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The existence of special solutions
for some unsteady boundary layer problems
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Shigeharu ITOH™

Abstract : The boundary layer equations for a plane unsteady flow are considered, for which the existence
theorems with monotone initial data and with analytic initial data are obtained by Oleinik and Sammartino-

Caflish, respectively. Here, without these assumptions, we construct some special smooth solutions.
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1. Introduction
We consider a system of boundary layer equations for a plane unsteady flow of a viscous incompressible

fluid

(1.1) {ut+uum+vuy——uuyy=Ut+UUw,
’ u, +v, =0,

in the region Dj = {(z,y,t) ; a<z <b, 0 <y < oo, 0 <t <T}, subject to the conditions

u(z,0,t) = v(z,0,t) =0,
u(z,y,t) = U(z,t) as y — oo.

U((L‘, Y, 0) = u()(x> Z/),
(1.2) {

As far as we know, there are existence results for (1.1),(1.2) with monotone initial data (uy > 0, u,, > 0)

in[2]and with analytic initial data in[3]. In this paper, we shall discuss the unique existence of some special

smooth solutions to (1.1),(1.2) under the conditions which are not necessarily satisfying these requirements.

We will use the classical notations of the Holder spaces. Let I = (0,00) or (0,T) and Q@ = (0, 00) X

(0,T). For any non-negative integer m and o € (0,1),

m

(1.3) cme(T) = {“’(5) e =

J=0

(0) a m
+ |(5‘) “

()

where
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(1.4) (A = sup o),

|w(s) — w(s')|

(1.5) w|® = sup ;
| I s,8’€l,s%s’ tS . 3/]a
and
e . . ) ( + ) _ m 6 r 6 s
10 ome@ = {utmn s = 3 |(5) (2)
m N 7O\°® (a/2)
’ &) @),
2r+s=max {0,m—1} ot 6:(/ t,T 2r+s=m
where
(1.7) wly’ = sup |w(y, 1),
(1,t)eQ
(@/2) lw(y,t) — w(y,t)|
1.8 lwly 7 = sup )
( ) t, T (y,t),(y,t')EQ‘Tyt%t' It —_ t/’a/2
w(y,t) —w(y',t
(19) = e RNZRE)
(,1), (¥ ,1)EQ 1 y#Y’ y—vl
(1.10) wle? = ]2 + |w|').
Our aim is to prove
Theorem 1.1. Assume that u, and U take the form of
(1.11) uy(z,y) = (Az + B)o(y)
and
(1.12) U(z,t) = (Az + B)y(t),
respectively, where
(1.13) A,BEeR,
(1.14) o(y) € C*([0,00))
satisfying
(1.15) 0(0) =0, o(y)—1 as y— oo, y¢'(y) e C*([0,00)),
and
(1.16) () € C*+e/2([0,T))
satisfying
(1.17) P(0) = 1.

Then there exist T* € (0,T) and h(y,t) € C*** (_QT,) such that

(0)

0

ot

) (

0

Ay

)

(@)

v, T

< +oo}
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(1.18) (u,v) = ((A$+B)h(y,t), —A/yh (z,t)dZ)

is a unique solution of (1.1) in Dy« with (1.2).

We can easily seen that if

Y
h, — ph,, = —AR2 + Ahy/ h(z,t)dz + ' (t) + AYA(t),

0
(1.19) h(y,0) = »(y),
h(0,t) = 0,
h(y,t) = ¥(t) as y — oo,

has a unique solution in C™** (_Q—T*) for some T* ¢ (0, T, this is certainly a desired function.
If we put

(1.20) H(y,t) = h(y, t) — o(y)(t),

then (1.19) is transformed into

H, — pH,, = F(y,t,H) + G(y,1),

H(y,0) =0,
(1.21) HO.5 =0,

H(y,t) >0 as y— oo,
where
(1.22) F=A [——H2 — 2ppH + ( / 2 (z)dz) VH, + o' / 'H (z,t)dz + H, / H (s, t)dz],

0 0 0
Y
(1.23) G =AY + ' — Apy? — i/ + Ay’ (/ ® (z)dz) P* + pe"p.
0

Therefore, in the following sections, we shall establish the unique solvability of (1.21) in C™+* (@T,) for

some T™* € (0,T7.

2. Auxiliary Problem

It is well-known that the solution of

wy — Hwyy = f(yv t) eC” (‘QT)a

w(y,0) =0,
@1 w(0,£) = 0,
w(y,t) = 0 as y — 00,
is given by
t o0
(2.2) wly,t) = / dr / T (y — .t — P)g(n, 7,
0 —00

where
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2
(2.3) [(y,t) = \/—f;—ﬁexp (~ fﬁ)
b b 07
@4) 9.t = {i(;{(?y tg)l >y <o.

