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2

2 1

2 2

2 3

2 4 2

2

1

B A1, A2, · · · , Ak B

Ai P (Ai|B)

P (B|Ai)

P (Ai|B)

P (Ai|B)

A1, A2, · · · , Ak A1∪A2∪· · ·∪
Ak = Ω Ω

P (Ai|B) =
P (Ai)P (B|Ai)∑k
j=1 P (Aj)P (B|Aj)

P (Ai) Ai P (Ai|B)

P (Ai|B) =
P (Ai ∩ B)

P (B)
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P (B|Ai) =
P (Ai ∩ B)

P (Ai)

P (Ai ∩B) = P (Ai)P (B|Ai)

{A1 ∩B,A2 ∩B, · · · , Ak ∩B} B

P (B) =
k∑

j=1

P (Aj ∩ B) =
k∑

j=1

P (Aj)P (B|Aj)

P (Ai|B) =
P (Ai)P (B|Ai)∑k
j=1 P (Aj)P (B|Aj)

2

B t

Bt(t = 1, 2, 3, · · · ) Ai(i = 1, 2, · · · , k)

k A,Ac 2

A

1

= P (A)

= P (A|B1) =
P (A)P (B1|A)

P (A)P (B1|A) + P (Ac)P (B1|Ac)

2 B2 B1

P (A) P (A|B1)

2

= P (A|B1)

= P (A|B1 ∩ B2) =
P (A|B1)P (B2|A)

P (A|B1)P (B2|A) + P (Ac|B1)P (B2|Ac)

10



n

n

= P (A|B1 ∩ B2 ∩ ... ∩Bn−1)

= P (A|B1 ∩ B2 ∩ ... ∩Bn)

=
P (A|B1 ∩B2 ∩ ... ∩Bn−1)P (Bn|A)

P (A|B1 ∩ B2 ∩ ... ∩ Bn−1)P (Bn|A) + P (Ac|B1 ∩ B2 ∩ ... ∩Bn−1)P (Bn|Ac)

3

Ai(i = 1, · · · , n) ak(k = 1, · · · , l)
L(Ai, ak) Bj(j = 1, · · · ,m)[ j

]

R(Bj, ak)

R(Bj, ak) =
n∑

i=1

P (Ai|Bj)L(Ai, ak)

min{R(Bj, a1), R(Bj, a2), · · · , R(Bj, al)}

a
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4

7
10

2
10

3
10

8
10

1:

7
10

3
10

3

a1 : 100

a2 : 70

a3 : 50

2 1 500

300

=

{
20000 − (200 × ) ( )

300 × − 200 × ( )

0

20000 100

20000 20000

a2 70 20000− 200× 70 =

20000 − 14000 = 6000

a2 70 300×56−200×14 =

16800 − 2800 = 14000
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a1 0 20000

a2 6000 14000

a3 10000 10000

2:

a1

10

10 7 3

3: 10

A :

Ac :

( )

B :

Bc :

3

10

P ( ) = P (A) =
7

10

P ( ) = P (Ac) =
3

10
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1

P ( | )

= P (B|A) =
7

10
P ( | )

= P (B|Ac) =
3

10
P ( | )

= P (Bc|A) =
2

10
P ( | )

= P (Bc|Ac) =
8

10

P (A|B) =
P (A)P (B|A)

P (A)P (B|A) + P (Ac)P (B|Ac)

=
( 7
10

)( 7
10

)

( 7
10

)( 7
10

) + ( 3
10

)( 2
10

)
= 0.891

P (A|Bc) =
P (A)P (Bc|A)

P (A)P (Bc|A) + P (Ac)P (Bc|Ac)

=
( 7
10

)( 3
10

)

( 7
10

)( 3
10

) + ( 3
10

)( 8
10

)
= 0.467

P (Ac|B) =
P (Ac)P (B|Ac)

P (A)P (B|A) + P (Ac)P (B|Ac)

=
( 3
10

)( 2
10

)

( 7
10

)( 7
10

) + ( 3
10

)( 2
10

)
= 0.109

P (Ac|Bc) =
P (Ac)P (Bc|Ac)

P (A)P (Bc|A) + P (Ac)P (Bc|Ac)

=
( 3
10

)( 8
10

)

( 7
10

)( 3
10

) + ( 3
10

)( 8
10

)
= 0.533
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P ( | )

= P (A|B) = 0.891

P ( | )

= P (A|Bc) = 0.467

P ( | )

= P (Ac|B) = 0.109

P ( | )

