1 ~ ~ "!lr'lr¥ (~， (a ， b)γ 11 "!lT TT¥ (1め樽
<jJ(X， Y)→例えX，えY) ー <jJ(えうむ)→ ψほう Y)

and eR(X +三一 V Y)={Y←土 V-=-→X，Y←Ly i今 Y}is the composite 

(( c，d)ムγ (c，l)
<jJ(X， Y)ニ→ゆ(XY，YY) 一→ゆ(V，Y)\~.φ(X， Y). 

So eR(X← V→ Y) oeL(X← U→ Y) is the composite of the upper四 rightpath of 
the commutative diagram 

φ(X，Y) ゆ(XX，XY)

Y↓ 

ゆ(XXY，XYY)

{ムヲ(α，b))* 
一一一→

一一→
(~Y， (a ，b)Yγ 

ゆ(X，V) 

Yl 
ゆ(XY，VY) 

N ow we have commutative diagI、ams

XXY 
~Y 
や一一一 XY 

(c，c，d) ~↑(c， d) 

V 
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(l，b)車

一一一→

(l，bY). 
一一一→

ゆ(X，Y)

y ↓ 

ゆ(XY，YY)

((c)d) ，~γ ↓ 

φ針(V，Y)

(件1，片，戸んC

争<jJ(X，Y) 



Xyy (α+一，一b一)Y Uy 
bY yy 一一一→

(αムb)ヘ ↑(叫)

U 一一→ Y 
b 

with the square pull-back. Hence eR(X← V→ Y) 0 eL(X← U→ Y) is equal to 

the composite 

.Y 
ft(X， Y) 二二+ ゆ(XX，XY) ー→ ゆ(XXY，XYY)

((c，c，d)，(リタ))‘↓

中(V写 U)

{州，↓

ゆ(X，Y)

On the other hand， eL(X← U→ Y) 0 eR(X← V→ Y) is the composite of the 
uppeぽrト.由山-ri雌{

ゆ(X，Y) よ+ φ(XY，YY) 

x↓ 

φ(XXY，XYY) 

(( c，d)，.d) * 
一一一→ φ(X，Y) 

x↓ 

φ(XX，XY) 

(c，l)事

一一一→や(V，Y)

x↓ 

φ(XV，XY) 
(X c，l)* 
一一一→一一一→

(X(c，d)，Xムγ

(ムベリ)}.1 
ゆ(X，V)

φ，1).↓ 

ゆ(X，Y)

We have commutative diagrams 

XYY 
X.d 
←一一 XY 

(α，b，b) ~↑(り)

U 

X(c，d) 
XXY ←=' xv 

(c，c，d)ヘ ドリ)

Xc 
一一一→ x

k

 

x

f

 
v _.::_→ X 
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Hence eL(X← U→ Y) 0 eR(X← V→ Y) is equal to the composite 

Y
 

Y
 

X

め

n

z
汁↓

I
J
v
v
A

f
U

竃
車
、
・
J
'
d
'
s
、
、
、
，
，
，
，
!
L
K

E

州

ゅ

ゅ

ん

炉

引

い，d
 

x

一w
y
 

x
 

x
 

X
 

A
V
 

Y

一
Y
 

X
 

A
V
 

By the commutativity of X. and .Y it follows that 

eR(X← V→ Y) 0 eL(X← U→ Y) = eL(X← U→ Y) 0 eR(X← V→ Y). 

11. equivalence sM(SうS)s竺 N(行)

We will construct an equivalence sM(S， S)s ~ N(行). Letゆbean object of 

sM(SヲS)s.For an object 
U 

./ '"当
X= I x y 

ヘ"/' 
V 

in行， let 
e(X) = eL(X← U→ Y) 0 eR(X← V→ Y) 

By Proposition 10.1， e (X) is an idempotent endomorphism onφ(X， Y). Define 

。(X)= 1m e(X). 

For a morphism f: X→ X' in 冗， define the maps 

f*: O(X)→ O(X') 

f*: O(X')→ O(X) 

in a similar way to Section 8. 

We can verify 0 is an object of N(冗).

Theorem 11.1. The functorφト→ ogivesαη eqωvalence sM(S， S)s→ N(冗)

12. category 1to and equivalence N(冗)~M(行。)

A G-set is said to be connected if it consists of a single orbit. Let 行obe the full 

subcategory of冗 consistingof objects which are direct sums of objects 

U 

./ "、
X Y 

~ノ
V 

such that all arrows are isomorphisms and X is connected. 
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Theorem 12.1. The inclusion functoγ1io→ 1ihω a right adjoi'札tR. 

Proof is omitted. Let ρx: R(X)→ X be the canonical morphism of adjoint. 

Coroll~紅y 12.2. 1io has finite projective limits. 

Define a category T as follows. An object is a pair (X，α) of a G叩 setX and 
叫 automorphismα:X→ X.Morphisms are defined naturally. Let 7o be a full 
subcategory of T consisting of objects which are direct sums of objects (X，α) such 
thaもXis connected. 

Proposition 12.3. We hαveαn equivalence 1io ~乙o

Proposition 12.4. 1f中EN (1i)， then 

PX*:や(R(X))→ゆ(X)

are isomor下hismsfor all Xモ1i.

Since 1io has p叫l-bac1叫 wecay speak about Mackey functors on冗o.Let M(行。)
denote the category of Mackey functors on冗0・

Theorem 12ふ Wehave an e伊 ivalence

N(冗)~M(行。).

Combining this with the equivalences 

MB(M，M)ん-1~ sM(S， S)s ~ N(行)

and 

M(冗。)~ M(1o)， 

we obtain 

Theorem 12.6. 

M車(M，M)M ~ M(1o). 
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