In what follows, ¢; are positive constants independent of 7" and ¢; are positive constants independent of ¥
and t.

Lemma 2.1. For a solution of (2.1), the estimates

(2.5) w(y, t)| < &texp(—yy?) £,

(2.6) |, (y,1)] < &0+ exp(—yy?) | £,

(2.7) |w, (5, )] + |wy, (3, )] < Et/? exp(—vy?) | F15,

(2.8) |, (y:t) — w, (4, t')| < Elt —#'|A+2 exp(—yy?) | I,
(2.9) w5 + |wy, |5 < eI

hold, where 7Y is a positive constant independent of y and t.

Proof. 'We begin with showing (2.7) . By the formula

(2.10) wy, (y,t) = / dr / ooFyy (y—mnt—7){g(n, 1) —g(y,7)}dn

and the change of variables z = —\/44_(—7=T), we obtain

(2.11) |wyy (95 )]
(@) °( 2ly—mn*e ly —n|” _ (y—=n)7?
< 7\ / o] (Gt ) = (o)

(o) — )la/2-1 g
\/_m / {4p(t — )} d

oo oo
X {2y3+a/ |z|2+a exp(_y2z2)dz+y1+a/
—00

—00

oA exp(-1757) dz |

1 00
< 55t0/2|f|§,?1)~ [y?,-m {/ S2+a exp(—y2zz)dz+/ 22+ exp(—y22?) dz}
0 1

1 o0
oyl {/ 2% exp(—yzzz) dz + / z* eXp(_yzzz) dz}] :
b 1

By the way, for any g > 0,

1 1
(2.12) / 2P exp(—y?2?)dz < / exp(—y?22)dz = exp(—6%y?), 0< 0 <1,
0 o

and

had y2 ©o yzzz
(2.13) / 27 exp(—y?2?) dz < exp (— 7) / 2P exp (— T) dz
1 1
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2(1+B)/2 yz oo §B ( 2) J
2 (<) [ et
yl+h 2 u/V2

< {2“*")/ 2 / oofﬁ exp(—€?) d§ } y~ P exp (~ 3/2—2)
0

Hence, putting 2y = min {6*,1} > 0,

2
(2.14) [0, 0] < o 2171 70 {exp(— i) + -+ exp (- )}

2
+ytte {exp(~9§y2) +y M exp (— %—) }]

< &Gt F0{(1+ Yt + yP) exp(—yy?) } exp(—7y?)

< &t /% exp(~yy?) | fIp-
If we use the formula

(2.15) w,(y,t) = / dr / ooFt (y—mn,t—7){g(n,7) — g(n,t)}dn,

0 [ee)
|w,(y, )| is estimated similarly.
The estimates (2.5) and (2.6) can be obtained more easily.

We proceed to get (2.8). For the definiteness, we assume that 7 < ¢’ <t < 7.

Ift—t >¢t,
(2.16) |w, (y, t) —w, (y, )| < |w, (y, )| + |w, (y,1)]
< & (£ 4 /(4 2) ey (—yy?) | £
< &t — )+ 2 exp (—yy?) | £
Ift—t' <t,
(2.17) w, (y,t) — w, (y,t")

2

= [ ar [ r,w=nt=nign) — gl }dn

= [ ar [T, -t =g m) — v, han

2

2t'—t o
+ [ [Tt =Ty = = D}Hel ) — o)

= Il + IQ + I3.
Since |I;| and || are estimated similarly to (2.6), we are just concerned with |Z5].

Sett" =t +6(t—1t'), 0< 6 <1, wehave
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(2.18) |I;| = dr / { / Ly (y—m,8— T)dS} {9(n,7) —9(y, T)}dnl

<=0y [ T

120 |y— ,)7|1+a 8[1 ly — ,r’|3+a (y — 7])2
g / w0 [777 [ =12 (A - T)}W] P - T)} dn

=B - o / e e
s

X {3y2+0‘/ |2]1* exp(—y?2?) dz + 2y4+“/ |23+ exp(—y2z2)dz}

—00
< &y (8 — )T O2| £ (1 + 2+ 4 4+ exp(—yy?) } exp(—7y?)
< Gyt — )+ exp(—yy?) | |

This completes the proof of lemma, because (2.9) is a standard estimate. o

3. Successive Approximations

We construct the sequence {H™ (y, %)} of successive approximate solutions as follows :
(3.1) HO(y,t) =0
for n>1,

H" — uHy) = F(y,t, H*Y) + G(y, 1),
H™ (y,0) =0,

HM™(0,t) =0

HM™(y,t) -0 as y — oo.