= P (Ac|Bc) = 0.533

a1

R(B, a1) = 0.891 × 0 + 0.109 × 20000 = 2180

2

R(B, a2) = 0.891 × 6000 + 0.109 × 14000 = 6436

R(B, a3) = 0.891 × 10000 + 0.109 × 10000 = 10000

R(Bc, a1) = 0.467 × 0 + 0.533 × 20000 = 10660

R(Bc, a2) = 0.467 × 6000 + 0.533 × 14000 = 10264

R(Bc, a3) = 0.467 × 10000 + 0.533 × 10000 = 10000

a1 a2 a3

2180 6436 10000

10660 10264 10000

4:
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a1(

100 )

a3( 50 )

a1( 100 )

a3( 50 )

5:

2

B1

Bc
1

B2

Bc
2

1

2

1

P (A|B1) = 0.891, P (Ac|B1) = 0.109

P (A|B1 ∩ B2) =
P (A|B1)P (B2|A)

P (A|B1)P (B2|A) + P (Ac|B1)P (B2|Ac)

=
0.891 × ( 7

10
)

0.891 × ( 7
10

) + 0.109 × ( 2
10

)
= 0.966

P (A|B1 ∩ Bc
2) =

P (A|B1)P (Bc
2|A)

P (A|B1)P (Bc
2|A) + P (Ac|B1)P (Bc

2|Ac)

=
0.891 × ( 3

10
)

0.891 × ( 3
10

) + 0.109 × ( 8
10

)
= 0.754
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P (Ac|B1 ∩ B2) =
P (Ac|B1)P (B2|Ac)

P (A|B1)P (B2|A) + P (Ac|B1)P (B2|Ac)

=
0.109 × ( 2

10
)

0.891 × ( 7
10

) + 0.109 × ( 2
10

)
= 0.034

P (Ac|B1 ∩ Bc
2) =

P (Ac|B1)P (Bc
2|Ac)

P (A|B1)P (Bc
2|A) + P (Ac|B1)P (Bc

2|Ac)

=
0.109 × ( 8

10
)

0.891 × ( 3
10

) + 0.109 × ( 8
10

)
= 0.246

P ( | ∩ )

= P (A|B1 ∩ B2) = 0.966

P ( | ∩ )

= P (A|B1 ∩ Bc
2) = 0.754

P ( | ∩ )

= P (Ac|B1 ∩ B2) = 0.034

P ( | ∩ )

= P (Ac|B1 ∩ Bc
2) = 0.246

1

P ( | ∩ )

= P (A|Bc
1 ∩ B2) = 0.754

P ( | ∩ )

= P (A|Bc
1 ∩ Bc

2) = 0.247

P ( | ∩ )

= P (Ac|Bc
1 ∩ B2) = 0.246

P ( | ∩ )

= P (Ac|Bc
1 ∩ Bc

2) = 0.753
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B1 ∩B2 B1 ∩Bc
2 Bc

1 ∩B2 Bc
1 ∩Bc

2

A 0.966 0.754 0.754 0.247

Ac 0.034 0.246 0.246 0.753

6: 2

1 1

2

7

(A) (Ac)

0.7 0.3

(1 ) 0.891 0.109

(2 ) 0.966 0.034

7:

7

1 6

2

1

2 2

1 1 1

P (B ∩Bc|A) = P (B|A)P (Bc|A)

P (A|B ∩ Bc) =
P (A)P (B ∩Bc|A)

P (A)P (B ∩ Bc|A) + P (Ac)P (B ∩Bc|Ac)

=
P (A)P (B|A)P (Bc|A)

P (A)P (B|A)P (Bc|A) + P (Ac)P (B|Ac)P (Bc|Ac)

=
( 7
10

)( 7
10

)( 3
10

)

( 7
10

)( 7
10

)( 3
10

) + ( 3
10

)( 2
10

)( 8
10

)
= 0.754
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P (Ac|B ∩ Bc) =
P (Ac)P (B ∩Bc|Ac)

P (A)P (B ∩ Bc|A) + P (Ac)P (B ∩Bc|Ac)

=
P (Ac)P (B|Ac)P (Bc|Ac)

P (A)P (B|A)P (Bc|A) + P (Ac)P (B|Ac)P (Bc|Ac)

=
( 3
10

)( 2
10

)( 8
10

)

( 7
10

)( 7
10

)( 3
10

) + ( 3
10

)( 2
10

)( 8
10

)
= 0.246

2

1

R(B1 ∩ B2, a1) = 0.966 × 0 + 0.034 × 20000 = 680

R(B1 ∩ B2, a2) = 0.966 × 6000 + 0.034 × 14000 = 6272

R(B1 ∩ B2, a3) = 0.966 × 10000 + 0.034 × 10000 = 10000

1

a1 a2 a3

B1 ∩B2 680 6272 10000

B1 ∩Bc
2 4920 7968 10000

Bc
1 ∩B2 4920 7968 10000

Bc
1 ∩Bc

2 15060 12024 10000

8:

•
a1( 100 )

•
a1( 100 )

•
a1( 100 )

• a3(

50 )
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2( ,2007)

A

Ac

B

Bc

B

A

P (B|A)

P (B|A) = 0

20



P (Bc|A)

P (Bc|A) = 1

P (B|A) +P (Bc|A) = 1

2 1

P (B|Ac) P (Bc|Ac)

P (B|Ac) =
1

2
, P (Bc|Ac) =

1

2

P (B|Ac) P (Bc|Ac)

9

(A) (Ac)

(B) 0 1
2

(Bc) 1 1
2

9:

P (A) = P (Ac) =
1

2
(1)

P (A|B) =
P (A)P (B|A)

P (A)P (B|A) + P (Ac)P (B|Ac)

=
(1
2
) × 0

(1
2
) × 0 + (1

2
) × (1

2
)

=
0
1
4

= 0 (2)

9
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P (B|A) =
1

20
, P (Bc|A) =

19

20
(3)

20 1

10

(A) (Ac)

(B) 1
20

1
2

(Bc) 19
20

1
2

10: 2

P (A|B) =
P (A)P (B|A)

P (A)P (B|A) + P (Ac)P (B|Ac)

=
(1
2
)( 1

20
)

(1
2
)( 1

20
) + (1

2
)(1

2
)

=
1
40
11
40

=
1

11
(4)

1
2

1
11

(3)

P (A) = 1, P (Ac) = 0 (5)

P (A|B) =
P (A)P (B|A)

P (A)P (B|A) + P (Ac)P (B|Ac)

=
1 × ( 1

20
)

1 × ( 1
20

) + 0 × (1
2
)

=
1
20
1
20

= 1 (6)

(5)

22



1

i Bi(i = 1, 2, 3, ...)

10

2

(1) (4)

P (A|B1) =
1

11
, P (Ac|B1) =

10

11

P (A|B1 ∩ B2) =
P (A|B1)P (B2|A)

P (A|B1)P (B2|A) + P (Ac|B1)P (B2|Ac)

=
( 1
11

)( 1
20

)

( 1
11

)( 1
20

) + (10
11

)(1
2
)

=
1

220
101
220

=
1

101
(7)

(7) P (A|B1 ∩ B2) 1 2

B1 ∩ B2

A 3

(7)

P (B|A1 ∩ A2) =
1

101
, P (Bc|A1 ∩ A2) =

100

101

P (A|B1 ∩ B2 ∩ B3) =
P (A|B1 ∩B2)P (B3|A)

P (A|B1 ∩B2)P (B3|A) + P (Ac|B1 ∩B2)P (B3|Ac)

=
( 1
101

)( 1
20

)

( 1
101

)( 1
20

) + (100
101

)(1
2
)

=
1

2020
1001
2020

=
1

1001
(8)

(1) 1 2 3

11

(A) (Ac)
1
2

1
2

(1 ) 1
11

10
11

(2 ) 1
101

100
101

(3 ) 1
1001

1000
1001

11: 2

23



11

3 0.1%

(5)

P (A|B1) =
P (A)P (B1|A)

P (A)P (B1|A) + P (Ac)P (B1|Ac)

=
1 × ( 1

20
)

1 × ( 1
20

) + 0 × (1
2
)

=
1
20
1
20

= 1

P (A|B1 ∩ B2) =
P (A|B1)P (B2|A)

P (A|B1)P (B2|A) + P (Ac|B1)P (B2|Ac)

=
1 × ( 1

20
)

1 × ( 1
20

) + 0 × (1
2
)

=
1
20
1
20

= 1

P (A|B1 ∩ B2 ∩ B3) =
P (A|B1 ∩B2)P (B3|A)

P (A|B1 ∩B2)P (B3|A) + P (Ac|B1 ∩B2)P (B3|Ac)

=
1 × ( 1

20
)

1 × ( 1
20

) + 0 × (1
2
)

=
1
20
1
20

= 1

4 5 6

1

24



3

3 1

3 2

3 3

2

1

(1) (6) (1) θ : θ Θ

2 A

(2) a: a A 2

(3) L(θ, a) : 0

2 L(A, a)

a θ

L(θ, a) = |a− θ|

L(θ, a) = λ(θ)(a− θ)2

0 − 1 L(θ, a) =

{
0 (|a− θ| ≤ Δ)

1 (|a− θ| > Δ)

3

(4) z: 1

z L �L 2 B

(5) p(z|θ) 2 P (B|A)

(6) d : z a �L A D

2 1

{
θ1 :