(3.2)

Lemma 3.1. If we denote |w|§9) + l'w © |wyy f(19) + thlg)) " Iwy|1(:17{2) + ”ywy“("‘) )(2 R
have
63 I HO) < M4l (14 (HO)EY,

where M, is a positive function in ||, ||/ and |ye’|(@.
Proof. From the form of F; it is sufficient to show the estimate

(@)

R e e I E
T
First,
1 Y _
(3.5) ‘m/ H(n-1) (2,t)dz S—y—i|H("'”|§9) < IH(n 1);;9)
0

Secondly, if 0 < |y —¢'| £ 1,
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y y
(3.6) IJ— / HOD (2, £)dz — — / HO-D (2, 8)dz
y+1J Yy +1J

___.y./_:ﬂ__/yly(n-l) (2,t)dz
Y+ +1)

1

Y
<l / HO-D (z,4)dz| +
y/

T ly+1

1 y —1)(0) / ~1)|(0)
< 1 — | H-1) < 2y — al [r(n—1) ,
< — (14 5 - vIECIR < 2y —y | EOl

andif ly —y'| > 1,

Y 1 v
(3.7) ———-1—/ H™Y (z,t)dz — / H®™Y (2, t)dz
y+1J, Yy +1J
1 Y n— n— /o n— 0
<2 mfo H®Y (2,1)dz| < 2 HeD|Q < 2y —y/ || HE-D|D.
Finally,
(3.8) L / HO (2, £)dz — — / HO-D (2, 1)dz
. — z,t)dz — —— )
y+1J ’ y+1J
1 Y ’ ’ n— @
< m/ {H(n-l)(z’ t) — H('n.—l)(z,t )}dz < 5_%__1_ |t —t la/2|H( 1)|£,T/2)‘ -
0

If we put K(T) = TY2 4 Te/2 4 T(+e)/2 4 T we obtain from Lemma 2.1,
(3.9) (HO)YED < oKy (T) [|F (3, t, HE D)5 + 16w, )]
2
< ¢, (T) [My]A) (1 -+ (HOD)3)" + 0,

and

(3.10) |+ [ < e [MA) (14 O E) 4 ),

where M, is a positive function in |A], [¢]®, [9]3+*/2) and [ye’|.

Hence there exists 7, € (0,7 such that

(3.11) (H ("))%’a) < R, provided that (H m“”)%a) <Ry,
and thus

(n)|(@) (n)|(@) 2 _
(3.12) |H, [TO +|Hy . < ¢, [M,|A|(1+ R,)? + My] = R,.

Then, by induction, we have
Lemma 3.2. For n>0, H"(y,t) € By, = {w € C*e (@TO) ; w(0,¢) =0,

w(y,t) = 0 as y — oo, (w)%’a) <R,, |wt]§,f;) -+ |wyy g,:)) < Rz}
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4. Unique Solvability of (1.21)

Let us consider the difference A™ = H™ — H®-1)  which satisfies

Ht(n) _ HFIQSZ) — ﬁ’(y, t, f{(n—l) ;H(n—l),H(n-—2)))
ﬁ'(n) (ya 0) =0,

(4.1) -
H™(0,t) =0,
H™(y,t) >0 as y — oo,
where
~ ~ ~ y ~
(4.2) F=A [~(H (n=1) 4 =2 (=1 4 20 A1) 4 ( / cpdz) z/sz(,"‘l)
0
’ v F7(n—1) (n—1) v (7 (n—1) ry(n—1) Y (n—2)
+o'y | H dz+ H, H dz+ H, H dz|.
0 0 0
If we use
(4.3) [/ < 2T,y | @ and  uls) < 2(T, + Ty~ w5,
we derive
(e r(n— a Fr(n—1)||(®)
(4.4) 11 < ey MylAlG (Ty) (D + w2 7),
0

where My = ([ + Jyg' @) [ 42/ + R, + R, and Ky(T,) = Ty + T3,
Therefore, from Lemma 2.1, it follows that

- N ~ )@ Zl(a
@s) A+ L < et + Ky @A

= a ~ (n—1)||(@)
< oMy AL+ K (T)YK(Ty) ()5 + o =[):

Putting L(|A|,T,) = e M| A|{1 + K, (T;) } K5 (T,), we have by induction,

(4.6) Hﬁ(n)“%w‘a) " ”yg;n)

() n—1 (1 Fr )@+ Fr(v)|@
o < L(AL T (I + i)

The property of L(|A|,T,) implies that for some T* € (0, T,],
4.7) L(|A|,T*) < 1.

Moreover, since
(48) JAOYED 4 P = O + [ HP| < et + K, (T} M, < +oo,

we find that
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(49) S L(1AL T (O + [y AP) < oo
n=1

That is to say, {H(")(y, f)} converges to an element H(y,t) € C?ta (@-T‘) as n — 0o. The uniqueness of
such a solution is proved by making use of the estimate analogous to (4.5).

Consequently, the proof of Theorem 1.1 is now completed.
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