θ2 :

25



⎧⎪⎨
⎪⎩

a1 : 100

a2 : 70

a3 : 50{
z1 :

z2 :

=

{
20000 − (200 × ) ( θ1 )

300 × − 200 × ( θ2 )

θ1 θ2

a1 0 20000

a2 6000 14000

a3 10000 10000

12:

θ1 θ2

z1
7
10

2
10

z2
3
10

8
10

13:

d1 d2 d3 d4 d5 d6 d7 d8 d9

z1 a1 a1 a1 a2 a2 a2 a3 a3 a3

z2 a1 a2 a3 a1 a2 a3 a1 a2 a3

14:

zi aj d(zi) = aj

14 d2 z1 a1 z2

a2 d2(z1) = a1 d2(z2) = a2

2

14 a

d 14 θ θ1 θ2

26



θ R(θ, d) d

R(θi, d) =
L∑
l=1

p(zl|θi)L(θi, d(zl))

z̃ d

L(θ, d(z̃)) d

R

d1 θ1 R(θ1, d1)

R(θ1, d1) = p(z1|θ1)L(θ1, d1(z1)) + p(z2|θ1)L(θ1, d1(z2))

= p(z1|θ1)L(θ1, a1) + p(z2|θ1)L(θ1, a1)

=
7

10
× 0 +

2

10
× 0 = 0

R(θ2, d1)

R(θ2, d1) = p(z1|θ2)L(θ2, d1(z1)) + p(z2|θ2)L(θ2, d1(z2))

= p(z1|θ2)L(θ2, a1) + p(z2|θ2)L(θ2, a1)

=
3

10
× 20000 +

8

10
× 20000 = 22000

d2 d9 2

15

d1 d2 d3 d4 d5 d6 d7 d8 d9

R(θ1, d) 0 1200 2000 4200 5400 6200 7000 8200 9000

R(θ2, d) 22000 17200 14000 20200 15400 12200 19000 14200 11000

15:

2 d, d′

=2

θ R(θ, d) ≤ R(θ, d′) (∗)

d d′

(∗)

d d′

θ R(θ, d) = R(θ, d′)

27



(∗) θ

θ R(θ, d) ≤ R(θ, d′),

θ R(θ, d) < R(θ, d′)

d � d′

d d′ �
d

d′ � d d′

d

d

d′ � d d′

d

�

d1 d2 d9

R(θ1, d1) < R(θ1, d2), R(θ1, d1) < R(θ1, d3), R(θ1, d1) < R(θ1, d4)

R(θ2, d1) > R(θ2, d2), R(θ2, d1) > R(θ2, d3), R(θ2, d1) > R(θ2, d4)

R(θ1, d1) < R(θ1, d5), R(θ1, d1) < R(θ1, d6), R(θ1, d1) < R(θ1, d7)

R(θ2, d1) > R(θ2, d5), R(θ2, d1) > R(θ2, d6), R(θ2, d1) > R(θ2, d7)

R(θ1, d1) < R(θ1, d8), R(θ1, d1) < R(θ1, d9)

R(θ2, d1) > R(θ2, d8), R(θ2, d1) > R(θ2, d9)

3

d2 � d4, d2 � d7, d3 � d4, d3 � d5, d3 � d7, d3 � d8, d5 � d7, d6 �
d7, d6 � d8 d1, d2, d3, d6, d9 d4, d5, d7, d8

d3 d 1

d4, d5, d7, d8 d1, d2, d3, d6, d9

28



θ1, θ2 2

1:

3

�

max{R(θ1, d), R(θ2, d), ..., R(θI , d)}
d

d1 d2 d3 d6 d9

22000 17200 14000 12200 11000

16:

29



16 d9 d9

z1 a3 z2

a3

max{R(θ1, d), R(θ2, d)} = c (c > 0)

c c

c c L

c

2:

θ1, θ2, ..., θI w1, w2, ..., wI

R(θ1, d), R(θ2, d), ..., R(θI , d)

w1R(θ1, d) + w2R(θ2, d) + ... + wIR(θI , d)

d

w1 =
7

10
, w2 =

3

10

w1R(θ1, d1) + w2R(θ2, d1) =
7

10
× 0 +

3

10
× 22000

= 6600

30



w1R(θ1, d2) + w2R(θ2, d2) =
7

10
× 1200 +

3

10
× 17200

= 6000

w1R(θ1, d3) + w2R(θ2, d3) =
7

10
× 2000 +

3

10
× 14000

= 5600

w1R(θ1, d6) + w2R(θ2, d6) =
7

10
× 6200 +

3

10
× 12200

= 8000

w1R(θ1, d9) + w2R(θ2, d9) =
7

10
× 9000 +

3

10
× 11000

= 9600

d1 d2 d3 d6 d9

6600 6000 5600 8000 9600

17:

d3 d3

z1 a1 z2 a3

R(θ1, d) = x,R(θ2, d) = y

r

7

10
x +

3

10
y = r (r > 0)

31



3:

z

min
a

∑
θ

w′(θ|z)L(θ, a)

a∗ = d(z) d R(θ, d)

z a

a = d(z)

d

R(θ, d) =
∑
z

p(z|θ)L(θ, d(z))

θ θ

32



r(d) =
∑
θ

w′(θ)R(θ, d) =
∑
θ

∑
z

w′(θ)p(z|θ)L(θ, d(z))

=
∑
z

p(z){
∑
θ

w′(θ|z)L(θ, d(z))}

p(z)

r(d) d

2 3 4
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1

•

•

1

2

2

3

2

2

•

1

1
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• 2

3

2

2

(1)

1,2

( )

( )

3

( )

( )

3 2

2

4
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1,2

( )

( )

2 3 2

2 3

(2) 2 3
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1

2

3

1

(B) θ (A) z P (Bi) w(θi)

P (Bi|A) w′(θi|z) P (A|Bi) z p(z|θi)

w′(θi|z) =
w(θi)p(z|θi)∑
j w(θj)p(z|θj)

θ

w′(θ|z) =
w(θ)p(z|θ)∫

Θ
w(θ)p(z|θ)dθ

Θ θ

2

θ :

z :

p(z|θ) : θ z

θ

w(θ) :

w′(θ|z) :

2 ∫
Θ

w(θ)p(z|θ)dθ = p(z)

p(z)

p(z) k = 1
p(z)

w′(θ|z) = kw(θ)p(z|θ)
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k

w′(θ|z) ∝ w(θ)p(z|θ)

= +

2 y y′ y y′ 2

θ y ⇒ θ ⇒ y′ θ

y y′

f y, y′ w′ θ

f(y′, y) =

∫
f(y′, y, θ)dθ

y f(y)

f(y′, y)

f(y)
=

∫
f(y′, y, θ)

f(y)
dθ

f(y′, y, θ)

f(y)
=

f(y′|θ, y)f(θ, y)

f(y)

= f(y′|θ, y)w′(θ|y)

f(y′, y)

f(y)
= f(y′|y)

f(y′|y) =

∫
f(y′|θ, y)w′(θ|y)dθ

y′ θ

f(y′|y) =

∫
f(y′|θ)w′(θ|y)dθ
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2

q q′ 2

q = (q1, q2, · · · , ql), q′ = (q′1, q
′
2, · · · , q′l)

q1 + q2 + · · · + ql = q′1 + q′2 + · · · + q′l = 1

q1 > 0, q2 > 0, · · · , ql > 0, q′1 > 0, q′2 > 0, · · · , q′l > 0

I(q q′) = q1 log
q1
q′1

+ q2 log
q2
q′2

+ · · · + ql log
ql
q′l

(a)I(q q′) ≥ 0

(b)q = q′ I(q q′) = 0

(a)

u

φ(u) = u− 1 − log u

φ(1) = 1 − 1 − log 1 = 0

φ′(u) = 1 − (
1

u
)

φ′(1) = 1 − (
1

1
) = 0

φ′(u) = 1 − (
1

u
) > 0(u > 1)

φ′(u) < 0(0 < u < 1)

u = 1 0 log u ≤ u− 1

x, y

log
y

x
≤ y

x
− 1

x log
y

x
≤ y − x

x log
x

y
≥ x− y
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x = q1, y = q′1

q1 log
q1
q′1

≥ q1 − q′1

x = q2, y = q′2
q2 log

q2
q′2

≥ q2 − q′2

x = ql, y = q′l

q1 log
q1
q′1

≥ q1 − q′1, q2 log
q2
q′2

≥ q2 − q′2, · · · , ql log
ql
q′l

≥ ql − q′l

l

q1 log
q1
q′1

+ q2 log
q2
q′2

+ · · · + ql log
ql
q′l

≥ q1 + q2 + · · · + ql − (q′1 + q′2 + · · · + q′l)

= 0

(b)

q = q′ (⇒)

q1 log 1 + q2 log 1 + · · · + ql log 1 = 0 + 0 + · · · + 0

= 0

I(q q′) = 0

I(q q′) = 0 (⇐)

l∑
i=1

qi log
qi
q′i

=
l∑

i=1

qi −
l∑

i=1

q′i

=
l∑

i=1

qi(1 − q′i
qi

)

log
qi
q′i

= 1 − q′i
qi

log
q′i
qi

=
q′i
qi

− 1

log u = u− 1

u = 1
q′i
qi

= 1, q′i = qi

f(x), g(x)

I(f, g) =

∫ ∞

−∞
f(x) log

f(x)

g(x)
dx

(a), (b)
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3

x p(θ) p(θ|x) =
p(θ)f(x|θ)

f(x)
f(x) =

∫
p(θ)f(x|θ)dθ

y x f(·|θ)

p(y|x)

I(f(y|θ), p(y|x)) =

∫
f(y|θ) log

f(y|θ)

p(y|x)
dy

=

∫
f(y|θ) log f(y|θ)dy −

∫
f(y|θ) log p(y|x)dy

2

∫∫
f(x|θ)f(y|θ) log p(y|x)dydx

f(x) =
∫
p(θ)f(x|θ)dθ∫∫∫

f(y|θ){p(θ)f(x|θ)

f(x)
}dθ log p(y|x)dyf(x)dx

∫
f(y|θ){p(θ)f(x|θ)

f(x)
}dθ y

p(y|x)

p(y|x) =

∫
f(y|θ)p(θ|x)dθ

p(θ|x) = p(θ)f(x|θ)
f(x)

p(θ|x)

p(θ|x) x θ

p(y|x) =
∫
f(y|θ)p(θ|x)dθ
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x y f(·) p(y|x) f(y)

I(f(y), p(y|x)) =

∫
f(y) log

f(x)

p(y|x)
dy

=

∫
f(y) log f(y)dy −

∫
f(y) log p(y|x)dy

f(x)∫
f(x){I(f(y), p(y|x))} =

∫
f(x)

∫
f(y) log f(y)dydx−

∫
f(x)

∫
f(y) log p(y|x)dydx

=

∫
f(y) log f(y)dy −

∫∫
f(x)f(y) log p(y|x)dydx (9)

9

(9) =

∫
f(y) log f(y)dy −

∫
f(y) log{

∫
f(x)p(y|x)dx}dy

+

∫
f(y) log{

∫
f(x)p(y|x)dx}dy −

∫∫
f(x)f(y) log p(y|x)dydx

B{p(θ|x)} =

∫
f(y) log f(y)dy −

∫
f(y) log{

∫
f(x)p(y|x)dx}dy

V {p(θ|x)} =

∫
f(y) log{

∫
f(x)p(y|x)dx}dy −

∫∫
f(x)f(y) log p(y|x)dydx

(14) = B{p(θ|x)} + V {p(θ|x)}

B{p(θ|x)} =

∫
f(y) log f(y)dy −

∫
f(y) log{

∫
f(x)p(y|x)dx}dy

=

∫
f(y) log f(y)dy −

∫
f(y) log{

∫
f(x)

∫
f(y|θ)p(θ|x)dθdx}dy

=

∫
f(y) log f(y)dy −

∫
f(y) log{

∫
f(y|θ)

∫
f(x)p(θ|x)dxdθ}dy

V {p(θ|x)} =

∫
f(y) log{

∫
f(x)p(y|x)dx}dy −

∫∫
f(x)f(y) log p(y|x)dydx

=

∫
f(y) log{

∫
f(y|θ)

∫
f(x)p(θ|x)dxdθ}dy

−
∫∫

f(y)f(x) log{
∫

f(y|θ)p(θ|x)dθ}dxdy
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B{p(θ|x)} V {p(θ|x)}
B{p(θ|x)} ∫

f(x)p(θ|x)dx f(y)

V {p(θ|x)} p(θ|x)
∫
f(x)p(θ|x)dx

x p(θ|x) V {p(θ|x)}
B{p(θ|x)} p(θ|x) x

B{p(θ|x)} V {p(θ|x)}
B{p(θ|x)} V {p(θ|x)}

p(θ|x) B{p(θ|x)} + V {p(θ|x)}
f(·)

p(y|x) θ

p(θ|x)
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1 2 1

P (A|Bc
1) = 0.467, P (Ac|Bc

1) = 0.533

P (A|Bc
1 ∩ B2) =

P (A|Bc
1)P (B2|A)

P (A|Bc
1)P (B2|A) + P (Ac|Bc

1)P (B2|Ac)

=
0.467 × ( 7

10
)

0.467 × ( 7
10

) + 0.533 × ( 2
10

)
= 0.754

P (A|Bc
1 ∩ Bc

2) =
P (A|Bc

1)P (Bc
2|A)

P (A|Bc
1)P (Bc

2|A) + P (Ac|Bc
1)P (Bc

2|Ac)

=
0.467 × ( 3

10
)

0.467 × ( 3
10

) + 0.533 × ( 8
10

)
= 0.247

P (Ac|Bc
1 ∩ B2) =

P (Ac|Bc
1)P (B2|Ac)

P (A|Bc
1)P (B2|A) + P (Ac|Bc

1)P (B2|Ac)

=
0.533 × ( 2

10
)

0.467 × ( 7
10

) + 0.533 × ( 2
10

)
= 0.246

P (Ac|Bc
1 ∩ Bc

2) =
P (Ac|Bc

1)P (Bc
2|Ac)

P (A|Bc
1)P (Bc

2|A) + P (Ac|Bc
1)P (Bc

2|Ac)

=
0.533 × ( 8

10
)

0.467 × ( 3
10

) + 0.533 × ( 8
10

)
= 0.753

R(B1 ∩ Bc
2, a1) = 0.754 × 0 + 0.246 × 20000 = 4920

R(B1 ∩ Bc
2, a2) = 0.754 × 6000 + 0.246 × 14000 = 7968

R(B1 ∩ Bc
2, a3) = 0.754 × 10000 + 0.246 × 10000 = 10000
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R(Bc
1 ∩ B2, a1) = 0.754 × 0 + 0.246 × 20000 = 4920

R(Bc
1 ∩ B2, a2) = 0.754 × 6000 + 0.246 × 14000 = 7968

R(Bc
1 ∩ B2, a3) = 0.754 × 10000 + 0.246 × 10000 = 10000

R(Bc
1 ∩ Bc

2, a1) = 0.247 × 0 + 0.753 × 20000 = 15060

R(Bc
1 ∩ Bc

2, a2) = 0.247 × 6000 + 0.753 × 14000 = 12024

R(Bc
1 ∩ Bc

2, a3) = 0.247 × 10000 + 0.753 × 10000 = 10000
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2 3

R(θ1, d2) = p(z1|θ1)L(θ1, d2(z1)) + p(z2|θ1)L(θ1, d2(z2))

= p(z1|θ1)L(θ1, a1) + p(z2|θ1)L(θ1, a2)

=
7

10
× 0 +

2

10
× 6000 = 1200

R(θ2, d2) = p(z1|θ2)L(θ2, d2(z1)) + p(z2|θ2)L(θ2, d2(z2))

= p(z1|θ2)L(θ2, a1) + p(z2|θ2)L(θ2, a2)

=
3

10
× 20000 +

8

10
× 14000 = 17200

R(θ1, d3) = p(z1|θ1)L(θ1, d3(z1)) + p(z2|θ1)L(θ1, d3(z2))

= p(z1|θ1)L(θ1, a1) + p(z2|θ1)L(θ1, a3)

=
7

10
× 0 +

2

10
× 10000 = 2000

R(θ2, d3) = p(z1|θ2)L(θ2, d3(z1)) + p(z2|θ2)L(θ2, d3(z2))

= p(z1|θ2)L(θ2, a1) + p(z2|θ2)L(θ2, a3)

=
3

10
× 20000 +

8

10
× 10000 = 14000

R(θ1, d4) = p(z1|θ1)L(θ1, d4(z1)) + p(z2|θ1)L(θ1, d4(z2))

= p(z1|θ1)L(θ1, a2) + p(z2|θ1)L(θ1, a1)

=
7

10
× 6000 +

2

10
× 0 = 4200

R(θ2, d4) = p(z1|θ2)L(θ2, d4(z1)) + p(z2|θ2)L(θ2, d4(z2))

= p(z1|θ2)L(θ2, a2) + p(z2|θ2)L(θ2, a1)

=
3

10
× 14000 +

8

10
× 20000 = 20200

R(θ1, d5) = p(z1|θ1)L(θ1, d5(z1)) + p(z2|θ1)L(θ1, d5(z2))

= p(z1|θ1)L(θ1, a2) + p(z2|θ1)L(θ1, a2)

=
7

10
× 6000 +

2

10
× 6000 = 5400

R(θ2, d5) = p(z1|θ2)L(θ2, d5(z1)) + p(z2|θ2)L(θ2, d5(z2))

= p(z1|θ2)L(θ2, a2) + p(z2|θ2)L(θ2, a2)

=
3

10
× 14000 +

8

10
× 14000 = 15400
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R(θ1, d6) = p(z1|θ1)L(θ1, d6(z1)) + p(z2|θ1)L(θ1, d6(z2))

= p(z1|θ1)L(θ1, a2) + p(z2|θ1)L(θ1, a3)

=
7

10
× 6000 +

2

10
× 10000 = 6200

R(θ2, d6) = p(z1|θ2)L(θ2, d6(z1)) + p(z2|θ2)L(θ2, d6(z2))

= p(z1|θ2)L(θ2, a2) + p(z2|θ2)L(θ2, a3)

=
3

10
× 14000 +

8

10
× 10000 = 12200

R(θ1, d7) = p(z1|θ1)L(θ1, d7(z1)) + p(z2|θ1)L(θ1, d7(z2))

= p(z1|θ1)L(θ1, a3) + p(z2|θ1)L(θ1, a1)

=
7

10
× 10000 +

2

10
× 0 = 7000

R(θ2, d7) = p(z1|θ2)L(θ2, d7(z1)) + p(z2|θ2)L(θ2, d7(z2))

= p(z1|θ2)L(θ2, a3) + p(z2|θ2)L(θ2, a1)

=
3

10
× 10000 +

8

10
× 20000 = 19000

R(θ1, d8) = p(z1|θ1)L(θ1, d8(z1)) + p(z2|θ1)L(θ1, d8(z2))

= p(z1|θ1)L(θ1, a3) + p(z2|θ1)L(θ1, a2)

=
7

10
× 10000 +

2

10
× 6000 = 8200

R(θ2, d8) = p(z1|θ2)L(θ2, d8(z1)) + p(z2|θ2)L(θ2, d8(z2))

= p(z1|θ2)L(θ2, a3) + p(z2|θ2)L(θ2, a2)

=
3

10
× 10000 +

8

10
× 14000 = 14200

R(θ1, d9) = p(z1|θ1)L(θ1, d9(z1)) + p(z2|θ1)L(θ1, d9(z2))

= p(z1|θ1)L(θ1, a3) + p(z2|θ1)L(θ1, a3)

=
7

10
× 10000 +

2

10
× 10000 = 9000

R(θ2, d9) = p(z1|θ2)L(θ2, d9(z1)) + p(z2|θ2)L(θ2, d9(z2))

= p(z1|θ2)L(θ2, a3) + p(z2|θ2)L(θ2, a3)

=
3

10
× 10000 +

8

10
× 10000 = 11000
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3 3

R(θ1, d2) < R(θ1, d3), R(θ1, d2) < R(θ1, d4), R(θ1, d2) < R(θ1, d5)

R(θ2, d2) > R(θ2, d3), R(θ2, d2) < R(θ2, d4), R(θ2, d2) > R(θ2, d5)

R(θ1, d2) < R(θ1, d6), R(θ1, d2) < R(θ1, d7), R(θ1, d2) < R(θ1, d8)

R(θ2, d2) > R(θ2, d6), R(θ2, d2) < R(θ2, d7), R(θ2, d2) > R(θ2, d8)

R(θ1, d2) < R(θ1, d9)

R(θ2, d2) > R(θ2, d9)

R(θ1, d3) < R(θ1, d4), R(θ1, d3) < R(θ1, d5), R(θ1, d3) < R(θ1, d6)

R(θ2, d3) < R(θ2, d4), R(θ2, d3) < R(θ2, d5), R(θ2, d3) > R(θ2, d6)

R(θ1, d3) < R(θ1, d7), R(θ1, d3) < R(θ1, d8), R(θ1, d2) < R(θ1, d9)

R(θ2, d3) < R(θ2, d7), R(θ2, d3) < R(θ2, d8), R(θ2, d2) > R(θ2, d9)

R(θ1, d4) < R(θ1, d5), R(θ1, d4) < R(θ1, d6), R(θ1, d4) < R(θ1, d7)

R(θ2, d4) > R(θ2, d5), R(θ2, d4) > R(θ2, d6), R(θ2, d4) > R(θ2, d7)

R(θ1, d4) < R(θ1, d8), R(θ1, d4) < R(θ1, d9)

R(θ2, d4) > R(θ2, d8), R(θ2, d4) > R(θ2, d9)

R(θ1, d5) < R(θ1, d6), R(θ1, d5) < R(θ1, d7), R(θ1, d5) < R(θ1, d8)

R(θ2, d5) > R(θ2, d6), R(θ2, d5) < R(θ2, d7), R(θ2, d5) > R(θ2, d8)

R(θ1, d5) < R(θ1, d9)

R(θ2, d5) > R(θ2, d9)

R(θ1, d6) < R(θ1, d7), R(θ1, d6) < R(θ1, d8), R(θ1, d6) < R(θ1, d9)

R(θ2, d6) < R(θ2, d7), R(θ2, d6) < R(θ2, d8), R(θ2, d6) > R(θ2, d9)

R(θ1, d7) < R(θ1, d8), R(θ1, d7) < R(θ1, d9)

R(θ2, d7) > R(θ2, d8), R(θ2, d7) > R(θ2, d9)

R(θ1, d8) < R(θ1, d9)

R(θ2, d8) > R(θ2, d9)
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